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áãâ�ä
å¬æ-çÏè%é�ê¸ë�ì�ä
í-ç
æ-êîì�ä
å¸å¸ï�ä�æ-ì
ð
ñ�ä
òÂæ-åÑè�ó
ñ�äÏô2ì�ä�æ
õ[ì
â
öÇêî÷dç-ì
ï�õÏø�ö9ç-í
é�ê¸ù¸çúñ-ð#ô+ä�ñÞû
ê¸ì
ð
ç�ü
ô2ð
ý
ê¸å¸ó#ç-ïWå�ø�õ[ý�ä
ê
þyñÞó#ç
æ-ç-ì
öÇêÓñ�ÿ�ç¸ô�è%æ��Àâ�äÏý
ê¸â
ð%è�÷Öõ[â
ó��
ð
ð�ðvê¸êîû
ì
ç-ð��Àñ-ç¸ô2â
ö�ÿ�ô2çúâ
ê¸ó#ç
æ-ç-ì
ç-ù¸ç
û
ç-ì�è#ô2ó[ä����}õ-å¬æ	�

ϕ(x) 
 �ÏäÏô+ä
â
â�ä�è�â�ägñ-å¸ê¸ë�ý
ð
å�ø�ç-ñ-ç-ë�ç-å¸ð�û
ê¸ì
ð
ç¸ô+ä×êÈô2ð
â
ð��
ö�÷Öõ[â
ó��
ð%è¤þ�ð
ïyê¸òpü
é ä�è!ä
í-å¸ç�ø�òÂæ-â
çÂâ
ê¸û
ì
ê¸ì
öÇñ-â%õ[ò\â�äÇñ-å¸ê¸ëbç-å¸ðbû
ì
ç-ð��Àñ-ç¸ô2â%õ[ò

(m−1)
ü¹ù¸çpû
ç-ì�è#ô2ó[äpðbð
â%æ-ê¸ù¸ì
ð
ì%õ-ê¸ï�õ[ò

â�ä
(0; 1)

û
ç��bê¸í-ê¸ù¬õîû
ì
ç-ð��Àñ-ç¸ô2â%õ[ò
ϕm(x)

þ 1

N
= h

þ
X = {xγ = hγ

þ
y = 0, 1, . . . , N} 
 å¸ç-ñ-ç-ó%õ[û[ü

â
ç-å¬æ	��õ
�¬ø�ç-ñ
þ
P = {Cγ,k, γ = 0, 1, . . . , N

þ
k = 0, 1, . . . , ργ} 
 å¸ç-ñ-ç-ó%õ[û
â
ç-å¬æ	�Þó#ç	�¸÷d÷dð��
ð
ê¸â%æ-ç-ñ

ó
ñ�äÏô2ì�ä�æ
õ[ì
â
ö�ÿg÷dç-ì
ï�õÏøgð
∆ = [0; 1)

�-á�ñ-êÈô2ê¸ï û
ì
ç-å¬æ-ì�ä
â
å¬æ-ñ-çbó[ø2ä
å¸å¸ç-ñdû
ê¸ì
ð
ç¸ô2ð
ý
ê¸å¸ó
ð[ÿg÷Öõ[â
ó��
ð
ë
L̃m

p (∆)
åÖó#ç-â
ê¸ý
â
ç-ë�â
ç-ì
ïyç-ë

‖ϕ‖eLm
p (∆) =




1∫

0

|ϕ(m)(x)|pdx




1/p

.

� ø�ê¸ïyê¸â%æ�ä
ïyðÓû
ì
ç-å¬æ-ì�ä
â
å¬æ-ñ�ä
L̃m

p (∆)
å�ø�õ
��ä�æ ó[ø2ä
å¸å¸ö û
ê¸ì
ð
ç¸ô2ð
ý
ê¸å¸ó
ð[ÿÓ÷Öõ[â
ó��
ð
ë¤þ[ç
æÀø�ð
ý�ä
òÂé�ð[ÿ�åÑè

