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ý
n = 0, . . .N−1

ý
Nτ = T > 0

õ-ë
åxæ£åxä
ä
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ë
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



∂ρ

∂t
= 0,

1

2
ρ
∂vi

∂t
+

∂p

∂xi

= µ4vi +
1

3
µ
∂

∂xi

(
∂v1

∂x1
+
∂v2

∂x2

)
, i = 1, 2,

1

2
ρ
∂E

∂t
+
∂(pv1)

∂x1

+
∂(pv2)

∂x2

=
∂

∂x1

{
−2

3
µ

(
∂v1

∂x1

+
∂v2

∂x2

)
v1 + µ

(
∂v2

∂x1

+
∂v1

∂x2

)
v2+

+ µ
∂

∂x1
(B J + v2

1)

}
+

∂

∂x2

{
−2

3
µ

(
∂v1

∂x1
+
∂v2

∂x2

)
v2 + µ

(
∂v2

∂x1
+
∂v1

∂x2

)
v1 +

+ µ
∂

∂x2

(B J + v2
2)

}
,

nτ < t ≤ nτ +
1

2
τ ;

(71)





1

2

∂ρ

∂t
+ v1

∂ρ

∂x1
+ v2

∂ρ

∂x2
+ ρ(t)

[
∂v1

∂x1
(t− 1

2
τ) +

∂v2

∂x2
(t− 1

2
τ)

]
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1

2

∂vi

∂t
+ v1

∂vi

∂x1

+ v2
∂vi

∂x2

= 0, i = 1, 2,

1

2

∂E

∂t
+ v1

∂E

∂x1
+ v2

∂E

∂x2
= 0, nτ +

1

2
τ < t ≤ nτ + τ.

(72)
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å � åxä
á%ù�âxè-è
ç-õ-å¨ç-â¨ç-õ
ì�
���åxöpóÉãÉé+ãÉï
á�	��î�èxé2á
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å
ý�ê#è-ô é+ã�ä�ãÉï�ãÒñ�ò-ä
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æ£è-â¨ç-òÝë
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á
âxè-å¸é2á
ä
á
æ ä�ãÉï�ãÒñ�ò-ä
í¹åÈì-âzñ�è-õ-á%ù

v|t=0 = v0(x), ρ|t=0 = ρ0(x), θ|t=0 = θ0(x), x ∈ R2,
�{�x�

ß
ë
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θ0 ~ â¨ç-ë
è-ôxèÈß
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è-æ£å�ç-è-ôxè
ý�ä�ãÒøï�ãÒñ�ò-ä
í¹åb�Èì®ä
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²�¨´³¶µ Ù °·ª ÛÝÛ ª!¸º¹�ª Ú ª�«�ª
�»�¨ç-è-æ âzñ�ì®ï�ã
åÂõ�ð
á®ñ�á
ä#é2ë
å

QT = Ω × (0, T ), T > 0, Ω = {x = (x1, x2) : 0 < xi < 1, i = 1, 2}á���å¨ç-â°ùpë
å � åxä
á
å (v, ρ, θ)
âxá
â¨ç-åxæ£í¼� w �zý[�{�x�zý%ì¼é2è-õ�ñ�å¨ç-õ-è-ë�ù�
���åxå!ä�ãÉï�ãÒñ�ò-ä
í¹æ�ì-âzñ�è-õ-á%ù
æ

v|t=0 = v0(x), ρ|t=0 = ρ0(x), θ|t=0 = θ0(x), x ∈ Ω,

0 < m ≤ ρ0(x), θ0(x) ≤M <∞, m,M = const,
� V �

á ôxë�ã
ä
á
ï
ä
í¹æ]ì-âzñ�è-õ-á%ù
æ
v · n|∂Ω = 0, σ|∂Ω = 0,

∂θ

∂n

∣∣∣∣
∂Ω

= 0,

σ =
∂v2

∂x1
− ∂v1

∂x2
= rot v,

�²ü?¥x�
n ~ õ-åxê%ç-è-ë õ-ä
å � ä
åxö�ä
è-ë
æ�ãÒñ�á ê ôxë�ã
ä
á
ð
å ∂Ω è-ú�ñ2ã
â¨ç-á

Ω
	

�Èè-âxê#è�ñ�ò-ê%ì�é�ñ�ùNé2è-ê®ã�óÉã�ç-åzñ�ò-â¨ç-õ�ã�â�î�èxé2á
æ£è-â¨ç-á õ ë�ã
âxâxæ�ã�ç-ë
á
õ�ã
åxæ£í�îAß
ë
è-â¨ç-ë�ã
ä
â¨ç-õ�ãÒî æ£èÉ÷Ïä
èß
è�ñ�ò
ó¼è-õ�ã�ç-ò-â°ùsñ�
nú-è-öb�xê
õ-á
õ�ãÒñ�åxä%ç-ä
è-ö!óÉã
ß
á
âxòy
�âxá
â¨ç-åxæpì®ë�ã
õ-ä
åxä
á
ö�ä�ã�é2ë
è-ú-ä
í�î � ã
ôzãÒî+ý�õ-í¹ú-á
ë�ã�ùõnê®ãÉï
åxâ¨ç-õ-å¹è-âxä
è-õ-ä
í�î�á
âxê#è-æ£í�î��Èì®ä
ê
ð
á
ö õ-åzñ�á
ï
á
ä
í
(v, Q, ω), Q = ln ρ, ω = ln θ

