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f(x), x = (x(1), . . . , x(l)) 2 x ∈ X ⊆ Rl 2 (435-)#'&)"$()&)#'67� -)-)#'8!#9*�,.-)/)0)()#;:
-<�>=@?'-)#'8!#BA)&)#'�C%'&<� -)�C%'67�

B
�D-)#'&)"$#'E ‖f‖B

(F&<� �!�C%'#HG)-)()I!"
dB(f1, f2) = ‖f1 − f2‖B 2 ��%;� /4JKI

#'A)I!&<�;%'#'&
Kf(x) =

∫

X

k(x′, x)f(x′) dx′, dx′ = dx′(1) . . . dx′(l), LNM>O
P I!E)�C%'6 ,.1RQ5()ES(43

B
6

B T K : B → B UWV�X &<�;JKI!-)()I LNM>O #'A)&)I P IY=<G)IC%�()-4%'I!8!&<�>=@?'- X ES#'A)I!&<�;%'#'&
Z5&)I P 8!#;=@?'"����KG P &)#'" k U ��� �!�!"$# %'&)()"[%;� /4JKI\()-4%'I!8!&<�>=@?'-)#'ID,.&<� 6'-)I!-)()I]Z5&)I P 8!#;=@?'"���6 %'#'&)#'8!#
&)# P � P =<G�-)I!(43^6'I!�C%'-)#'E_*�,.-)/)0)()(

ϕ T
ϕ(x) =

∫

X

k(x′, x)ϕ(x′) dx′ + f(x)
(.=@(

ϕ = Kϕ + f, La`'O
*�,.-)/)0)(4G

f ∈ B
(BG P &)# k

3H� P � - X�UbV /.�Hc)I!�C%'6'I5A)&)#'�C%'&<� -)�C%'67�
B P �>=@I!I�d , P I!"e&<� �!�!"��;%'&)()67�;%'?

B = C(X) U@f =<Gg&)ICh5I!-)(4GF,.&<� 6'-)I!-)(4G La`'O &<� �!�!"$# %'&)()"i"$IC%'# P A)#'�Y=@I P #'67�;%'IY=@?'- X�j A)&)()d;=@(4JKIY:
∗ k<lYmCnCoplrqCsut>nYv;w>xyw;lrt>z>{]|}{>w;lYw;~NnCqCnC�Kt>n��>� xyz!���^xRk)n!~y~N{>�;~N�^nC�yn�|}nCw^�'l
|}�^w^�'lC�)xyw>oplpv;�Cw>s��K{;~y~�v;x�� nCq!lYw>{>�� �yz;lYw>o����C�p���>�N���C�C�Y�!�!�;{��}z>xy�y{^� xyw>oC~N�^nC��t>z>nC�yz;lC�<�)s5���bx�� �^��{>xbw;l��^�>w>suxb���^nYv;sb  � �yz;lYw>o��¢¡$£g�¤�H¥C¥��;¦ §Y�C�C�>¦ ����¦
©̈ © w;~NoY{>oY�^o�qCsu�>{;~�v;{>oYxNv;�Cw>s��RoYxN�Hw>nYv;nC�y{>�
ª«{>mC{>z;~N�^nC�yn�nCoy� xNv;xyw>{H¬­k)n!~y~N{>�;~N�^nC�®lY�Hl�� x��){>{­w;l��^�°¯;§Y�C�C�>¦
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-)()E T

γm+1 = f + Kγm, m = 0, 1, 2, . . . ,��-<�Hc<�>=@?'- X "ÍÌY=@I!"$I!-4%'#'"
γ0 = f U>Î #;=«� 8Y� I!" ‖K‖B ≤ q < 1 U>V ÌC%'#'"Í�Y=<,.c<� I�&)ICh5I!-)()I�,.&<� 6'-)I!-)(4G

La`'O �C,°Q5I!�C%'6 ,'IC%�(BI P ()-)�C%'6'I!-)-)#9(B�!A)&<� 6'I P =@()6'#\-)I!&<� 6'I!-)�C%'6'#_Ï `>Ð
‖ϕ − γm‖B ≤ qm

1 − q
‖γ1 − γ0‖B. L�Ñ7O

��ICh5I!-)()I
,.&<� 6'-)I!-)(4G La`'O A)&)I P �C%;� 6'()"$#96D6'( P Ir&7G P �\Ò�I!E)"�� -<�

ϕ(x) = f(x) + Kf(x) + K2f(x) + . . . =

∞
∑

i=0

Kif(x), LÔÓ°O
8 P I

Kif(x) =

∫

X

. . .

∫

X

f(y0)k(y0, y1)k(y1, y2) × . . . × k(yi−1, x) dy0 . . . dyi−1. LaÕ'O

V �!(.=<,¢&<� 6'I!-)�C%'67� LaÕ'O (Ö=@()-)I!E)-)#'�C%'(e#'A)I!&<�;%'#'&)#'6
Ki

�!#'# %'-)# h5I!-)()I LÔÓ°O A)&)I P �C%;� 6;=<G)IC%Ö�!#'d'#'E
�C,."$"},�()-4%'I!8!&<�>=@#'69d'I!�!/°#'-)I!c)-)#96'# 3^&<� �C%;� 1RQ5I!E�/)&<�;%'-)#'�C%'( 2 3H� 6'()��G4Q5( j # %\A<� &<� "$IC%'&<�

x U
×�ûÙØÚ�r�9��ÿ
Û[��Ü·�rÝ���Þß�������������Lý�����Þà����� ý���� ÿ
á.ÿãâåä9��æ�Ý�� ÿ
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f =<Gg"$-)#'8!( j %'I!#'&)IC%'()c)I!�!/)( j (FA)&)()/.=«� P - X�j A)&)#'d;=@I!" L �!" Uç2 -<� A)&)()"$I!& 2 Ï M!Ð�O 67�;J9-)#'E_G)6;=<G)IC%'��G
6'# 3^"$#HJ9-)#'�C%'?DA)&)()d;=@(4JKI!-)-)#'8!#96 X c)()�Y=@I!-)(4G�=@()-)I!E)- X�j *�,.-)/)0)()#'-<�>=@#'6\6'( P �

Ih = (ϕ, h) =

∫

X

ϕ(x)h(x) dx. L�è7O
é�#'"$d'()-)()&4, GB�!#'# %'-)# h5I!-)(4G LÔÓ°Oaê�L�è7OY2 ()"$I!I!"