ô2ì%õ[ùbç
æ�ô2ì%õ[ù�ä�â�ä�û
ç-å¬æ-çÏè
â
â%õ[ò��
�Öñ�äÏô2ì�ä�æ
õ[ì
â�ä�èi÷dç-ì
ï�õÏø2ä�ç-í
é�ê¸ù¸çgñ-ð#ô+ä ñ-öÇù¡ø�è#ô2ð%æ×æ�ä
ó��

1∫

0

ϕ(x)dx ≈
N∑

γ=0

ργ∑

k=0

Cγ,kϕ
(k)(hγ). �����

�Öñ�äÏô2ì�ä�æ
õ[ì
â�ä�è×÷dç-ì
ï�õÏø2ä ����� å¸ç¸ô2ê¸ì��×ð%æ�ñbå¸ê¸í-êÂû
ì
ð ρ0, . . . , ρN
ó[ä
ógý�ä
å¬æ-â
öÇë`å�ø�õ[ý�ä
ë`÷dç-ì
ï�õ�ü

ø�õ�� ���
1∫

0

ϕ(x)dx ≈
N∑

γ=0

ρ∑

k=0

Cγ,kϕ
(k)(hγ).
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kbø�èiû
ç-å¬æ-ì
ç-ê¸â
ð%è�û
ê¸ì
ð
ç¸ô2ð
ý
ê¸å¸ó#ç-ù¸ç`÷Öõ[â
ó��
ð
ç-â�ä�ø2ä�ì�ä
å¸å¸ïyç
æ-ì
ð
ïSû
ì
ç-å¬æ-ê¸ë�l!õ[ò=÷dç-ì
ï�õÏø�õ

1∫

0

ϕ(x)dx ≈
N∑

γ=0

ργ∑

k=0

Cγ,kϕ
(k)(γ) �nm	�

o ÷Öõ[â
ó��
ð
ç-â�ä�ø�ç-ï\û
ç-ù¸ì
ê-l�â
ç-å¬æ-ð

〈l, ϕ〉 =

∞∫

−∞

[
ξ(0;1)(x) −

N∑

γ=0

ργ∑

k=0

(−1)kδ(k)(x− γ)

]
ϕ(x)dx.

�}õ-å¬æ	�
m 
 ù¡ø2äÏô2ó#ç-å¬æ	��û
ì
ç-å¬æ-ì�ä
â
å¬æ-ñ�ä�ð ÷Öõ[â
ó��
ð
ç-â�ä�øvû
ç-ù¸ì
ê-l�â
ç-å¬æ-ð

l(x)
ç-ì%æ-ç-ù¸ç-â�ä�ø�ê¸â ïyâ
ç-ù¸ç�ü

ý[ø�ê¸â�ä
ï\å¬æ-ê¸û
ê¸â
ð
m
þ
æ���êB�

〈l, xα〉 = 0, α = 0, 1, . . . , m.�Öç	�¸÷d÷dð��
ð
ê¸â%æ-ö
Cγ,k

÷dç-ì
ï�õÏø�ö �nm	� ç-û
ì
êÈô2ê�ø�è
òÂæ-åÑèÓð��Öå�ø�êÈô�õ[òÂé�ê¸ëîø�ð
â
ê¸ë
â
ç-ëÓå¸ð
å¬æ-ê¸ïyöàõ[ì�ä
ñ-â
ê�üâ
ð
ë��
N∑

γ=0

ργ∑

k=0

Cγ,k
α!

k!
γ[α−k] =

1

α+ 1
, �pP��

ùÊô2ê
γ[α−k] =

{
γ[α−k],

ê¸å�ø�ð
α ≥ k,

0,
ê¸å�ø�ð

α ≤ k,

ð
α = 0, 1, . . . , m = ρ0 + ρ0 + . . .+ ρs + s.

q.õÀô2ê¸ï�å¸ý
ð%æ�ä�æ	�
þ�ý%æ-çÂý
ð
å�ø2ä
s, ρ0, ρ0, . . . , ρs

ñ-öÇí-ì�ä
â
ö�æ�ä
ó¤þ�ý%æ-ç-í-ö å¸ð
å¬æ-ê¸ï�ä �pP�� ð
ïyê�ø2äÇì
ê-l�ê¸â
ð
êû
ì
ðÓõ-å�ø�ç-ñ-ð
ð
m = ρ0 + ρ0 + . . .+ ρs + s.r�ä
å¸å¸ïyç
æ-ì
ð
ï ó
ñ�äÏô2ì�ä�æ
õ[ì
â%õ[òW÷dç-ì
ï�õÏø�õ

1∫

0

ϕ(x)dx ≈

s∑

γ=0

s−γ∑

k=0

Cγ,kϕ
(k)(γ).