ý�ß
åxë
åxß
á � åxæë�ã
â���åxß®ñ�åxä
ä%ì�
7âxá
â¨ç-åxæ�ì
(71)

ý
(72)

õ�õ-á#é2å




∂Q

∂t
= 0,

1

2
a(ω)

∂vi

∂t
+R

∂ω

∂xi

+R
∂Q

∂xi

= b(Q, ω)Li(v), i = 1, 2,

1

2
cv
∂ω

∂t
+R div v = b(Q, ω)

[
κ1 div

(
d(ω)∇ω

)
−

−2

3
µ (div v)2 + 2µD(v) : D(v)

]
,

Li(v) = µ∆vi +
1

3
µ

∂

∂xi

(div v),

D(v) : D(v) =
∑

i,j

Di,j(v)Di,j(v), Di,j(v) =
1

2

(
∂vi

∂xj

+
∂vj

∂xi

)
,

a(ω) = exp(−ω), d(ω) = exp(ω), b(Q, ω) = exp(−ω −Q),

nτ < t ≤ nτ +
1

2
τ ;

(111)





1

2

∂Q

∂t
+ (v · ∇)Q + div v(t− 1

2
τ) = 0,

1

2

∂vi

∂t
+ (v · ∇)vi = 0, i = 1, 2,

1

2

∂ω

∂t
+ (v · ∇)ω = 0,

nτ +
1

2
τ < t ≤ nτ + τ.

(112)
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å � åxä
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â�î�èxé2ä
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â¨ç-åxæ£è-ö
(11i)

ý
i = 1, 2,
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ç-ë
á
æ åxåàñ�á
ä
å¼ã
ë
á%ó¼è-õ�ã
ä
ä
í¹ö�õ�ß
ë
å¸é2åzñ2ãÒî ê®ã�÷ é2è-ôxè�ë�ã
âxï
å¨ç�øä
è-ôxè � ã
ôzã [nτ, nτ + τ ]
õ�ã
ë
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ä%ç�z





∂Q

∂t
= 0,

1

2
an ∂vi

∂t
+R

∂ω

∂xi

+R
∂Q

∂xi

= bn Li(v), i = 1, 2,

1

2
cv
∂ω

∂t
+R div v = bn [κ1 div (dn∇ω) −

− 2

3
µ (div v n)(div v) + 2µD(vn) : D(v)

]
,

an = a(ωn), dn = d(ωn), bn = b(Qn, ωn), ωn = ω
∣∣
t=nτ

,

nτ < t ≤ nτ +
1

2
τ ;

(121)






1

2

∂Q

∂t
+ (v n+ 1

2 · ∇)Q + div v(t− 1

2
τ) = 0,

1

2

∂vi

∂t
+ (v n+ 1

2 · ∇)vi = 0, i = 1, 2,

1

2

∂ω

∂t
+ (v n+ 1

2 · ∇)ω = 0,

nτ +
1

2
τ < t ≤ nτ + τ.

(122)
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ë
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åxæ ä�ãÉï�ãÒñ�ò-ä
í¹åsì-âzñ�è-õ-á%ù

vτ

∣∣∣
t=0

= v0(x), Qτ

∣∣∣
t=0

= Q0(x), ωτ

∣∣∣
t=0

= ω0(x), x ∈ R2,

Q0(x) = ln ρ0(x), ω0(x) = ln θ0(x),
�²ü?�x�
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è-æ � ã
ôxå�	� âzñ�ì®ï�ã
å!âxæ£å � ã
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á��²ü?¥x�¹ê�âxá
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á
ï
ä
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vτ

∣∣∣
t=0

= v0(x), Qτ

∣∣∣
t=0

= Q0(x), ωτ

∣∣∣
t=0

= ω0(x), x ∈ Ω;
�²ü5���

vτ · n
∣∣∣
∂Ω

= 0, στ

∣∣∣
∂Ω

= 0, στ =
∂v2τ

∂x1

− ∂v1τ

∂x2
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∂ωτ

∂n
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ë�ã�ç-ê#è-â¨ç-á óÉãÉé+ãÉï
åxö
Cτ

�
(121)
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ý¦�²ü?�x� ~ óÉãÉé+ãÉï
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Cτ
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(111)
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ý¦�²ü5��� ~ óÉãÉé+ãÉï
åxö Dτ
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(121)
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ý¦�²ü5��� ~ óÉãÉé+ãÉï
åxö 0

Dτ
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è-ö

xi

ý
i = 1, 2

ý#âxê®ãÒñ�ù
ë
ä
í�î±�Èì®ä
ê
ð
á
öËá®ñ�áõ-åxê%ç-è-ë®ø;�Èì®ä
ê
ð
á
ö�ß
è[ä
è-ë
æ£å

||f ||l,2 = ||f ||W l,2 =




∑

|α|≤l

∫

Ω

|Dαf |2dx





1

2

.