Ih =
∞
∑

i=0

∫

X

..

∫

X

f(y0)k(y0, y1)k(y1, y2) × .. × k(yi−1, yi)h(yi) dy0..dyi−1 dyi. La±'O
ë}� /)()"ì#'d'&<�;3^#'" 2 *�,.-)/)0)()#'-<�>= L�è7O A)&)I P �C%;� 6;=<G)IC%K�!#'d'#'ED�C,."$"},\()-4%'I!8!&<�>=@#'6�d'I!�!/°#'-)I!c)-)#�6'# 3C:

&<� �C%;� 1RQ5I!E_/)&<�;%'-)#'�C%'( UíB#HJ9-)#K3H� P �;%'?'��G�-)I!/°# %'#'& X " s < ∞ (�6 3!G4%'?\A)&)()d;=@(4JKI!-)()I

Ih ≈ I
(s)
h =

s
∑

i=0

(Kif, h). L�²7O
î � "$IC%'()" 2 c4%'#

|Ih − I
(s)
h | ≤ max

x∈X
|h(x)| × ‖ϕ − γs‖C(X), γs =

s
∑

i=0

Kif.

V �!6'#'1ï#'c)I!&)I P ? 2 (43
-)I!&<� 6'I!-)�C%'67� L�Ñ7O �Y=@I P ,'IC% 2 c4%'#

‖ϕ − γs‖C(X) ≤
qs

1 − q
‖Kf − f‖C(X).
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ë�#'8 P �K6'IY=@()c)()-4,

s
�Y=@I P ,'IC%]6 X d'()&<�;%'?D%;� / 2 c4%'#'d X d X =@#\6 X A)#;=@-)I!-)#\-)I!&<� 6'I!-)�C%'6'#

max
x∈X

|h(x)| × qs

1 − q
‖Kf − f‖C(X) < ε̃(1)

s . L�ú7O

f =<GûA)&)()d;=@(4JKI!-)(4Gß()-4%'I!8!&<�>=@#'6ã(43ü�C,."$" X I
(s)
h 2 ()"$I!1RQ5( j "�� /°�!()"��>=@?'-4,.1 /)&<�;%'-)#'�C%'?

l̃ = l(s + 1) 2 "$#HJ9-)#DA)#'�C%'&)#'(4%'?9�!I!&)()1ý/4,.d7�;% ,.&)- X�j *r#'&)"},H=
F

(l̃)
h,n1

��c)()�Y=@#'"þ,°3C=@#'6
n1 2 #'d'I!�!A)IY:c)()67� 1RQ5()"Ú6 X A)#;=@-)I!-)()ID-)I!&<� 6'I!-)�C%'67� |I(s)

h − F
(l̃)
h,n1

| < ε̃
(2)
s UuÎ #;=@#HJ9(4%'IY=@?'- X IK/°#'-)�C%;� -4% X ε̃

(1)
s

(
ε̃
(2)
s

6\�C,."$"$I P #;=<J9- X �!#'�C%;� 6;=<G4%'?96'IY=@()c)()-4, P #'A4,'�C%'()"$#'E_A)#'8!&)ICh5-)#'�C%'(
ε̃s Uf #'�C%;�;%'#'c)-)#]�!# P I!&7JD�;%'IY=@?'-)#'E L (B-)I!A)&)#'�C%'#'E O G)6;=<G)IC%'��GB3H� P �Hc<�\#'A4%'()"��>=@?'-)#'8!#]�!#'8�=«� �!#'67� -.:

-)#'8!#�6 X d'#'&<�]A<� &<� "$IC%'&)#'6
s
(

n1 U ë·&4, P -)#'�C%'( 2 6�c<� �C%'-)#'�C%'( 2 �!6 G43H� - X �K#'0)I!-)/°#'EF6'IY=@()c)()-
q
(

‖Kf − f‖C(X)
6�=@I!6'#'ESc<� �C%'(Ö-)I!&<� 6'I!-)�C%'67� L�ú7OYU é�&)#'"$I\%'#'8!# 2 %'&)I!d ,'IC%'��G¢,.c)(4% X 67�;%'?Í�C,."$"�� &.:

-4,.1þ%'&4, P #'I!"$/°#'�C%'? S(s, n1)
A)#;=<,.c<� I!"$#'8!#r�>=@8!#'&)(4%'"�� U î P I!�!?®A)&)()"$I!-)()"FA)# P j # P 2 ()�!A)#;=@? 3!,'I!" X EA)&)(
#'A4%'()"$(43H� 0)()( P ()�!/)&)IC%'-)#;:��C%'# j � �C%'()c)I!�!/)( j �>=@8!#'&)(4%'"$#'6R8�=@#'d7�>=@?'-)#'E�� A)A)&)#'/°�!()"�� 0)()(
*�,.-)/.:

0)()E�Ï Ñ;ÐaT (43K,.&<� 6'-)I!-)(4G
ε̃
(1)
s + ε̃(2)(n1) = ε̃s

6 X &<�;JD� I!"
n1

c)I!&)IC3
s
(gA)# P �C%;� 6;=<G)I!"[A)#;=<,.c)I!-)-)#'I

6 X &<�;JKI!-)()I
n1 = g(s)

6Í*r#'&)"},H=<, P =<G S Uuf �>=@I!I]()�!�Y=@I P ,'I!"ÿ*�,.-)/)0)()1 # P -)#'8!#ÍA)I!&)I!"$I!-)-)#'8!#
S(s, g(s))

-<�D"$()-)()"},." 2 -<� j # P G s = smin U@Î &)(BA)&)#'6'I P I!-)()(�A)&<� /4%'()c)I!�!/)( j &<� �!c)IC%'#'69A)#;=«� 8Y� I!"
s ≈ smin, n1 ≈ g(smin) U�Î &)()"$I!&g�!#'# %'6'IC%'�C%'6 ,.1RQ5I!8!#Í&<� �!�C,°J P I!-)(4G P =<Gg/°#'-)/)&)IC%'-)#'Eg%'I!�C%'#'6'#'E
3H� P �Hc)(B(43
&<�;3 P U@Ñ A)&)()6'I P I!-�6\&<�;3 P U«Õ.U

f =<G["��>= X�j ε̃s

(
ε̃
(1)
s

6'IY=@()c)()-<�
l̃
"$#HJKIC%þd X %'? P #'�C%;�;%'#'c)-)# d'#;=@? h5#'E 2 A)#'ÌC%'#'"},Ú6þ/.�Hc)IY:

