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µ(ξ)
def
= ν(Hξ),

�L�2î
ν(η)

def
=

√
1 + |η1|2m1 + |η2|2m2 ,ótñ
ù-þ
ú�ò
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µ
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def
=



∫

R2

dξ
∣∣∣f̃(ξ)µ(ξ)

∣∣∣
2




1
2

, ‖f‖fW
µ
2 (Q)

def
=



∫

Q

dξ

∣∣∣∣∣
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k∈Z2

fk µ(k) e2πi〈ξ,k〉

∣∣∣∣∣
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

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1

2

)
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=

∫
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î�ù��-þ�ò�ì�ù-í�ò
ñ
ó
î]¬!õÞþ��-îo� õÞñ����
ó
ó f(x) � ò fk
« î�îo�#ù�������ó��
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m2 > m1 > 1
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Ω
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ñ
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õÞþ
ñ
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∫
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ck,h f(hHk). � ( �
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∥∥∥
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l∞h (x)
def
= χQ(x) − h2

∑

k∈Z2,
hk∈Q

δ(x− hk).
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∃ c : ‖l∞h ‖(fW
µ
2 (Q))∗ 6 c h

2
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k
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H
k

h
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√
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h
ý
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1
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h
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∣∣∣∣
2m2

ý
þ
ó
h→ 0.



�"Ö�Ö ���V�3���Q�"���5���A�
���/���
.�ñ�ò×ö�òÎô�î×�Ïù
ð-þ
î¼ûÛî�ú×��ù��
þ
î�ï¼ð-ñ
ù-ï¼ð����-î�ï��#ù-ñ
î�ö
ñ
ù-ï¼ð-ó�ýÞô�ù-ï��#ù-ï¼ð-ó

(k1, k2)
'�� ù��#�-î�þ
î�útð�ò
�#ù-î

K(h) �ö%ð-ù��-ü í-üxý
ù�ô�ñ%ÿÞô�ù-ï���õ-ï¨ô�ù-í-ó
î
∑
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1
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k

h
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h
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k

h

) �
∫
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ρ
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h
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∫
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ù-ï¼ð-ù�'ÄtüTó
ú�î�î�úfí!í-ó���õ�ö�ò
ï¼ð��!ï¼õÞú�ú�ü � ó
ñ��2î��#ï�ü ï¨ô2ò
�¨ò
î�ú�ü��P�#ù
ð-ù-þ
ü��Úý
ù-ý�ò"�+ò

£ð�ízù��-ù
ì�ñ�ò×ö
î�ñ
ñ
üxîñ�òÛþ
ó
ï¼õÞñ��#î\�-ù�ô$�
÷�ó
î�ù���ô2ò
ï¼ð-ó
A1,A2,A3,A4,

ù���þ�ò
ñ
ó
ö
î�ñ
ñ
üxî�÷!ð-þ
ó���ù-í-üxú�ótô�ó
ñ
ó%ÿ
ú�ó8'­³ò
ý
ó%÷�î�úªõÞþ�ò
í-ñ
î�ñ
ó%ÿ�ý
þ�ÿ
ú�ü�� � ù��-ù
ì�ñ�ò×ö
î�ñ
ñ
ü��tñ�òÛþ
ó
ï¼õÞñ��#î\�
ó���þ�ò
ú�ó87� « k2 = (α + δ)k1 � Ø « k1 = −(α + δ)k2 �( « k2 = αk1 +
1