À ã
âxâxæ£è
ç-ë
á
æ ç�ã
ê%÷ åÐâzñ�å¸é�ì�
���á
åàæ£ä
èÉ÷ åxâ¨ç-õ�ã
C l

∗(Ω)
á
F l
∗(Ω)

é2è-â¨ç�ã�ç-è-ï
ä
è�ô�ñ2ãÉé2ê
á®îÏõÂè-ú�ñ2ã
â¨ç-á
Ω
�Èì®ä
ê
ð
á
ö�z

C l
∗(Ω) =

{
u = (u1, u2) ∈ C l(Ω) :

∂2pui

∂x2p
i

∣∣∣∣
xi=0,1

= 0, p = 0, . . . ,

[
l

2

]
,

∂2q+1ui

∂x2q+1
j

∣∣∣∣∣
xj=0,1

= 0, j 6= i, q = 0, . . . ,

[
l − 1

2

]
, i, j = 1, 2



 ,

F l
∗(Ω) =



ϕ ∈ C l(Ω) :

∂2q+1ϕ

∂x2q+1
j

∣∣∣∣∣
xj=0,1

= 0, q = 0, . . . ,

[
l − 1

2

]
, j = 1, 2



 .

Þàú-è
ó¼ä�ãÉï
á
æAï
åxë
å¨ó
V l(Ω)

á
F l(Ω)

ß
ë
è-â¨ç-ë�ã
ä
â¨ç-õ�ã%ý®ß
è�ñ�ì®ï
åxä
ä
í¹ånóÉã
æ£í¹ê®ã
ä
á
åxæ�ß
èÂä
è-ë
æ£å!�M	 £�	���è�øú-è�ñ�åxõ�ã õ
W l,2(Ω)

æ£ä
èÉ÷ åxâ¨ç-õ
C l

∗(Ω)
á
F l
∗(Ω)

âxè-è
ç-õ-å¨ç-â¨ç-õ-åxä
ä
è�	
À å � åxä
á%ù {vτ (t), Qτ (t), ωτ (t)}

ë�ã
â���åxß®ñ�åxä
ä
í�îÂóÉãÉé+ãÉï ◦

Cτ

á
Cτ

á��!ì#ç-â°ù!õ ê®ñ2ã
âxâxå
C

(
0, T ; Hl(Ω)

) ý
Ñ ë
å � åxä
á%ù�õ-âxß
è-æ£è-ôzã�ç-åzñ�ò-ä
í�î óÉãÉé+ãÉï ◦

Dτ

á
Dτ ~ õ��Èì®ä
ê
ð
á
è-ä�ãÒñ�ò-ä
í�î�ß
ë
è-â¨ç-ë�ã
ä
â¨ç-õ�ãÒî

C
(
0, T ; Vl(Ω) × Fl(Ω) × Fl(Ω)

)
. Ò

� âxè-è
ç-õ-å¨ç-â¨ç-õ-á
áNâ��¨ç-á
æ�ì-âzñ�è-õ-á
æ£â°ù�ß
èxé2ë�ã�óxì®æ£åxõ�ã�ç-ò
ý2ï%ç-è
Yl(Ω) = Hl(Ω), Xl(Ω),= Hl(Ω),

ç3	PÓ�	�õ��¨ç-è-æ]âzñ�ì®ï�ã
åÂë
åxï
ò[á#é2å¨çÏè�óÉãÉé+ãÉï
åb�Èè � á á
Yl(Ω) = Vl(Ω), Xl(Ω) = Fl(Ω)

~ õ�âzñ�ì®ï�ã
åÂâxæ£å � ã
ä
ä
è-ö óÉãÉé+ãÉï
á¢� V �zý��²ü?¥x�2	�Èè�ñ�èÉ÷Ïá
æ�ç�ã
ê%÷ åné�ñ�ù ê
ë�ã�ç-ê#è-â¨ç-á�óÉã
ß
á
âxá
Bl(Ω) = Yl(Ω) × Xl(Ω) × Xl(Ω).