�C%'6'I
F

(l̃)
h,n1

�Y=@I P ,'IC%�6 X d'()&<�;%'?rA)&)#'�C%'I!E4h�,.1Ú�C%'# j � �C%'()c)I!�!/4,.1i/4,.d7�;% ,.&)-4,.1+*r#'&)"},H=<, L % U I U "$IC%'# PíB#'-4%'IY:Nér� &.=@# OYU)Î &)(]ÌC%'#'"¢6'# 3^-)()/.� IC%DA)&)#'d;=@I!"��5&<�;3!,."$-)#'8!#K6 X d'#'&<��A.=@# %'-)#'�C%'(��!#'# %'6'IC%'�C%'6 ,.1·:
Q5I!8!#

l̃
:�"$I!&)-)#'8!#B�Y=<,.c<� E)-)#'8!#�6'I!/4%'#'&<� U � #'8�=«� �!-)#�"$IC%'# P ,g6 X d'#'&)/)(ìA)#�67�;J9-)#'�C%'( L �!" Uç2 -<� A)&)(.:"$I!& 2 Ï M'2<Ñ;Ð�OY2 -<� ()"$I!-)? hK�;G P ()�!A)I!&)�!(4G�A)#;=<,.c<� IC%'��G P =<GBA.=@# %'-)#'�C%'(

p(y) = C

∣

∣

∣

∣

∣

s
∑

i=0

(

f(y0)h(y0) +

i−1
∑

j=0

f(y0)k(y0, y1)k(y1, y2)..k(yj, yj+1)h(yj+1)
)

∣

∣

∣

∣

∣

, LNM��7O
8 P I y = (y0, y1, . . . , ys)

(
C � �!#'# %'6'IC%'�C%'6 ,.1RQK�;Gg-)#'&)"$()&4,.1RQK�;GÍ/°#'-)�C%;� -4%;� U�V�X &<�;JKI!-)()I LNM��7OG)6;=<G)IC%'��G 2 /.� /ìA)&<� 6'(.=@# 2 P #'�C%;�;%'#'c)-)#_8!&)#'"$# 3 P /)()" 2 -)I P � 1RQ5()"i6'# 3^"$#HJ9-)#'�C%'?�A)#'�C%'&)#'(4%'?_Ì!*®:

*rI!/4%'()6'- X E �>=@8!#'&)(4%'" A)#;=<,.c)I!-)(4G 6 X d'#'&)#'c)- X�j 3^-<�Hc)I!-)()E
x̄

�Y=<,.c<� E)-)#'8!# 6'I!/4%'#'&<�
x̃1 = (x1, . . . , xl̂)

�!#'8�=«� �!-)#9A.=@# %'-)#'�C%'(
p(y) U� %'"$IC%'()" 2 c4%'#�I!�Y=@(K%'&)I!d ,'IC%'��G\6 X c)()�Y=@(4%'?®=@(4h5?�# P -)#®�Y=«� 8Y� I!"$#'I��C,."$" La±'O (.=@( L�²7O (Kif, h) 2%'#\()�!A)#;=@? 3^#'67� -)()IrA.=@# %'-)#'�C%'(

p(y0, y1, . . . , yi) ≈ Cf(y0)k(y0, y1)k(y1, y2)..k(yi−1, yi)h(yi)

"$#HJKIC% P �;%'?\Ì!*r*rI!/4%'()6'- X EÍ�>=@8!#'&)(4%'"þ"$IC%'# P �]íB#'-4%'IY:Nér� &.=@# L �!" U &<�;3 P U@Ñ7OYU
V /.�Hc)I!�C%'6'I��>=@?H%'I!&)-<�;%'()6 X A)# P j # P , L�²7O &<� �!�!"$# %'&)()" �C%;� - P � &4%'-4,.1 -)I!�!"$ICQ5I!-)-4,.1 #'0)I!-)/4,

A)#D�C%'#;=@/)-)#'6'I!-)(4G)" Ï M'2@Ñ;ÐaT

Ih = Eξ ≈ ξ1 + . . . + ξn

n
, ξ =

N
∑

i=0

Qih(xi). LNM'M>O

V �!#'# %'-)# h5I!-)()( LNM'M>O x0, x1, . . . , xN � # P -)#'&)# P -<�;GF0)I!A)?_í�� &)/°#'67� 2 #'d'& X 67� 1RQK�;G)��GF�D6'I!&)#HG4%;:
-)#'�C%'?'1ÿI P ()-)()0<�]69�!#'�C%'#HG)-)()(

xN L -)#'"$I!& N � �Y=<,.c<� E)- X E O Ï Ñ;Ða2 -<�Hc<�>=@?'-)#'EÍA.=@# %'-)#'�C%'?'1
π(x)(BA)I!&)I j # P -)#'E�*�,.-)/)0)()I!E

p(x′, x) = r(x′, x)(1 − pa(x
′)).
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Â7ÃHÄ.Å)½)¶>Æ°Â7¾�Ç�´^È�´@À<¼NÉuÂ7Êpº)Ë�¶>Æ°Â
î P I!�!? r(x′, x) � A.=@# %'-)#'�C%'?9A)I!&)I j # P � 2 � pa(x

′) � 6'I!&)#HG4%'-)#'�C%'?]#'d'& X 67�5%'&<� I!/4%'#'&)()(��

Q0 =
f(x0)

π(x0)
, Qi = Qi−1

k(xi−1, xi)

p(xi−1, xi)
.