2
� � « k1 = −αk2 +

1

2
�) « k2 = αk1 � � « k1 = −αk2 �

Å « k2 = αk1 −
1

2
� * « k1 = −αk2 −

1

2
�Ù « k2 = (α− δ)k1 � �"Ö « k1 = −(α− δ)k2
'
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k1

k2 1 2 3 4 5

6

7

8

9

10

A1

A4

A3

A2

Ú8Û�ÜAÝZÞ�ß;àtÞ�ß�á�â�ã"ä;å
ã"ä;æ"Þ
.�ï�îqö
î¼ð-üxþ
îxù���ô2ò
ï¼ð-ó

A1,A2,A3,A4
ù��
î�ñ
ó
í�ò

£ð-ïÉÿÛù��2ó
ñ�ò
�#ù-í-ù�'Z�zô�ÿ�ý
þ
ó
ú�î�þ�òoì×ò
ø
ú�î�ú�ïÉÿÛù��
î�ñ���#ù-øtï¼õÞú�ú�ü\ï�ù�ú�ñ
ù×ûÛî�ï¼ð-í-ù-úIó
ñ��2î��#ï�ù-í�7

A1 =

{
k : k1 ∈ K1

def
= {k1 : 1 6 k1 6 K(h)} ∩ Z, k2 ∈

[
− 1

α + δ
k1, (α− δ)k1

]
∩ Z

}
,

�L�2î
δ « �2ù-ï¼ð�ò�ð-ù-ö
ñ
ùÚú�òÎô�î�ñ����#ù-îzý
ù�ô�ù×ûÚó%ð-î¨ô$�-ñ
ù-î�ö
ó
ï¨ô�ù�'

∑

k∈A1

1

1 +

(
k1 + αk2

h

)2m1

+

∣∣∣∣
−αk1 + k2

h

∣∣∣∣
2m2

�

�
∑

k1∈K1

(α−δ)k1∫

− 1
α+δ

k1

dk2
1

1 +

(
k1 + αk2

h

)2m1

+

∣∣∣∣
−αk1 + k2

h

∣∣∣∣
2m2

=

= |−τ = k2 − αk1| =
∑

k1∈K1

(α+ 1
α+δ

)k1∫

δk1

dτ
1

1 +

(
(1 + α2)k1 − ατ

h

)2m1

+

(
τ

h

)2m2
6

6

∣∣∣∣∣∣∣

ατ 6 (α2 + 1 − αδ)k1,

ατ − (1 + α2)k1 6 −αδk1,
|(1 + α2)k1 − ατ | > δαk1

∣∣∣∣∣∣∣
6
∑

k1∈K1

(α+ 1
α+δ

)k1∫

δk1

dτ
1

1 +

(
αδk1

h

)2m1

+

(
τ

h

)2m2
6

6

∣∣∣∣∣∣∣∣

a2m2
def
= 1 +

(
αδk1

h

)2m1

,

τ = hta

∣∣∣∣∣∣∣∣
6
∑

k1∈K1

1
ha

(α+ 1
α+δ

)k1∫

δk1
ha

dt
ha

a2m2 (1 + t2m2)
=



�"Ö ( ���V�3���Q�"���5���A�
���/���

=

∣∣∣∣
��õ-ï¼ð�� δk1

ha
≥ 1

∣∣∣∣ �
∑

k1∈K1

ha1−2m2

(
δk1

ha

)−2m2+1

=
∑

k1∈K1

h2m2 (δk1)
−2m2+1 =

=

∣∣∣∣∣A
def
=
∑

k1∈K1

(δk1)
−2m2+1 , 2m2 >

4m1m2

m1 +m2

∣∣∣∣∣ 6 A h
4m1m2
m1+m2 .

� ï¼ð�ò
î¼ð-ïÉÿ ù��
î�ñ
ó%ð�� ï¼õÞú�ú�õ�ý
ù ï¨ô2ò
�¨ò
î�ú�üxú ï!ó
ñ��2î��#ï�ò
ú�óNíÚõ#ìZ�
ó���ù���ô2ò
ï¼ð×ÿ���� õ��¯ô2ò��½'HÕ�ò
ï�ï�ú�ù
ð,�þ
ó
ú ú�ñ
ù×ûÛî�ï¼ð-í-ùâó
ñ��2î��#ï�ù-í
B1

def
=

{
k : k1 ∈ K1, k2 ∈

[
(α− δ)k1, αk1 −

1

2

]
∩ Z

}
.