��í¹õ-èxé�ã
ß
ë
á
è-ë
ä
í�î è-ð
åxä
è-ê ë�ã
â���åxß®ñ�åxä
ä
í�îaóÉãÉé+ãÉï õ-í¹ô�ñ�ù#é2á%ç�ú-è�ñ�åxå ß
ë
è
ó¼ë�ãÉï
ä
í¹æ¹ý*åxâzñ�áaè-ú�øë�ã�ç-á%ç-ò-â°ù�âxä�ãÉï�ãÒñ2ã�ê æ£èxé2åzñ�ò-ä
í¹æ âxá%ç
ì�ã
ð
á%ù
æ�	
Ô�Õ[Ö F3<;H�<0:.<B+313<�L2+313×B@�/2F3@ Ö +37�>�Ø,45+3G3Ù313@�+.L�:.=�+37�> Ö F3@�-0/2F.L2+.-0/26MHyL2+3+3@�AB@!/21 Ö L!O�@NÚ�+3@!+.L2C3/21�Q�+.L Ö F31.O�<BF�Q�6Û Ü�Ü0Ý U
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À ã
âxâxæ£è
ç-ë
á
æ ä�ã ä
åxê#è
ç-è-ë
è-æ ß
ë
è-æ£å¨÷[ì#ç-ê#å

[t◦, t∗]
âxá
â¨ç-åxæ�ì õ-á#é+ã

(121)
z





∂Q

∂t
= 0,

1

2

∂v

∂t
+ α(x)∇(Q+ ω) = β(x)L(v),

1

2

∂ω

∂t
+

1

cv
R divv = M(ω,v),

L(v) =
(
L1(v), L2(v)

)
,

M(ω,v) = δ(x)
[
κ1 div

(
d(x)∇ω

)
− 2

3
µ
(
divu(x)

)(
divv

)
+ 2µD(u) : D(v)

]
,

�²ü?�x�

ê#èy�����sá
ð
á
åxä%ç-í ê#è
ç-è-ë
è-ö á
æ£å�
ÐçÏõ-á#é
α(x) = exp (ω̃(x)) , β(x) = exp

(
−Q̃(x)

)
,

δ(x) =
1

cv
exp

(
−ω̃(x) − Q̃(x)

)
, d(x) = α(x).

�²ü3�y�
}�é2åxâxò

ω̃(x), Q̃(x), u(x) ~ �Èì®ä
ê
ð
á
á á%óÓß
ë
è-â¨ç-ë�ã
ä
â¨ç-õ
Xl(Ω)

ý
Xl(Ω)

ý
Yl(Ω)

ý
l ≥ 3

ý�âxè-è
ç-õ-å¨ç�øâ¨ç-õ-åxä
ä
è
ý�ê#è
ç-è-ë
í¹åÂâxï
á%ç�ã
åxæ]óÉãÉé+ã
ä
ä
í¹æ£á�	
À ã
âxß
ë
å¸é2åzñ�åxä
á
å á
âxê#è-æ£í�îu�Èì®ä
ê
ð
á
ö

v
ý
Q
ý
ω
õ[ä�ãÉï�ãÒñ�ò-ä
í¹ö�æ£è-æ£åxä%çÓõ-ë
åxæ£åxä
á

t = t◦
ß
ë
å¸é2ß
è�øñ2ã
ôzã
åxæ]á%ó¼õ-åxâ¨ç-ä
í¹æ�z

v(t◦) = v◦, Q(t◦) = Q◦, ω(t◦) = ω◦,
�²ü?�x�

ß
ë
á
ï
åxæ
v◦ ∈ Yl(Ω), Q◦, ω◦ ∈ Xl(Ω), l ≥ 3.Þ âzñ�è-õ-á%ùt�{�x�2át�²ü?�x�2è-ú-åxâxß
åxï
á
õ�ã�
ÐçÐâ¨ì���åxâ¨ç-õ-è-õ�ã
ä
á
å�å¸é2á
ä
â¨ç-õ-åxä
ä
è-ôxènë
å � åxä
á%ù {v(t), Q(t), ω(t)}âxá
â¨ç-åxæ£í�ì®ë�ã
õ-ä
åxä
á
ö��²ü?�x��õK�Èì®ä
ê
ð
á
è-ä�ãÒñ�ò-ä
è-æNß
ë
è-â¨ç-ë�ã
ä
â¨ç-õ-å

C
(
t◦, t∗;B

l(Ω)
) ý�ß
èy�¨ç-è-æ�ì!õ-âxå�âzñ�åzøé�ì�
���á
åÂä
á%÷ åsõ-í¹ê®ñ2ãÉé2ê
á ß
ë
è-õ-èxé�ù%ç-â°ù�õ��¨ç-è-æ ß
ë
å¸é2ß
è�ñ�èÉ÷ åxä
á
á�	Þnç-æ£å¨ç-á
æ ä
åxë�ã
õ-åxä
â¨ç-õ�ã,ß

(
β L(v),v

)

0,2
≤ −µ inf

Ω̄
β(x) | ∇v(t) |20,2 −

1

3
µ inf

Ω̄
β(x) | divv |20,2 +

+µ | ∇β |0,∞|v(t) |0,2

(
| ∇v(t) |0,2 + | divv(t) |0,2);

�²ü V �

(M(ω,v), ω)0,2 ≤ −κ1
1

cv
inf
Ω̄
β(x) | ∇ω(t) |20,2 + κ1 | ∇δ |0,∞|ω(t) |0,2| ∇ω(t) |0,2 +

+
2

3
µ | divu |0,∞|ω(t) |0,2| divv(t) |0,2 + 2µ | ∇u |0,∞|ω(t) |0,2| ∇v(t) |0,2.