	òû�
ý�B�r	
� ý���� ý � ÿ��B� ÿ���ÿ
	
����� ���2úhú��
��()�Y=@I!-)-)#'I��!&<� 6'-)I!-)()I�A)# P j # P #'6 L�²7O ( LNM'M>O A)&)#'6'# P (.=@#'�!?K-<�5A)&)()"$I!&)I�&)ICh5I!-)(4G�(43^6'I!�C%'-)#'8!#D%'IY:
�C%'#'6'#'8!#
()-4%'I!8!&<�>=@?'-)#'8!#
,.&<� 6'-)I!-)(4G\6 %'#'&)#'8!#
&)# P ��(43�Ï M'27Ñ;Ða2 �!#'# %'6'IC%'�C%'6 ,.1RQ5I!8!#D� -)(43^# %'&)#'A)-)#'"},
&<� �!�!ICG)-)()1ýA)&)(BA)I!&)I!-)#'�!I
(43C=<,.c)I!-)(4G U��� �!�!"$# %'&)()"ï�Y=@I P ,.1RQ�,.1 "$# P IY=@?�A)I!&)I!-)#'�^��"��>= X�j c<� �C%'()0 U �r� �C%'()0 X P 6'()8Y� 1R%'��GÖ(43\%'#'c.:
/)(

x = 0
6gA)#;=@#HJ9(4%'IY=@?'-)#'" -<� A)&<� 6;=@I!-)()(�#'�!(

x
�Y=<,.c<� E)- X "$(þA)&)#'d'I!8Y� "$( 2 P =@()- X /°# %'#'& X�j&<� �!A)&)I P IY=@I!- X �rA.=@# %'-)#'�C%'?'1

e−x, x > 0 U@V /°#'-)0)IrA)&)#'d'I!8Y�\�r6'I!&)#HG4%'-)#'�C%'?'1
p
c<� �C%'()0<�\A)#'8�=@#;:

QK� IC%'��G 2 ���96'I!&)#HG4%'-)#'�C%'?'1
q = 1 − p

�!#'6'I!&4hK� IC%g#'c)I!&)I P -)#'EÖA)&)#'d'I!8
xm−1 → xm U�Î #'�C%;� 6'()"

3H� P �Hc4,�#'0)I!-)/)(�6'I!&)#HG4%'-)#'�C%'(
P (H)

6 X =@IC%;�\c<� �C%'()0 X 3H�K%'#'c)/4,
x = H U

Î I!&)I j # P -<�;G�*�,.-)/)0)(4G P =<G 0)I!A)(��C%'#;=@/)-)#'6'I!-)()E�#'A)&)I P IY=<G)IC%'��G 6 X &<�;JKI!-)()I!"
p(x′, x) =

= q exp(−(x − x′))χ(x − x′) 2 8 P I χ(w) = 1
A)&)(

w ≥ 0
(

χ(w) = 0
A)&)(

w < 0 U�Î =@# %'-)#'�C%'?
-<�Hc<�>=@?'-)#'8!#9�!#'�C%'#HG)-)(4G

x0
&<� 6'-<�

π(x) = e−x, x > 0. f =<GB*�,.-)/)0)()(_A.=@# %'-)#'�C%'(Í�C%'#;=@/)-)#'6'I!-)()E
ϕ(x)

"$#HJ9-)#53H� A)()�^�;%'?\,.&<� 6'-)I!-)()I

ϕ(x) = q

x
∫

0

e−(x−x′)ϕ(x′)dx′ + e−x, x > 0, LNM>`'O
%'#'c)-)#'Ir&)ICh5I!-)()I�/°# %'#'&)#'8!#\&<� 6'-)#

ϕ(x) = e−px U��� �!�!"$# %'&)()"_=@#'/.�>=@?'-4,.1e#'0)I!-)/4, L �!" Uç2 -<� A)&)()"$I!& 2 Ï M'2;Ñ;Ð�OY2 ,.c)(4% X 67�;G 2 c4%'#®6 P � -)-)#'E��!(4% ,7� 0)()(
A)&)#'()� j # P (4%]A)&7G)"$#'Ir"$# P IY=@()&)#'67� -)()I L f(x) = π(x) 2 k(x′, x) = p(x′, x) OYT

P (H) = ϕ(H) = Eξ(H) + e−H ≈ ξ
(H)
1 + . . . + ξ

(H)
n

n
+ e−H , LNMHÑ7O

ξ(H) =

N
∑

m=0

q exp(−(H − xm))χ(H − xm).

V /.�Hc)I!�C%'6'I
xN

6 X d'()&<� IC%'��Gþ=@()d'#F%'#'c)/.�SA)#'8�=@# Q5I!-)(4G 2 P =<Ge/°# %'#'&)#'E
xN < H 2 =@()d'#SA)I!&)67�;G

%'#'c)/.� 2 P =<G9/°# %'#'&)#'E96 X A)#;=@-)I!-)#5-)I!&<� 6'I!-)�C%'6'#
xN > H U Z�,.-)/)0)(4G

h(x) 2 #'A)&)I P IY=<G)1RQK�;G]6 X c)()�Y:=<G)I!" X EB*�,.-)/)0)()#'-<�>=
Ih = (ϕ, h) = P (H) − e−H = Eξ(H), LNM^Ó°O&<� 6'-<�

h(x) = q exp(−(H − x))χ(H − x) U��� �!�!"$# %'&)()"+%;� /4JKI5"$IC%'# P A)#'�Y=@I P #'67�;%'IY=@?'- X�j A)&)()d;=@(4JKI!-)()E L�²7O P =<G_A)# P �!c)IC%;��6'I!&)#HG4%'-)#;:
�C%'(

P (H) U�Î #'8!&)ICh5-)#'�C%'?�%;� /°#'8!#�A)&)()d;=@(4JKI!-)(4GÚ6¢"$IC%'&)()/°I
C

"$#HJ9-)#¢#'0)I!-)(4%'?��Y=@I P ,.1RQ5()"
#'d'&<�;3^#'" T

ε(1)
s = ‖Ih − I

(s)
h ‖C =

∥

∥

∥

∥

∥

(

∞
∑

i=s+1

Kif, h

)∥

∥

∥

∥

∥

C

≤
∥

∥

∥

∥

∥

∞
∑

i=s+1

Kif

∥

∥

∥

∥

∥

C

‖h‖C .

V�X c)()�Y=@()"

Kif(x) =

∫

. . .

∫

qie−x0e−(x−xi−1) × . . . × e−(x1−x0)χ(x − xi−1) × . . .×
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×χ(x1 − x0) dx0 . . . dxi−1 =
qixi

i!
e−x.

f �>=@I!Ir()"$I!I!"
∥

∥

∥

∥

∥

∞
∑

i=s+1

Kif

∥

∥

∥

∥

∥

C

= max
x∈[0,H]

∣

∣

∣

∣

∣

e−x

∞
∑

i=s+1

qixi

i!

∣

∣

∣

∣

∣

≤ max
x∈[0,H]

e−xqs+1eqδxs+1

(s + 1)!
, δ ∈ [0, x].