�Öì
ç¸ô2ç�øe�×ð
ï�÷Öõ[â
ó��
ð
ç-â�ä�øúû
ç-ù¸ì
ê-l�â
ç-å¬æ-ð

l(x) = ξ(0;1)(x) −

s∑

γ=0

s−γ∑

k=0

(−1)kCγ,kδ
(k)(x− γ)

â�ä×ñ-å¸ò=ý
ð
å�ø�ç-ñ
õ[òãç-å��`û%õ#æ-ê¸ï(å¬õ[ïyïyð
ì
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ç
β
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ç
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ê¸ì
ð
ç¸ô2ð
ý
ê¸å¸ó
ð
ë�÷Öõ[â
ó��
ð[ü

ç-â�ä�ø�û
ç-ù¸ì
ê-l�â
ç-å¬æ-ðÞç-í
é�ê¸ù¸çgñ-ð#ô+ä��Ïä
û
ð
å¸öÇñ�ä
ê¬æ-åÑèÞó[ä
ó

l̃(x) = 1 −
s∑

k=0

Dk(−1)kϕ
(k)
0 ,

ùÊô2ê
Dk =

s−γ∑
γ=0

Cγ,k
�

�}õ-å¬æ	�
ϕ ∈ L̃m

p (∆)
ð
l̃ ∈ L̃m∗

p (∆)
�auE�!õ-å�ø�ç-ñ-ð%èúì
ê¸÷}ø�ê¸ó#å¸ð
ñ-â
ç-å¬æ-ð�û
ì
ç-å¬æ-ì�ä
â
å¬æ-ñ�ä

L̃m
p (∆)

û
ì
ð
1 < p <∞

ð
ïyê¸ê¸ï
〈l̃, ϕ0〉 = ‖l̃‖eLm∗

p (∆), ‖ϕ0‖eLm
p (∆) = 1. �vQ
�
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r�ê-l ä�è�ñ�ä
ì
ð�äB�
ð
ç-â
â%õ[ò��ÏäÏô+äÏý%õ �vQ
� û
çgïyê¬æ-ç¸ô�õ � ë[ø�ê¸ì�ä%þ�â�ä�ÿ�ç¸ô2ð
ï

〈l̃, ϕ0〉 = ‖l̃‖eLm∗

p (∆)

∫

∆

|ϕm
0 (x)|p−1sgnϕm

0 (x)ϕm(x)dx ∀ϕ ∈ L̃m
p (∆). �n�	�

�Öç�ø�ç6�×ð
ï
ψm

0 (x) = ‖l̃‖
1

p−1

eLm∗

p (∆)
ϕm

0 (x)
����ç-ùÊô+ä

‖ϕ0‖eLm
p

(∆) = ‖l‖
1

p−1

eLm∗

p (∆)
.

á��¬æ-ç-ïSå�ø�õ[ý�ä
êdõ[ì�ä
ñ-â
ê¸â
ð
ê �n�	� û
ì
ð
â
ð
ï�ä
ê¬æ×ñ-ð#ô
∫

∆

|ψm
0 (x)|p−1sgnψm

0 (x)ϕm(x)dx = 〈l̃, ϕ〉 ∀ϕ ∈ L̃m
p (∆).