� þ�¥x�
�Èë
è-æ£åÈç-è-ôxè
ý�ß
ë
á

l ≥ 3
âxß
ë�ã
õ-å¸é�ñ�á
õ-íeä
åxë�ã
õ-åxä
â¨ç-õ�ã

(
β L(v),v

)

l,2
≤ −µ inf

Ω̄
β(x) ‖∇v(t) ‖2

l,2 + µc1 ‖ β ‖l,2‖v(t) ‖2
l,2 +

+ µc1 ‖ β ‖3,2‖v(t) ‖l,2 (‖∇v(t) ‖l,2 + ‖ divv(t) ‖l,2) −
1

3
µ inf

Ω̄
β(x) ‖ divv(t) ‖2

l,2;
� þ®ü3�

à
( , )l,2, 1 ‖ ‖l,2 á -0@�@�/26�<B/�-0/26�<B+3+3@�-0G?L�:3I3F3+3@�< Ö F3@�13×B6�<;H�<B+313<,1K+3@�F.O�L 6 W l,2(Ω) U
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(
M(ω,v), ω

)
l,2

≤ −κ1
1

cv
inf
Ω̄
β(x) ‖∇ω(t) ‖2

l,2 + L1 ‖ω(t) ‖l,2‖∇ω(t) ‖l,2 +

+ L2 ‖ω(t) ‖l,2‖ divv(t) ‖l,2 + L2 ‖ω(t) ‖l,2‖∇v(t) ‖l,2 + L2 ‖v(t) ‖l,2‖∇ω(t) ‖l,2,
� þ-þy�

ô é2å
L1 = c1

(
κ1‖ δ ‖l,2 + ‖ d ‖l,2 + ‖ δ ‖l,2‖ d ‖l,2

)
, L2 = µc1 ‖u ‖l,2;

∣∣∣
(
α∇(Q+ ω),v

)
l,2

∣∣∣ ≤ c1 ‖α ‖l,2

(
‖ω(t) ‖l,2 + ‖Q(t) ‖l,2

)
‖ divv(t) ‖l,2 +

+c1 ‖α ‖l,2

(
‖ω(t) ‖l,2 + ‖Q(t) ‖l,2

)
‖v(t) ‖l,2.

� þ��x�
�Èè-â¨ç-èÉù
ä
ä�ã�ù

c1
õu� þ®ü3�
â�� þ��x��óÉã
õ-á
âxá%çÒý�õ-è-è-ú���åÈôxè-õ-è-ë�ù¡ý�è
ç[è-ú�ñ2ã
â¨ç-á

Ω
	 � ãÒñ�åxå
ý�ß
è-âxê#è�ñ�ò-ê%ì

inf
Ω̄
β(x) ≥ ψ1

(
| Q̃ |0,∞

)
, ψ1(ζ) = exp(−ζ), ζ ≥ 0,

ã�ç�ã
ê%÷ åÂõ�âxá®ñ�ìËç-åxè-ë
åxæ]õ�ñ�èÉ÷ åxä
á%ù á è-ð
åxä
ê
á â¨ì®ß
åxë
ß
è
ó¼á
ð
á
ö û¶üÒþ®ý¡ü?��ÿ
‖α ‖l,2, ‖ δ ‖l,2, ‖ d ‖l,2 ≤ ψ2

(
‖ Q̃ ‖l,2, ‖ ω̃ ‖l,2

)
, ã

ô é2å
ψ2 ~ á%ó¼õ-åxâ¨ç-ä�ã�ù�ä
åxè
ç-ë
á
ð�ã�ç-åzñ�ò-ä�ã�ù ñ�è-ê®ãÒñ�ò-ä
èpè-ôxë�ã
ä
á
ï
åxä
ä�ã�ù��Èì®ä
ê
ð
á%ù¡ý�á%ó��²ü V �
â�� þ��x� é�ñ�ùë
å � åxä
á%ù óÉãÉé+ãÉï
á¢�²ü?�x�
â��²ü?�x�.õ-í¦ç-åxê®ã
å¨çÓâzñ�å¸é�ì�
���åxå�ä
åxë�ã
õ-åxä
â¨ç-õ-è�z

‖Z(t) ‖2
l,2 + ψ3

(
| Q̃ |0,∞

) t∫

t◦

(
‖∇v(s) ‖2

l,2 + ‖ divv(s) ‖2
l,2 + ‖∇ω(s) ‖2

l,2

)
ds ≤

≤ ‖Z(t◦) ‖2
l,2 + ψ4

(
‖ Z̃ ‖l,2

) t∫

t◦

‖Z(s) ‖2
l,2 ds,

� þ.���

Z(t) = {v(t), Q(t), ω(t)}, Z̃ = {ũ, Q̃, ω̃}.� ñ�ù�ë
å � åxä
á%ù Z(t) = {v(t), Q(t), ω(t)} ∈ C
(
t◦, t∗; Bl(Ω)