î P I!�!?
()�!A)#;=@? 3^#'67� -)#r%'#
#'d'�C%'#HG4%'IY=@?'�C%'6'# 2 c4%'#
6 X &<�;JKI!-)()I ∞
∑

i=s+1

qixi

i!

G)6;=<G)IC%'��G9#'�C%;�;%'/°#'"Ö&<�;3C=@#;:
JKI!-)(4G�ë�I!E.=@#'&<�D*r#'&)"},H= X eqx U � =@I P #'67�;%'IY=@?'-)# 2

∥

∥

∥

∥

∥

∞
∑

i=s+1

Kif

∥

∥

∥

∥

∥

C

≤ qs+1Hs+1

(s + 1)!
, ‖h‖C = max

x∈[0,H]
|qe−(H−x)| = q, ε(1)

s ≤ qs+2Hs+1

(s + 1)!
. LNM>Õ'O

V�X &<�;JKI!-)(4G
(Kif, h)

A)&)I P �C%;� 6;=<G)1R%r�!#'d'#'E�()-4%'I!8!&<�>= X ,.6'IY=@()c)()67� 1RQ5I!E)��G L ��&)#'�C%'#'" i O &<�;3C:"$I!&)-)#'�C%'( U)f =<G�( j A)&)()d;=@(4JKI!-)-)#'8!#96 X c)()�Y=@I!-)(4G�A)&)()"$I!-)()" �>=@8!#'&)(4%'" 6 X d'#'&)/)(BA)#\67�;J9-)#'�C%'(
(43�Ï Ó ÐaU Ò�I!#'d j # P ()"$#'Ig/°#;=@()c)I!�C%'6'#�()-4%'I!8!&<�>=@#'6

s
6Ö�C,."$"$I L�²7O "$#HJ9-)#S-<� E4%'(Ú()� j # P GÚ(43Í%'&)IY:

d ,'I!"$#'EgA)#'8!&)ICh5-)#'�C%'( 2 A)&)I!#'d'&<�;3^#'67� 6�-)I!&<� 6'I!-)�C%'6'# P =<G ε
(1)
s

6�&<� 6'I!-)�C%'6'#�(g6'#'�!A)#;=@? 3^#'67� 6 h5()�!?
*r#'&)"},H=@#'E � %'()&.=@()-)8Y� T

ε(1)
s =

qs+2(eH)s+1

√

2π(s + 1)(s + 1)s+1
.

� %'"$IC%'()" 2 c4%'#9%;� /.�;G_#'0)I!-)/.�9c)()�Y=«�\�Y=«� 8Y� I!" X�j 3H� 6 X h5I!-)-<�;G U íB()-)()"��>=@?'-)#'I�/°#;=@()c)I!�C%'6'#��Y=«�>:
8Y� I!" X�j "$#HJ9-)#D-<� E4%'(B()� j # P G_(43
(43^6'I!�C%'-)#'8!#\%'#'c)-)#'8!#\&)ICh5I!-)(4GB,.&<� 6'-)I!-)(4G LNM>`'OYT

ε(1)
s ≤

∣

∣

∣

∣

∣

e−pH − e−H

s
∑

i=0

qiH i

i!

∣

∣

∣

∣

∣

. LNMHè7O

V A)&)#'6'I P I!-)- X�j c)()�Y=@I!-)- X�j Ì!/°�!A)I!&)()"$I!-4%;� j P =<G�A)&)()d;=@(4JKI!-)(4Gþ()-4%'I!8!&<�>=@#'6S6 X d'()&<�>=@()�!?A.=@# %'-)#'�C%'( 2 G)6;=<G)1RQ5()I!��Ge/4,'�!#'c)-)#;:�A)#'�C%'#HG)-)- X "$( A)&)()d;=@(4JKI!-)(4G)"$(eA)# P X -4%'I!8!&<�>=@?'- X�j *�,.-)/.:
0)()E 2 �rc)()�Y=@#'"

m
A)&)#'"$ICJ\,°%'/°#'69A)#'�C%'#HG)-)�C%'67�\6 P #;=@?D# P -)#'EB/°#'#'& P ()-<�;% X -)Ird'#;=@? h5I P I!��G4%'( UbVc<� �C%'-)#'�C%'( 2 P =<Gg()-4%'I!8!&<�>=@#'6�"��>=@#'Eg&<�;3^"$I!&)-)#'�C%'( L i ≤ 6 O 6 X d'()&<�>=@#'�!? m = 10 2 P =<Gg()-4%'I!8!&<�>:

=@#'6Kd'#;=@? h5I!E�/)&<�;%'-)#'�C%'(
m < 10 U)V %;� d;= U�M A)&)()6'I P I!- X 3H�;%'&<�;% X -<�56 X c)()�Y=@I!-)()Ir6'I!&)#HG4%'-)#'�C%'(

P (H)
6 X =@IC%;�_c<� �C%'()0 X 3H��8!&<� -)()04,

H L 6��!I!/4,.- P � j<O A)&)(S()�!A)#;=@? 3^#'67� -)()(F=@#'/.�>=@?'-)#'ES#'0)I!-)/)(
L �C%'&)#'/)(���������� � O (ì"$IC%'# P ��A)#'�Y=@I P #'67�;%'IY=@?'- X�j A)&)()d;=@(4JKI!-)()E L �C%'&)#'/)("!��$#&%(')%*% O P =<Gì&<�;3^- X�j

+-,/./021234,�5³é7698�,&:�;�<$;=1�<?>�8=@BA�C�<ED�F)C�G$>�1HD�<$>ICEAJ,�K�C�GL0�<LA�C�:M,&>I<L0�N�;=OQP4K=8=1�.&0�1=R�<$;=1=SH1T0�C�F�,B0�N�;�C�S
C�3�<$;=F=1

H q = 0.1 q = 0.3 q = 0.5

1 U=V Ø
ÒEW*ÜÑÚ 5³é X�X Y-é Z [&\#é Z
1 UJ] ÚàÍÏßºÔ�ß�ß Z-é [�5_^ 5³é ^�5 5_`-é ^
10 U�V Ø
ÒEW*ÜÑÚ ^-é ` ^-é ^�5 5³é ^�[
10 UJ] ÚàÍÏßºÔ�ß�ß Z-éa5�5 [-é b [�`
20 U�V Ø
ÒEW*ÜÑÚ Y�5_c \Mc�c�Y 5_Z�[
20 UJ] ÚàÍÏßºÔ�ß�ß Z-éa5 d d
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Â7ÃHÄ.Å)½)¶>Æ°Â7¾�Ç�´^È�´@À<¼NÉuÂ7Êpº)Ë�¶>Æ°Â
8!&4,.A)A�A<� &<� "$IC%'&)#'6