�Öç�ç-û
ì
êÈô2ê�ø�ê¸â
ð
ò=û
ì
ç-ð��Àñ-ç¸ô2â
ç-ëi÷Öõ[â
ó��
ð
ð�û
ç�ø�õ[ý�ä
ê¸ï
dm

dxm
|ψm

0 (x)|p−1sgnψm
0 (x) = (−1)ml(x). �p���

�dä�ÿ�ç¸ô2ð
ï\ì
ê-l�ê¸â
ð
êbõ[ì�ä
ñ-â
ê¸â
ð%è �p��� ådû
ç-ïyç
é��-ò�û
ì
ê¸ç-í-ì�ä$�Àç-ñ�ä
â
ð%è��!õ[ì��-êB�2áàì
ê-�¸õÏøt�Ïæ�ä�æ-ê!ð
ïyê¸ê¸ï

ψm
0 (x) =

∣∣∣∣∣∣∣∣

∑

β 6=0

s∑
k=0

Dk(−2πiβ)ke−2πiβx

(−2πiβ)m

∣∣∣∣∣∣∣∣

1

p−1

sgn
∑

β 6=0

s∑
k=0

Dk(−2πiβ)ke−2πiβx

(−2πiβ)m
. �n�	�

�Öì�ä
ñ
õ[ò�ý�ä
å¬æ	�gì�ä
ñ-ê¸â
å¬æ-ñ�ä �n�	� ì�ä$�¬ø�ç6�×ð
ï\ñ�ì�è#ô��!õ[ì��-ê

ψ
(m)
0 (x) =

∑

γ 6=0

cγe
−2πiγx,

ùÊô2ê

cγ =

∫

∆

∣∣∣∣∣∣∣∣

∑

β 6=0

s∑
k=0

Dk(−2πiβ)ke−2πiβy

(−2πiβ)m

∣∣∣∣∣∣∣∣

1

p−1

sgn
∑

β 6=0

s∑
k=0

Dk(−2πiβ)ke−2πiβy

(−2πiβ)m
e2πiγydy. �p���

r�ê-l�ê¸â
ð
êbõ[ì�ä
ñ-â
ê¸â
ð%è �n�	� ç-û
ì
êÈô2ê�ø�è
ê¬æ-åÑèÞì�ä
ñ-ê¸â
å¬æ-ñ-ç-ï

ψ0(x) =
∑

γ 6=0

cγe
−2πiγx

(−2πiγ)m
, �p���

ùÊô2ê
cγ
ñ-öÇì�ä$��ä
ê¬æ-åÑè�÷dç-ì
ï�õÏø�ç-ë �p��� �á�ê¸ì
â
ê¸ïyåÑè�óiì
ê-l�ê¸â
ð
òWñ�ä
ì
ð�äB�
ð
ç-â
â
ç-ë��ÏäÏô+äÏý
ð���áàå¸ð[ø�õ

〈l̃, 1〉 = 0
â�ä�ÿ�ç¸ô2ð
ï

∫

∆


(−1)m+1

∑

β 6=0

s∑
k=0

Dk(−2πiβ)ke−2πiβx

(−2πiβ)m
+ c


ϕm(x)dx = 〈l̃, ϕ〉. ���6���
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r�ä
ñ-ê¸â
å¬æ-ñ-ç ���6��� ç-û
ì
êÈô2ê�ø�è
ê¬æ�ç-í
é�ê¸êúû
ì
êÈô2å¬æ�ä
ñ�ø�ê¸â
ð
ê�û
ê¸ì
ð
ç¸ô2ð
ý
ê¸å¸ó#ç-ù¸ç�÷Öõ[â
ó��
ð
ç-â�ä�ø2ävñ ç-í
é�ê¸ïñ-ð#ô2êB�

�Öì
ð
ïyê¸â
ð
ïSâ
ê¸ì�ä
ñ-ê¸â
å¬æ-ñ-ç�����øt��ô2ê¸ì�ä

〈l̃, ϕ〉 ≤




∫

∆

∣∣∣∣∣∣∣∣

∑

β 6=0

s∑
k=0

Dk(−2πiβ)ke−2πiβx

(−2πiβ)m
+ c0

∣∣∣∣∣∣∣∣

p′

dx




1/p′

‖ϕ‖eLm
p

(∆).

