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∂η
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− lv = K

∂2u

∂z2
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∂u

∂x
+

∂v

∂y
+

∂w
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ρK
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∂z

∣

∣

∣

∣

z=0

= τw
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∂z

∣

∣

∣
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z=0
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∂x
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W =
1√
ilK

sinh(α(H + z))

cosh (αH)

τw

ρ
−

(

cosh (αz)

cosh (αH)
− 1

)
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W = u + iv =
cosh (α(z + H)) +

kb

Kα
sinh (α(z + H))

K α sinh (αH) + kb cosh (αH)
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ρ
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kb cosh (αz)
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udz = ÈÅÉ
0

∫

−H

Wdz, −∂Ψ

∂x
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∂Ψ
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=

0
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−H

udz = −g
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ÈÅÉ γ∂η

∂y
− g

l
ÊwË γ

∂η

∂x
+ ÈÅÉ (Fτw),

−∂Ψ

∂x
=

0
∫

−H

vdz =
g

l
ÈÅÉ γ ∂η

∂x
− g

l
ÊwË γ

∂η

∂y
+ ÊwË (Fτw).
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+ F̃ (τw) = 0,
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F̃ (τw) = −2

l

(

C +
F

E
D

)

, d = π

√

2K

l
,

C =
2 sin π

H

d
sinh π

H

d

cos 2π
H

d
+ cosh 2π

H

d

, D =
2 cos π

H

d
cosh π

H

d

cos 2π
H

d
+ cosh 2π

H

d

− 1,

E =
1

2π
H

d

sin 2π
H

d
− sinh 2π

H

d

cos 2π
H

d
+ cosh 2π

H

d

, F = − 1

2π
H

d

sin 2π
H

d
+ sinh 2π

H

d

cos 2π
H

d
+ cosh 2π

H

d

+ 1.
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




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−lvI + g
∂ηI

∂x
= KI ∂2uI

∂z2
; (15)

luI + g
∂ηI

∂y
= KI ∂2vI

∂z2
; (16)

−lvII + g

(

1 − ρI

ρII

)

∂ηII

∂x
+ g

ρI

ρII

∂ηI

∂x
= KII ∂2uII

∂z2
; (17)

luII + g

(

1 − ρI

ρII

)

∂ηII

∂y
+ g

ρI

ρII

∂ηI

∂y
= KII ∂2vII

∂z2
. (18)
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ρIKI ∂uI

∂z

∣

∣

∣

∣

z=0

= τw
x , ρIKI ∂vI

∂z

∣

∣

∣

∣

z=0

= τw
y ;

E @ � F

ρIKI ∂uI

∂z

∣

∣

∣

∣

z=−h

= KI2(uI − uII), ρIKI ∂vI

∂z

∣

∣

∣

∣

z=−h

= KI2(vI − vII).
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ρIIKII ∂uII

∂z

∣

∣

∣

∣

z=−h

= ρIKI ∂uI

∂z

∣

∣

∣

∣

z=−h

= KI2(uI − uII), EDJ @:F
ρIIKII ∂vII

∂z

∣

∣

∣

∣

z=−h

= ρI KI ∂vI

∂z

∣

∣

∣

∣

z=−h

= KI2(vI − vII);

uII
∣

∣

z=−H
= 0, vII

∣

∣

z=−H
= 0.
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∂

∂x

0
∫

−h

uIdz +
∂

∂y

0
∫

−h

vIdz = 0;
EDJ�h F

∂

∂y

−h
∫

−H

uIIdz +
∂

∂y

−h
∫

−H

vIIdz = 0.
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W I = uI + ivI , W II = uII + ivII ,
∂ηI

∂n
=

∂ηI

∂x
+ i

∂ηI

∂y
,

∂ηII

∂n
=

∂ηII

∂x
+ i

∂ηII

∂y
.
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W I = D1e
α1z + D2e

−α1z +
ig

l

∂ηI

∂n
;

EDJ § F

W II = D3e
α2z + D4e

−α2z +
ig

l

[

ρI

ρII

∂ηI

∂n
+

(

1 − ρI

ρII

)

∂ηII

∂n

]

.
EDJ�³ F
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α1 =

√

il/KI
&
α2 =

√

il/KII.´d���µ�����8��*���9,!��;�
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β1 = ρIKIα1, β2 = ρIIKIIα2,

S1 =
ig

l

∂ηI

∂n
, S2 =

ig

l

[

ρI

ρII

∂ηI

∂n
+

(

1 − ρI

ρII

)

∂ηII

∂n

]

.
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β1(D1 − D2) = τw,

β1(D1e
−α1h − D2e

α1h) = K12
[

D1e
−α1h + D2e

α1h + S1 − D3e
−α2h − D4e

α2h − S2

]

,

β2(D3e
−α2h − D4e

α2h) = β1(D1e
−α1h − D2e

α1h),

D3e
−α2H − D4e

α2H + S2 = 0.
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D1 =
τw

β1
+ D2, D2 =

β2S2e
α2(H−h) + τwe−α1h + β2D4(e

α2(2H−h) + eα2h)

β12 sinh(α1h)
,

D3 = −D4e
2α2H − S2e

α2H ,

D4=
τwe−α1h−KI2

[

S1−S2+
τw

β1

e−α1h+S2e
α2(H−h)