H 2 q U)Î &)(�6 X c)()�Y=@I!-)()(�6'I!&)#HG4%'-)#'�C%'(
P (H)

6'6'# P (.=«� �!?K6'IY=@()c)()-<� P #'A4,'�C%'(.:"$#'E�A)#'8!&)ICh5-)#'�C%'(
e1 2 P =<G�/°# %'#'&)#'E�6 X A)#;=@-4G.=@#'�!?D%'&)I!d'#'67� -)()I

e1 ≤ 0.01 · P (H) = 0.01
(

e−pH + e−H
)

.

f =<GÍ=@#'/.�>=@?'-)#'EF#'0)I!-)/)( P #'�C%'(4JKI!-)()I9�!#'# %'6'IC%'�C%'6 ,.1RQ5I!E¢6'IY=@()c)()- X /°#'-4%'&)#;=@()&)#'67�>=@#'�!?�6 X &<�>:JKI!-)()I!"
e1 ≤

√
DξH/

√
n2 2 8 P I n2 � c)()�Y=@#_"$# P IY=@()&4,'I!" X�j %'&<� I!/4%'#'&)()E���6'IY=@()c)()-<�

DξH

6 X :c)()�Y=<G)IC%'��GÖ%'#'c)-)#ÖÏ M!ÐaU�V "$IC%'# P I]A)#'�Y=@I P #'67�;%'IY=@?'- X�j A)&)()d;=@(4JKI!-)()EÖ/°#;=@()c)I!�C%'6'#g()-4%'I!8!&<�>=@#'6
s-<� j # P (.=@#'�!?5(43­6 X &<�;JKI!-)(4G LNMHè7OYU°Î &)(\ÌC%'#'"

i
:�E\()-4%'I!8!&<�>=B�C,."$" XýL�²7O 6 X c)()�Y=<G.=@��G]�·%'#'c)-)#'�C%'?'1

ε = e1/(2s) 2 i = 1, . . . , s U
Î &)#'6'I P I!-)- X I�&<� �!c)IC% X A)# 3^6'#;=<G)1R%�� P IY=«�;%'?��Y=@I P ,.1RQ5()E\6 X 6'# P U V "$# P IY=@(5A)I!&)I!-)#'�^�®c<� �C%'()0

��� -)(43^# %'&)#'A)- X "F&<� �!�!ICG)-)()I!"F�>=@8!#'&)(4%'" 2 �!6 G43H� -)- X EK��()�!A)#;=@? 3^#'67� -)()I!"�=@#'/.�>=@?'-)#'EK#'0)I!-)/)( P =<GA)# P �!c)IC%;�K6'I!&)#HG4%'-)#'�C%'(
P (H) 2 ,'�C% ,.A<� IC%9A)#�%'&4, P #'I!"$/°#'�C%'(B"$IC%'# P ,]A)#'�Y=@I P #'67�;%'IY=@?'- X�j A)&)()d;=@(.:

JKI!-)()EÍ=@(4h5?�6��Y=<,.c<� I\"��>=@#'EF6'I!&)#HG4%'-)#'�C%'(
P (H)

6 X�j # P ��3H��8!&<� -)()04,
H

(F"��>= X�j 3^-<�Hc)I!-)()E
6'I!&)#HG4%'-)#'�C%'(Ö&<� �!�!ICG)-)(4G

q < 0.5 2 % U I U A)&)(ì6 X c)()�Y=@I!-)()(¢-)I!d'#;=@? h5#'8!#�/°#;=@()c)I!�C%'67�_()-4%'I!8!&<�>=@#'6
L s ≤ 10 OYUHf =<G

q ≥ 0.5
%'&4, P #'I!"$/°#'�C%'?
=@#'/.�>=@?'-)#'ED#'0)I!-)/)(\"$I!-)? h5I U � %'"$IC%'()" 2 c4%'#
I!�Y=@(D%'&)I!d ,'IC%;:

��G�6 X c)()�Y=@(4%'?K=@(4h5?\# P -)#D�Y=«� 8Y� I!"$#'Ir�C,."$" X�L�²7O (Kif, h) 2 %'#D()�!A)#;=@? 3^#'67� -)()Ir"$IC%'# P �K6 X d'#'&)/)(A)#D67�;J9-)#'�C%'(B"$#HJKIC%\d X %'?\#'c)I!-)?\Ì!*r*rI!/4%'()6'-)# U
eìûgf ��� ÿ���
rÜqÿ
	��r��� ý ��� ý�Ý��B�®��

� ÿ
á.ÿ âåä9��æ�Ý�� ÿ
�B�®�_�
� =@I P ,'IC%�3H� "$IC%'(4%'? 2 c4%'#�*�,.-)/)0)()#'-<�>= LNM^Ó°O P � IC%�-)I5�^� "},.1 ,.d'I P (4%'IY=@?'-4,.1 (.=)=@1­�C%'&<� 0)()1�A)&)IY:
()"},°Q5I!�C%'67�Í"$IC%'# P �ÍA)#'�Y=@I P #'67�;%'IY=@?'- X�j A)&)()d;=@(4JKI!-)()E L�²7O (43C:ø3H��# %'�C,°%'�C%'6'(4Gih P =@()-)- X�j�j %'&<�>:
I!/4%'#'&)()Eì6�#'0)I!-)/°I LNMHÑ7O5L 6'I P ?�6 X =@IC%B3H�

H
#'d'& X 67� IC%�%'&<� I!/4%'#'&)()1 OYUlk %'#B6'( P -)# 2 6�c<� �C%'-)#'�C%'( 2(43�A)&)()6'# P ()"$#'E¢-)(4JKI9%;� d;= U�`.2 8 P I�()�!A)#;=@? 3^#'67� - X �Y=@I P ,.1RQ5()IB#'d'# 3^-<�Hc)I!-)(4G T ε � &<� �!c)IC%'-<�;G