á�ñ-êÈô2ê¸ï\ç-í-çB�Àâ�äÏý
ê¸â
ð
ê

Bs
m(x) =

∑

β 6=0

s∑
k=0

Dk(−2πiβ)ke−2πiβx

(−2πiβ)m
.

�ið
â
ð
ïyð��Àð
ì%õ-ê¸ïàå�ø�êÈô�õ[òÂé�ê¸ê!ñ-öÇì�ä$� ê¸â
ð
êdû
ç
c
�

J(c) =

∫

∆

|Bs
m(x) + c|p

′

dx.

uE�}ì
ê-l�ê¸â
ð%èîñ�ä
ì
ð�äB�
ð
ç-â
â
ç-ë��ÏäÏô+äÏý
ð
J(c) ≥ J(c0)

ñ-öÕæ-ê¸ó[ä
ê¬æ�þ
ý%æ-ç û�ä
ì�ä
ïyê¬æ-ì
c0
ç-û
ì
êÈô2ê�ø�è
ê¬æ-åÑèÓð��

õ[ì�ä
ñ-â
ê¸â
ð%è
∫

∆

|Bs
m(x) + c0|

1

p−1 sgn[Bs
m(x) + c0]dx = 0.

s�ð
å¬æ-ê¸ï�ä �p��� ð
ïyê¸ê¬æ`êÈô2ð
â
å¬æ-ñ-ê¸â
â
ç-ê!ì
ê-l�ê¸â
ð
ê�� m�� ����#�t���#�Ö$��Z�����t�
1 < p < ∞ ∀ϕ ∈ L̃m

p (∆) � l̃ ∈ L̃m∗

p (∆)
�
ψ0(x) �¡ �¢ �-£G¤�¥9¦¨§)�t©�ªe§6«�¬$§B­�§B®�§­-��«°¯t¥1¤t�t±6­��e®�¥�� ¢ ±�²'±�³Z´�ª ¢�µ �t±6ªe§)�t§ l̃0(x) � £V±�±6¶�·V¥�¥T¯B¤�¥-­$�-£�§	¸���¥-ªe�t¥T±6¯e£���¦¨§)�t©�ªt±�²'±�¯t¥1¤t�t±6­��e¹®�¥�� ¢ ±�²'±T³Z´�ª ¢�µ �t±6ªe§)�t§ l̃0(x) ��¦<¥�¥-£º¸$�e­

〈l̃, ϕ〉 =

1∫

0

[Bs
m(x) + c0]ϕ

mdx ∀ϕ ∈ L̃m
p (∆),

 �¢ �-£G¤�¥9¦¨§)�t©�ªe§6«�³Z´�ª ¢�µ ��« ψ0(x)
­-��«�¯t¥1¤t�t±6­��e®�¥�� ¢ ±�²'±�³Z´�ª ¢�µ �t±6ªe§)�t§ l̃0(x) ¸�«t¸$ªt±^¦¡¸$�e­$¥�¸$»a¤
§B¹

¼ §	¥-£V�H«�³½±J¤
¦¨´���±6¾

ψ0(x) =

1∫

0

(
|Bs

m(x) + c0|
1

p−1 sgn(Bs
m(x) + c0)

e−2πiγx+2πiγy

(−2πiγ)m
+ c0

)
dx,

ªt±J¤
¦¨»°¯t¥1¤t�t±6­��e®�¥�� ¢ ±�²'±<³Z´�ª ¢�µ �t±6ªe§)�t§ l̃0(x) �  �¢ �-£G¤�¥9¦¨§)�t©�ªt±6¾�³Z´�ª ¢�µ �e� ψ0(x)
��±�±6£V¸B¥-£V�-£V¸B¥-ªe¹

ªt±V±6¯B¤�¥-­$¥���«e¿+£V�H«�¤
§	¸B¥-ªt�-£V¸$§6¦¨�

‖l̃0‖eLm
p (∆) =

[
|Bs

m(x) + c|p
′

dx
]1/p′

;

‖ψ0(x)‖eLm
p (∆) =

[
|Bs

m(x) + c|p
′

dx
]1/p

0
.
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