� þ
ó��¼ð-ù-ú
k1 >

1

2δ

'
��õ-ï¼ð��
K4

def
= K1∩{k1 : k1 >

1

2δ
} ',� þ
ù-ó%ì�í-î1��ÿ!ì×ò
ú�î�ñ
ü�ó�ý
þ
î�ù��-þ�ò�ì�ù-í�ò
ñ
ó%ÿ �ò
ñ�òÎô�ù���ó
ö
ñ
üxîzý
þ
ù��2î¨ô2ò
ñ
ñ
üxúIí-üq÷�î � ý
ù�ô�õÞö
ó
ú

∑

k∈B1

1

1 +

(
k1 + αk2

h

)2m1

+

(−αk1 + k2

h

)2m2
�
∑

k1∈K4

h a1−2m2

(
1

2ha

)−2m2+1

=

= c h2m2
∑

k1∈K4

1 = c h2m2

(
K(h) − 1

2δ

)
6 c h

2m2−
1−

m1
m2

(1+
m1
m2

)(1− 1
m1

) ≡ L(h).

��ù-ï¼ð�ò�ð-ù-ö
ñ
üxúIõ-ï¨ô�ù-í-ó
î�úIí-üxý
ù�ô�ñ
î�ñ
ó%ÿtù��
î�ñ��
ó
L(h) = O (h

4m1m2
m1+m2 )

ÿ
í�ô�ÿ
î¼ð-ïÉÿ � ñ�ò
ý
þ
ó
ú�î�þ �
m1 >

3

2
.

� ï¼ð�ò
î¼ð-ïÉÿ ý
ù�ô�ù-ï��Þò ù���ô2ò
ï¼ð-óUó
ñ��2î��#ï�ù-í ù��#ù�ô�ù ý
þ�ÿ
ú�ü��
k2 = αk1

ó
k1 = −αk2

'8Õ�ò
ï�ï�ú�ù
ð-þ
ó
ú
ý
î�þ
í
õ�
aó%ìÚñ
ó��½7

C1
def
= {k : k1 ∈ K1, k2 ∈ [αk1 −

1

2
, αk1] ∩ Z} '×ç�þ�ò�ì�õNì×ò
ú�î¼ð-ó
ú � ö%ð-ù2�2í-ù-ø
ñ�ò�ÿï¼õÞú�ú�ò�ý
ù¯�¼ð-ù-ø ù���ô2ò
ï¼ð-ó ý
þ
î�í-þ�ò�ð-ó%ð-ïÉÿ�í�ù��2ó
ñ�ò
þ
ñ%õ�
 � ð�ò
�è�Þò
���Þò�ûT�2ù-ú�õ k1

ï�ù-ù
ð-í-î¼ð-ï¼ð-í
õ-î¼ðiñ
î
�-ù�ô�î�î ù��2ñ
ù���ùNì�ñ�ò×ö
î�ñ
ó%ÿ

k2
'Qé ó
ú�î�ñ
ñ
ù � �¼ð-ùNð�ò
�#ù-î k2 � ��ô�ÿê�#ù
ð-ù-þ
ù���ù 0 6 αk1 − k2 6

1

2

óÞô�ó
α1k1 − k2 = ë αk1 ì � �L�2î ë · ì « þ�ò
ï�ï¼ð-ù×ÿ
ñ
ó
î��2ù°��ô�ó%û�ò
ø%÷�î�ø��
î¨ô�ù-ø�ð-ù-ö��
ó8'.�î¨ô�ó
ö
ó
ñ
ü

k1 + αk2
ý
þ
ó

k1 ∈ [1, K(h)]
ñ
î�ï¼ð-þ
î�ú�ÿ%ð-ïÉÿ���ñ%õ×ô$
 ý
þ
ó õÞú�î�ñ��
÷�î�ñ
ó
ó

h
'í� þ
ó�¼ð-ù-ú

(α+1)k1 6 k1 +αk2 6 (α+2)k1 ⇒ k1 +αk2 � k1
'�� ù��¼ð-ù-ú�õT�2ù-ï¼ð�ò�ð-ù-ö
ñ
ùÛù��
î�ñ
ó%ð��Ûï�í-î�þ��Þõï¼õÞú�ú�õ

S(h)
def
=
∑

k1∈K1

1

1 +

(
k1

h

)2m1

+

( ë αk1 ì
h

)2m2
.