A)#'8!&)ICh5-)#'�C%'?*�
n2

(
t2 � c)()�Y=@#K"$# P IY=@()&4,'I!" X�j %'&<� I!/4%'#'&)()EB(]6'&)I!"}G�&)I^�>=@(43H� 0)()( P =<G]A)&)()d;=@(.:

JKI!-)(4G LNMHÑ7O (\�!#'# %'6'IC%'�C%'6'I!-)-)#
n1 2 t1 � P =<G\A)&)()d;=@(4JKI!-)(4G L�²7O � s � -)#'"$I!&\#'d'& X 67��%'&<� I!/4%'#'&)()( Um�#;=@I!I�A)#'/.�;3H�;%'IY=@?'- X I�&)IC3!,H=@?H%;�;% X P � IC%�6 X d'#'&5*�,.-)/)0)()(

h(x) 2 &<� �!A)&)I P IY=@I!-)-)#'ED6 P #;=@?®6'�!I!E
A)#;=@#HJ9(4%'IY=@?'-)#'EBA)#;=<,'#'�!( 2 -<� A)&)()"$I!& 2

h(x) = e−Ax, x > 0 LNM>±'O
L # P -<� /°#BA)&)(ìÌC%'#'"[%'I!&7G)IC%'��GnhN*r(43^()c)I!�!/)()ES�!" X �Y= j *�,.-)/)0)()#'-<�>=«�

Ih OYU«f =<GFA)&)()d;=@(4JKI!-)(4Gì�!#;:
# %'6'IC%'�C%'6 ,.1RQ5I!8!#B*�,.-)/)0)()#'-<�>=«� L�²7O ()�!A)#;=@? 3^#'67�>=«� �!?9#'0)I!-)/.�

ξ(s) =
s
∑

i=0

h(xi) 2 A)&)()c)I!" # %'&)IC3^#'/
0)I!A)(_í�� &)/°#'67�

x0, x1, . . . , xs

A)#;=<,.c<�>=@��GB�rA)#'"$# Q5?'1ïA)&7G)"$#'8!#\"$# P IY=@()&)#'67� -)(4G Uo®35%;� d;= U�Ñ 6'( P -)# 2 c4%'# P =<G_*�,.-)/)0)()#'-<�>=«� L�è7O ��*�,.-)/)0)()I!E LNM>±'O "$IC%'# P A)#'�Y=@I P #'67�;%'IY=@?'- X�jA)&)()d;=@(4JKI!-)()EÖd'#;=@I!I]Ì!*r*rI!/4%'()6'I!- 2 c)I!" �C%;� - P � &4%'- X Ee�>=@8!#'&)(4%'"ï�9#'0)I!-)/°#'EÖA)#_�C%'#;=@/)-)#'6'I!-)(.:
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&<� �!�C,°J P I!-)(4G)"$(_A)&)(_A)#;=<,.c)I!-)()(_�!#'# %'-)# h5I!-)(4G LNM>Õ'O "$#HJ9-)#\&<� �!�!"$# %'&)IC%'?

+",p.p0q1r3T,s[-éJ698�,&:�;�<$;=1�<tK=8=1�.&0�1=R�<$;=1=SvuwcIx91Huy5_bIx9A=0�zr{|@);=F=3=1�C�;�,B0J,quy5$\)x
H q ε n2 t2 n1 t1 s

30 0.999 0.0032 55 000 0 : 09 60 000 0 : 10 45

70 0.999 0.0074 20 000 0 : 13 21 000 0 : 14 91

30 0.99 0.006 20 000 0 : 05 25 000 0 : 06 43

70 0.99 0.005 25 000 0 : 12 27 000 0 : 13 87



È�ÉuÂ;Æ'ð«¼pð)º«¼�ÉuÂ ñYÄ<ºuò ð)ó�ôBÆ°Â!Ébº@Â;ðb¹;¶>Æ�ÉuÂ;ð õ�¶>Ë$º<ñ^Â;ö)º)ºBË�¼^¹;¶yõ�ÂD÷«¶'Ê�Äb¼øõ�¶>Æ°Â°¹;¼�Ä<ù'ð)ó�ôS´!´!´ Ñ'Ñ
A)#'8!&)ICh5-)#'�C%'?

ε
(1)
s

P =<GB*�,.-)/)0)()#'-<�>=«�
Ih

�r*�,.-)/)0)()I!E LNM>±'OYU<V�X c)()�Y=@()"

(Kif, h) =

+∞
∫

0

. . .

+∞
∫

0

qie−x0e−(xi−xi−1) × . . . × e−(x1−x0)χ(xi − xi−1)×

×χ(x1 − x0)e
−Axi dx0 . . . dxi−1 dxi = qi

+∞
∫

0

e−xi(A+1)





x
∫

0

xi−1
i−1

(i − 1)!
dxi−1



 dxi =

=
qi

i!

∞
∫

0

e−xi(A+1)xi
i dxi =

qi

(A + 1)i+1
.

î P I!�!?\()�!A)#;=@? 3^#'67� -)#D(43^6'I!�C%'-)#'I��!6'#'E)�C%'6'#\8Y� "$"��>:�*�,.-)/)0)()(

Γ(ν) =

∞
∫

0

wν−1e−w dw : Γ(i + 1) = i!.

o��!A)#;=@? 3!, GÚ*r#'&)"},H=<,e�C,."$" X c.=@I!-)#'6¢d'I!�!/°#'-)I!c)-)#¢,.d X 67� 1RQ5I!EÚ8!I!#'"$IC%'&)()c)I!�!/°#'EiA)&)#'8!&)I!�!�!()( 2()"$I!I!"
ε(1)

s = ‖Ih − I
(s)
h ‖C =

∥

∥

∥

∥

∥

(

∞
∑

i=s+1

Kif, h

)∥

∥

∥

∥

∥

C

=

(

q

A + 1

)s+1
1

A + 1 − q
.