) ý
l ≥ 3

ý-âxá
â¨ç-åxæ£í]ì®ë�ã
õ-ä
åxä
á
öÏõ-á#é+ã
(122)

z




1

2

∂Q

∂t
+ (u · ∇)Q + divv

(
t− 1

2
τ

)
= 0,

1

2

∂v

∂t
+ (u · ∇)v = 0,

1

2

∂ω

∂t
+ (u · ∇)ω = 0, t◦ ≤ t ≤ t∗,

� þ w �

� õÓê#è
ç-è-ë
è-ö
u ∈ Yl(Ω)

ý
l ≥ 3

ý ~ óÉãÉé+ã
ä
ä�ã�ù��Èì®ä
ê
ð
á%ù¡ý¡ä
å!óÉã
õ-á
â°ù�� ã�ùNè
ç
t
�Ðá
æ£åxå¨çÝæ£åxâ¨ç-èÝä
åxë�ãÒøõ-åxä
â¨ç-õ-è

‖Z(t) ‖2
l,2 ≤ ‖Z(t◦) ‖2

l,2 + ε2

t− 1

2
τ∫

t◦

‖ divv(s) ‖2
l,2 ds+ c1(1 + ε−2) ‖u ‖l,2

t∫

t◦

‖Z(s) ‖2
l,2

� þ��x�
�
ε > 0 ~ ß
ë
è-á%ó¼õ-è�ñ�ò-ä
è-åsï
á
âzñ�è��2	äxå -;:.@�6�1.O�-
I^@�E�@�×B+.LN8.L2/2=983<BF3<B× ψi F.L2×0:.1383+379<¦13×B6�<P-0/2+379<�:.@�G?L�:.=�+3@�@�ABF.L2+31383<B+3+379<�Ø,45+3G3Ù3131�QN+3<�@�AB@�6�L2F3136�L�Iæ /2@oG?L�Ú H�79CKF.L2×,@�-0@�E�@.U
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Þàú-ë�ã�ç-á
æ£â°ù ç-åxß
åxë
ò�ê óÉãÉé+ãÉï�ã
æ ◦

Cτ

á ◦

Dτ

	o�Èè�ñ2ã
ôzã�ù õç�²ü?�x�
â��²ü?�x�
t◦ = nτ

ý
t∗ = nτ +

1

2
τ
ý

ω̃ = ωn
ý
Q̃ = Qn

ý
u = vn

ý
v◦ = vn

ý
Q◦ = Qn

ý
ω◦ = ωn

ý
α = R/an

ý
β = bn/an

ý
δ = bn/cv�|èxæ�	��sè-ë
æ�ìÉñ�í

(111)
á

(121))
ý�é�ñ�ùAë
å � åxä
á
ö Zτ (t) = {vτ (t), Qτ (t), ωτ (t)}

âxá
â¨ç-åxæ£í
(121)

âxè�øô�ñ2ã
âxä
è�� þ.����ß
è�ñ�ì®ï�ã
åxæ ä
åxë�ã
õ-åxä
â¨ç-õ-è

‖Zτ (t) ‖2
l,2 + ψ3

(
| Q̃n|0,∞

) t∫

nτ

(
‖∇vτ (s) ‖2

l,2 + ‖ divvτ (s) ‖2
l,2 + ‖∇ωτ (s) ‖2

l,2

)
ds ≤

≤ ‖Zn
τ ‖2

l,2 + ψ4 (‖Zn
τ ‖l,2)

t∫

nτ

‖Zτ(s) ‖2
l,2 ds;

� þy�y�

nτ ≤ t ≤ nτ +
1

2
τ, l ≥ 3.

� ó�� þy�y��áÝä
åxë�ã
õ-åxä
â¨ç-õ�ãt��ë
è-ä%ì-è�ñ
ñ2ã%ý�õ�ï�ã
â¨ç-ä
è-â¨ç-á¡ý2âzñ�å¸é�ì-å¨çÓè-ð
åxä
ê®ã
‖Zτ (t) ‖2

l,2 ≤ ‖Zn
τ ‖2

l,2 exp

{
ψ4

(
‖Zn

τ ‖l,2

)τ
2

}
, nτ ≤ t ≤ nτ +

1

2
τ, l ≥ 3.