çÇ�2þ%õ���ù-øÛï¼ð-ù-þ
ù-ñ
ü � í-î¨ô�ó
ö
ó
ñ�ò αk1
ï�ó%ì�ú�î�ñ
î�ñ
ó
î�ú

k1
ú�ù×ûÛî¼ð�ï��#ù�ô$�oõ���ù��2ñ
ùo��ô�ó%ìZ�#ù ý
ù��/��ù��2ó%ð���tñ%õ×ô$
 � ý
ù��¼ð-ù-ú�õ�ù��
î�ñ��%õ S(h)

ý
þ
ó��2î¼ð-ïÉÿ�ý
þ
ù-í-î�ï¼ð-ó�ú�ò
�#ï�ó
ú�òÎô$�-ñ
ù�ð-ù-ö
ñ
ù�'��ò
úªý
ù-ñ�ò"�2ù��×ÿ%ð-ïÉÿ�ñ
î��#ù
ð-ù-þ
üxî\��ù-þ
ú�õ×ô�üî��ô�ÿ�ý
ù-ï¨ô�î1�2ù-í�ò�ð-î¨ô$�-ñ
ù-ï¼ð-î�øUö
ó
ï�î¨ô�¬�ó��-ù-ñ�ò×ö
ö
ó
{uj}∞j=1, u1 = u2 = 1, uj+1 = uj + uj−1, j > 2.Õ�ò
ï�ï�ú�ù
ð-þ
ó
úï�
í�ò"�2þ�ò�ð-ñ
ù-î�õÞþ�ò
í-ñ
î�ñ
ó
î

x2 − x − 1 = 0
'ñð]
~�-ù-î�ö
ó
ï¨ô�ùê¬�ó��-ù-ñ�ò×ö
ö
óTú�ù×ûÚñ
ù

í-üxþ�ò�ì�ó%ð��Úö
î�þ
î¼ì\�#ù-þ
ñ
ó��¼ð-ù���ù�õÞþ�ò
í-ñ
î�ñ
ó%ÿ
α =

1 +
√

5

2

ó
β =

1 −
√

5

2

7

uj =
αj − βj

√
5

, j > 1.
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..ð-ù-þ
üxúªí�ò�ûÚñ
üxú ï�í-ù-ø
ï¼ð-í-ù-ú�ý
ù-ï¨ô�î1�2ù-í�ò�ð-î¨ô$�-ñ
ù-ï¼ð-ó {uj}∞j=1

ÿ
í�ô�ÿ
î¼ð-ïÉÿ ð-ù � ö%ð-ù�î�î�ú�ù×ûÚñ
ù�ó
ïA�ý
ù�ô$�
ì�ù-í�ò�ð�����ô�ÿâí
ì×ò
ó
ú�ñ
ù,�Äù��2ñ
ù
ì�ñ�ò×ö
ñ
ù-ø�ì×ò
ý
ó
ï�óÚñ�ò�ð
õÞþ�òÎô$�-ñ
ü��âö
ó
ï�î¨ô ý
ùzï¨ô�î1��õ�
�	�î�ú�õÚý
þ�ò
í-óÞô�õ#7

n =

J(n)∑

j=2

εjuj, uJ(n) ∈
(n

2
, n
]
; εJ(n) = 1; εj ∈ {0, 1} ∀j > 2; εj εj−1 = 0 ∀j > 2.