� d Q�,.1ïA)#'8!&)ICh5-)#'�C%'?
εs

�>=@8!#'&)(4%'"�� L�²7O A)I!&)I!A)(4h5I!" 6\6'( P Ir�C,."$" X

εs = ε(1)
s + ε(2)

s ≈
(

q

A + 1

)s+1
1

A + 1 − q
+

d(s)√
n1

,

8 P I d(s) =
√

Dξ(s) U$Î &)(¢A)&)#'6'I P I!-)()(�c)()�Y=@I!-)- X�j Ì!/°�!A)I!&)()"$I!-4%'#'6S&<� �!�!"$# %'&)I!- X �Y=@I P ,.1RQ5()I
A)&)I P IY=@?'- X I��Y=<,.c<� ( U

M'U�Î &)(
s → ∞ A)# P %'6'I!&7J P I!-)# 2 c4%'# εs

6'I P IC%_�!I!dHGS/.� /ìA)#'8!&)ICh5-)#'�C%'? P =<GS"$IC%'# P �ÍíB#'-4%'IY:
ér� &.=@#Dd'IC3
#'d'& X 67� U

+},p.�0~1r3~,�b-é=��8=1�.&0�1=R�<$;=1=z�uwcIxl1�uy5_bIx9A=0�zq{|@);=F=3=1�C�;�,B0J,quwYIxlGt{|@);=F=3=1�<$S
h(x) = e−Ax

A q ε n2 t2 n1 t1 s

0.5 0.999 0.01 50 000 0 : 43 300 000 0 : 03 19

0.1 0.99 0.023 60 000 0 : 05 65 000 0 : 03 60

0.3 0.999 0.014 50 000 0 : 43 1 000 000 0 : 19 21

+",p.p0q1r3T,�\#é��90�1=�_C�G$>�N�K�C��E8�<$��;�C�G$>I<$S
εs

1
ε
(1)
s

K=8=1
n1 >> 1

s εs ε
(1)
sb Z-é b�`�[�`�^�^ Z-é b�`�[�Y�`�c

Y Z-éa5�5_Y�bIX�Y Z-éa5�5_Y�Z�Z�Y
5_Z Z-é Z�[�b&\M[�c Z-é Z�[�[�c�[�b
5_[ Z-é Z�5_Z�bIX�X Z-é Z�5_Z�5_[�b
5_Y Z-é Z�Z�[�5_`�b Z-é Z�Z�5_`�`�5
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n1 → ∞ A)# P %'6'I!&7J P I!-)# 2 c4%'#9A)#'8!&)ICh5-)#'�C%'?

εs

3H� 6'()�!(4%9%'#;=@?'/°#9# %
s L % U I U εs = ε

(1)
s OYU� #'# %'6'IC%'�C%'6 ,.1RQ5()I�&)IC3!,H=@?H%;�;% X &<� �!c)IC%'#'6 P =<G q = 0.999 2 A = 0.5 2 n1 = 107 A)&)I P �C%;� 6;=@I!- X 6

6'( P I�%;� d;= U<Ó)U
��û��ï����ÿ
	
�B��Þ ÿ
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��� þ®Ûi�
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s
(

n1
6_�>=@8!#'&)(4%'"$I L�²7OYU î � "$IC%'()" 2c4%'#�%'&4, P #'I!"$/°#'�C%'?gÌC%'#'8!#g�>=@8!#'&)(4%'"���A)&)#'A)#'&)0)()#'-<�>=@?'-<��6'IY=@()c)()-)I
S̃ = sn1 U î � P � I!"[,.&)#'6'I!-)?

A)#'8!&)ICh5-)#'�C%'(
ε̃s

(B&<� �!�!"��;%'&)()67� I!"e&<� 6'I!-)�C%'6'#

ε̃s = ε̃(1)
s + ε̃(2)

s =

(

q

A + 1

)s+1
1

A + 1 − q
+

d(s)√
n1

. LNMH²7O
Î #;=«� 8Y� I!"

d(s) ≈ d = const 2 %;� /�/.� /BA)&)(B"��>=@#'"¢3^-<�Hc)I!-)()(
ε̃s

6 X A)#;=@-)I!-)#

Dξ(s) ≈ Dξ

(

1 −
(

q

2A + 1

)s+1
)

.

V�X &<�;JD�;G
n1

c)I!&)IC3
s
(43
�!#'# %'-)# h5I!-)(4G LNMH²7OY2 ()"$I!I!"

S̃(s) = d2 s

/(

ε̃s −
(

q

A + 1

)s+1
1

A + 1 − q

)2

. LNMHú7O

Î #'�Y=@I P -4G4GD*�,.-)/)0)(4GDc)()�Y=@I!-)-)#r()�!�Y=@I P #'67�>=«� �!?
-<�®"$()-)()"},."FA)#
s U'Î #'()�!/D"$()-)()"},."����!6'# P (4%'��G/B&)ICh5I!-)()1ï,.&<� 6'-)I!-)(4G

ε̃s −
(

q

A + 1

)s+1
1

A + 1 − q
+ 2

(

q

A + 1

)s+1
s

A + 1 − q
ln

(

q

A + 1

)

= 0.

k %'#D,'�Y=@#'6'()I
&<� 6'I!-)�C%'67�\-4,H=@1ïA)&)#'(43^6'# P -)#'EB*�,.-)/)0)()( LNMHú7OYU
V c<� �C%'-)#'�C%'( 2 P =<G ε̃s = 0.01, q = 0.999, A = 0.5

(
d = 2.1

, P �>=@#'�!?e,'�C%;� -)#'6'(4%'? 2c4%'#_"$()-)()"},." *�,.-)/)0)()(
S̃(s) P #'�C%'()8Y� IC%'��G�A)&)()"$I!&)-)#_A)&)(

s = 19 U î � "$IC%'()"i%;� /4JKI 2 c4%'# P =<G
s = 19

A)#;=<,.c)(.=@#'�!?R�!#'6'A<� P I!-)()I�%'I!#'&)IC%'()c)I!�!/°#'8!#�(
A)&<� /4%'()c)I!�!/°#'8!#­&)IC3!,H=@?H%;�;%'#'6 L % U I U A)&)( s = 19P =<G\A)#;=<,.c)I!-)(4G93H� P � -)-)#'8!#r,.&)#'6'-4G\A)#'8!&)ICh5-)#'�C%'(�A)# %'&)I!d'#'67�>=@#'�!?
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s

s n1 t U G5_b \MY�`�[�[�b ^-é ^�^
5_Y X�X?Y�^�5 5³éa5_Z
5_c ^�`�`�5_` Z-é `&\
5_` ^�Y�[�[�5 Z-é `�b
[�Z ^�b�`&\�\ Z-é `&\
[�[ ^�5�^IX�X Z-é `�`
b�Z \M`�c�YIX 5³é [�Y
\MZ \M`�c�Z�5 5³é X�Z
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