� þ��x�
�Èè�ñ2ã
ôzã�ùÝõ�� þ w �zý�� þ��x�

u = v n+ 1

2 , ε2 =
1

2
ψ

(
|Qn

τ |0,∞)á�ß
ë
á
ä
á
æ�ã�ù�õ-è[õ-ä
á
æ�ã
ä
á
å!è-ð
åxä
ê%ì¢� þ��x�zý®é�ñ�ù�ë
å � åxä
á
ö Zτ = {vτ , Qτ , ωτ}
âxá
â¨ç-åxæ£í

(122)
ß
è�ñ�ì�øï�ã
åxæ]ä
åxë�ã
õ-åxä
â¨ç-õ-è

‖Zτ(t) ‖2
l,2 ≤ ‖Zn+ 1

2 ‖2
l,2 +

1

2
ψ3 (|Qn

τ |0,∞)

t− 1

2
τ∫

nτ

‖ divvτ (s) ‖2
l,2 ds+

+ψ5

(
‖Zn

τ ‖l,2

)
t∫

nτ+ 1

2
τ

‖Zτ(s) ‖2
l,2 ds,

� þ V �

nτ +
1

2
τ ≤ t ≤ nτ + τ.

� ó�� þ V �.õ-í¦ç-åxê®ã�
ÐçÓä
åxë�ã
õ-åxä
â¨ç-õ�ã
‖Zτ(t) ‖2

l,2 ≤ ‖Zn+ 1

2

τ ‖2
l,2 exp

{
ψ5 (‖Zn

τ ‖l,2)
τ

2

}
, nτ +

1

2
τ ≤ t ≤ nτ + τ.

�{�y¥x�
& ã
ê
á
æ è-ú-ë�ã�ó¼è-æ¹ý#á%ó�� þ��x��á¿� þ V ��âzñ�å¸é�ì-å¨çÒý%ï%ç-è�ä�ãsß
ë
è-æ£å¨÷[ì#ç-ê#å

nτ ≤ t ≤ nτ + τ
âxß
ë�ã
õ-å¸é�ñ�á
õ-èä
åxë�ã
õ-åxä
â¨ç-õ-è

‖Zτ(t) ‖l,2 ≤ ‖Zn
τ ‖l,2 exp

{
ψ6

(
‖Zn

τ ‖l,2

)
τ

}
, n = 0, . . . , N − 1.

�{�%ü3�
��è-è
ç-ä
è � åxä
á%ù¾�{�%ü3� ß
è
ó¼õ-è�ñ�ù�
ÐçÓì#ç-õ-åxë�÷ é+ã�ç-òËâ¨ì���åxâ¨ç-õ-è-õ�ã
ä
á
å�ß
ë
è-æ£å¨÷[ì#ç-ê®ãËõ-ë
åxæ£åxä
á [0, T∗] éá�ß
è-â¨ç-èÉù
ä
ä
è-ö

K1

ý
óÉã
õ-á
â°ù���á®î[è
çÂä
è-ë
æ£í ‖Z0 ‖l,2

ä�ãÉï�ãÒñ�ò-ä
è-ôxèsõ-åxê%ç-è-ë�ãsõt�²ü?�x�zý-ä
èsä
å¹óÉã
õ-á
â°ù���á®î
ê�ë <0:.138313+37 T∗ 1 ‖Z0 ‖l,2 -062I3×PL2+37�+3<BF.L26�<B+.-0/26�@�O ψ5 (3 ‖Z0 ‖l,2)T∗ ≤ ln 2 Q�1t6 æ /2@�OÐ-BO�7�-;:.<!L Ö F313@�F3+.L�I@�Ù3<B+3G?LMìîí�R�ï¦+3@�-013/^:.@�G?L�:.=�+379C Ö @o6�F3<PO�<B+31M>5L2F.L2G3/2<BF�U
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(2)

β τ= −
(1)

J τ (b)L(v̂τ );

(3)

β τ= −
(2)

J τ (α)

[
∂v̂τ

∂t
+ (v̂τ · ∇)v̂τ

]
−

(2)

J τ (b)L(v̂τ );

(1)

J τ (b) =

1∫

0

∂b

∂Q

(
Qλ

τ , ω
λ
τ

)
dλ,

(2)

J τ (b) =

1∫

0

∂b

∂ω

(
Qλ

τ , ω
λ
τ

)
dλ;

Qλ
τ = Q+ λ(Q− Q̂τ ), ωλ

τ = ω + λ(ω − ω̂τ );

(1)

j τ=
2

3
µ b(Q, ω)[div v + div v̂τ ] +R;

(2)

j τ=
(2)

J τ (d)∇ω̂τ ,
(3)

j τ=
(1)

J τ (b)M◦(ˆ[ τ ),
(4)

j τ=
(2)

J τ (b)M◦(Ẑτ );

M◦(Ẑτ ) = κ1 div (d(ω̂τ) · ∇ω̂τ ) −
2

3
µ (div v̂τ )

2 + 2µD(v̂τ ) : D(v̂τ );

Γτ = 2µ b(Q, ω) [D(v) +D(v̂τ )] .