� �
î�ñ
ó
ú ë αk1 ì , k ∈ C1
'�ë ú�î�î�ú

ë αk1 ì = αk1 − k2 = α

J∑

j=j1

εjuj − k2 =

J∑

j=j1

εj αuj − k2 =

J∑

j=j1

εj

αj+1 − αβj

√
5

− k2 =

=

J∑

j=j1

εj

βj−1(β2 + 1)√
5

+α

J∑

j=2

εjuj+1−k2 =

J∑

j=j1

εj

βj−1(β2 + 1)√
5

+Z =

(
J∑

j=j1

εj

βj−1(β2 + 1)√
5

)
=

=

(
J∑

j=j1

εj β
j−1 (β + 2)

1 − 2β

)
=

(
−

J∑

j=j1

εj β
j

)
=

(
J∑

j=j1

εj β
j

)
,

�L�2î
j1 « ñ�ò
ó
ú�î�ñ��
÷�ó
ø�ó
ñ��2î��#ï � ð�ò
�#ù-ø�ö%ð-ù εj1 = 1

'#� ù-þ�ÿ��2ù���ý
ù-ï¨ô�î1�2ñ
î���ù í-üxþ�ò�ûÛî�ñ
ó%ÿ��
î�ý
ù-ö��
óþ�ò
í-î�ñ
ï¼ð-í�ý
þ
ó
k1 → ∞ þ�ò
í-î�ñTý
ù-þ�ÿ��#�%õIí-üxþ�ò�ûÛî�ñ
ó%ÿTí-ñ%õ#ð-þ
ó(ï��#ù��-ù�� ë · ì � �#ù
ð-ù-þ
ù-î � í ï�í-ù�
ù-ö
î�þ
î1�#� � ó
ú�î�î¼ð ý
ù-þ�ÿ��2ù�� |β|j1 « ñ�ò
ó��-ù�ô$�
÷�î���ùfï¨ô2ò
�¨ò
î�ú�ù���ù�'Yç�ô�î1�2ù-í�ò�ð-î¨ô$�-ñ
ù ��ë αk1 ì � |β|j1 '� ù�ô�õÞö
ó
ú
S(h) �

∑

k1∈K1

1

1 +

(
k1

h

)2m1

+

( |β|j1
h

)2m2
=

∣∣∣∣∣∣
k1 =

J(k1)∑

j=j1(k1)

εj uj

∣∣∣∣∣∣
=

=

J(K(h))∑

J=2

J∑

j1=2

∑

{εj}

j∈[j1,J]

1

1 +




J∑
j=j1

εj uj

h




2m1

+

( |β|j1
h

)2m2

�

�
∑

J>2

∑

j1∈[2,J ]

αJ−j1

(
αJ

h

)2m1

+

( |β|j1
h

)2m2
= h2m2

∑

J>2

∑

j1∈[2,J ]

αJ+j1(2m2−1)

α2(Jm1+j1m2)h2(m2−m1) + 1
�

� C h
2m1+1−

m1
m2

+(2m1−1+
m1
m2

)
m2−m1
m2+m1 .� î�ï¨ô�ù×ûÚñ
ùâý
þ
ù-í-î�þ
ó%ð�� � ö%ð-ùÚý
ù-ï¨ô�î1�2ñ
î�îzí-üxþ�ò�ûÛî�ñ
ó
î�ù��
î�ñ
ó
í�ò
î¼ð-ïÉÿ�ï�í-î�þ��Þõ�ö
î�þ
î¼ì Ch 4m1m2

m1+m2
'

Ã�ò
�
ó
úaù��-þ�ò�ì�ù-ú � ý
þ
ó m2 > m1 >
3

2

��ô�ÿ þ
î¼÷�î¼ð��
ó õ#ì¼ô�ù-í {hHk}, k ∈ Z2, hHk ∈ Ω �ý
ù�ô�õÞö�ò
î�ú ó
ï��#ù-ú�õ�
Rù��
î�ñ��%õ�ï�í-î�þ��Þõ

ϕ(h) ≡
∑

k∈Z2\{0}

1

1 +

∣∣∣∣
k1 + αk2

h

∣∣∣∣
2m1

+

∣∣∣∣
−αk1 + k2

h

∣∣∣∣
2m2

6 C h
4m1m2
m1+m2 = C N

−
2m1m2
m1+m2 .
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