�|�#þy�

�Èè�ñ�ì®ï
åxä
ä
í¹å!ë�ã
ä
åxåsè-ð
åxä
ê
á¢�{��þy��á¢�{� w ��ß
è
ó¼õ-è�ñ�ù�
Ðç[ß
è�ñ�ì®ï
á%ç-òÏâzñ�å¸é�ì�
���åxå!ä
åxë�ã
õ-åxä
â¨ç-õ-è�z

‖Vτ(t) ‖2
Wl−2,2(Ω;a(ω)) + µ1

t∫

0

(
‖∇uτ (s) ‖2

l−2,2 + ‖ divuτ (s) ‖2
l−2,2 + ‖∇στ (s) ‖2

l−2,2

)
ds ≤

≤ K

t∫

0

(
‖Vτ (s) ‖2

Wl−2,2(Ω); a(ω)) + τ

)
ds,

�|�x�x�
‖Vτ(t) ‖2

Wl−2,2(Ω; a(ω)) =
∑

|α|≤ l−2

∫

Ω

(
|Dαqτ |2 + a(ω)|Dαuτ |2 + cv |Dαστ |2

)
dx,

µ1, K = const > 0.� ób�¨ç-è-ôxè[ä
åxë�ã
õ-åxä
â¨ç-õ�ã[âÈì®ï
å¨ç-è-æ]ç-è-ôxè
ý�ï%ç-è
‖Vτ(0) ‖2

Wl−2,2(Ω; a(ω(0))) ≤ Kτ,



WYX[Z!\^]�_�Za`�_bX,ca\ed!fb\eg�h�ikj�fbiml,`�_Knog�\eg�h�paq�_sr[W�n!W�p�jth�g!_!]uh�v�h ü?¥x�
âzñ�å¸é�ì-å¨çÓè-ð
åxä
ê®ã

sup
0≤t≤T

‖Vτ (t) ‖2
Wl−2,2(Ω; a(ω(0))) ≤ Kτ.

�|�y���
� ó��|�x�x�.á¢�|�y����õ�âxõ-èy
�è-ï
åxë
å¸é2ò[ß
è�ñ�ì®ï�ã
åxæ¹ý�ï%ç-è

T∫

0

(‖uτ (s) ‖2
l−1,2 + ‖ στ (s) ‖2

l−1,2) ds ≤ Kτ.

& ã
ê
á
æ�è-ú-ë�ã�ó¼è-æ¹ý#é2è-ê®ã�óÉã
ä�ã�âzñ�å¸é�ì�
�� ã�ù ç-åxè-ë
åxæ�ã[è�âxê#è-ë
è-â¨ç-ápâ�î�èxé2á
æ£è-â¨ç-á�	���#��ú��#�È$A/�û[üoý0þ�ÿ��#
�4�"Nþ�������
\��ý0þ%"$�.ÿ�)�& ��"('%�K.H
]� > & "�ý�4�'1������!�þ�ÿ��#
^���M'1��������ý�& �#�
‖v(t) − vτ (t) ‖2

l−2,2 + ‖Q(t) −Qτ (t) ‖2
l−2,2 + ‖ω(t) − ωτ (t) ‖2

l−2,2 ≤ Kτ,

‖v(t) − vτ (t) ‖2
l−1,2 + ‖Q(t) −Qτ (t) ‖2

l−1,2 + ‖ω(t) − ωτ (t) ‖2
l−1,2 ≤ K

√
τ ,

T∫

0

(‖v(t) − vτ (t) ‖2
l−1,2 + ‖ω(t) − ωτ (t) ‖2

l−1,2) dt ≤ Kτ,

_ !#��4�"3ý�& "�)������2) K > 0
"24�'%��!#�0þ*)���&�ý@)`!$������
a.!ÿ = ��!$����ÿkÿ8��� = ���.ÿ�ý�ÿ�&b"2&b4��7'1�2.5��&C'1�

τ >
{vτ , Qτ , ωτ}

Dc'%��; ����ÿ�)�'1�yý�d ��4�þ%������
a? = ��!$��� > � {v, Q, ω} D¯ý�"$"2& ����&�ý�& �#�	+,d � _ "e& "2����" _ "
'%��; ����ÿ�)%P

³¶Ä Ü Ê ® É Ì Ü R Ù Æ�ª5RCftÆ Ç
gih(j�kml�nporqrl1s1t�oru*vwtrxry8z9{}|~{������ru*�,�poru~��{}|~{��,�3�@�W���	�1�W�����	�	�������@�$�3�e���	�	���	�	���E���W�@�2�	�� ¡�	¢1£
¤ ��¥7�3�1�	���W���	�1�3�@�	���E���W�@�1�@�$�W¦ §2§H¨©���	� Ö ¦2���	�1�(¢ Ö �p���$�3�p���2�	�	�E�B�p��� Ö�ª �	¥3�	�	� Ö h7«$¬�h Ö�­�Ö h2h Ì	® h Ö
¯ Ö h7°2±7²�±2³$¬ Ö
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¨©���	� Ö ¦2���	�1�(¢ Ö �p���$�3�p���2�	�	�B�B�p��� Ö1ª �	¥3�	�	� Ö h7«$¬�h Ö1­�Ö h2h Ì�®»º#Ö ¯ Ö h7³2¼2½7²*h7³2½2¾ Ö
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