]

− 1
β1

(β2S2 eα2(H−h)+τwe−α1h)(β1+KI2 coth(α1h))

KI2(eα2(2H−h) − eα2h) + β2

β1

(eα2(2H−h) + eα2h)(β1 + KI2 coth(α1h))
.
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0
∫

−h

W Idz =
D1 − D2

α1
− 1

α1
(D1e

−α1h − D2e
α1h) + hS1 = γ1S1 + δ1S2 + F1τ

w.
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−h
∫

−H

W IIdz=
1

α2
(D3e

−α1h−D4e
α1h)− 1

α2
(D3e

−α1H − D4e
α1H)+(H − h)S2=γ2S1+δ2S2+F2τw.
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∂ΨI

∂y
=

0
∫

−h

uIdz = ÈÅÉ
0

∫

−h

W Idz, −∂ΨI

∂x
=

0
∫

−h

vIdz = ÊwË
0

∫

−h

W Idz,
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






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∂ΨI

∂y
=

0
∫

−h

uIdz=−g

l
ÈÅÉ γ1

∂ηI

∂y
− g

l
ÊwË γ1

∂ηI

∂x
− g

l
ÈÅÉ δ1

[

ρI

ρII

∂ηI

∂y
+

(

1− ρI

ρII

)

∂ηII

∂y

]

−

−g

l
ÊwË δ1

[

ρI

ρII

∂ηI

∂x
+

(

1 − ρI

ρII

)

∂ηII

∂x

]

+ ÈÅÉ (F1τ
w),

−∂ΨI

∂x
=

0
∫

−h

vIdz=
g

l
ÈÅÉ γ1

∂ηI

∂x
− g

l
ÊwË γ1

∂ηI

∂y
+

g

l
ÈÅÉ δ1

[

ρI

ρII

∂ηI

∂x
+

(

1− ρI

ρII

)

∂ηII

∂x

]

−

−g

l
ÊwË δ1

[

ρI

ρII

∂ηI

∂y
+

(

1 − ρI

ρII

)

∂ηII

∂y

]

+ ÊwË (F1τ
w).
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∂2ΨI

∂x2
+

∂2ΨI

∂y2
= −g

l
ÈÅÉ γ1

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

− g

l
ÈÅÉ δ1

[

ρI

ρII

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

+

+

(

1 − ρI

ρII

) (

∂2ηII

∂x2
+

∂2ηII

∂y2

)]

+
∂ ÈÅÉ (F1τ

w)

∂y
− ∂ ÊwË (F1τ

w)

∂x
.
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∂ΨII

∂y
=

0
∫

−h

uIIdz=−g

l
ÈÅÉ γ1

∂ηI

∂y
− g

l
ÊwË γ2

∂ηI

∂x
− g

l
ÈÅÉ δ2

[

ρI

ρII

∂ηI

∂y
+

(

1− ρI

ρII

)

∂ηII

∂y

]

−

−g

l
ÊwË δ2

[

ρI

ρII

∂ηI

∂x
+

(

1 − ρI

ρII

)

∂ηII

∂x

]

+ ÈÅÉ (F2τ
w),

−∂ΨII

∂x
=

0
∫

−h

vIIdz=
g

l
ÈÅÉ γ2

∂ηI

∂x
− g

l
ÊwË γ2

∂ηI

∂y
+

g

l
ÈÅÉ δ2

[

ρI

ρII

∂ηI

∂x
+

(

1− ρI

ρII

)

∂ηII

∂x

]

−

−g

l
ÊwË δ2

[

ρI

ρII

∂ηI

∂y
+

(

1 − ρI

ρII

)

∂ηII

∂y

]

+ ÊwË (F2τ
w),
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∂2ΨII

∂x2
+

∂2ΨII

∂y2
= −g

l
ÈÅÉ γ2

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

− g

l
ÈÅÉ δ2

[

ρI

ρII

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

+

+

(

1 − ρI

ρII

) (

∂2ηII

∂x2
+

∂2ηII

∂y2

)]

+
∂ ÈÅÉ (F2τ

w)

∂y
− ∂ ÊwË (F2τ

w)

∂x
.
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(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

,

[

ρI

ρII

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

+

(

1 − ρI

ρII

) (

∂2ηII

∂x2
+

∂2ηII

∂y2

)]

.
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−g

l
ÊwË γ1

(

∂2ηI

∂y2
+

∂2ηI

∂y2

)

− g

l
ÊwË δ1

[

ρI

ρII

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

+

+

(

1 − ρI

ρII

) (

∂2ηII

∂x2
+

∂2ηII

∂y2

)]

+ F̃1(τ
w) = 0,
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F̃1(τ

w) = ∂/∂x ( ÈÅÉ (F1τ
w)) + ∂/∂y ( ÊwË (F1τ

w))
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−g

l
ÊwË γ2

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

− g

l
ÊwË δ2

[

ρI

ρII

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

+

+

(

1 − ρI

ρII

)(

∂2ηII

∂x2
+

∂2ηII

∂y2

)]

+ F̃2(τ
w) = 0,

Eih � F



�+�[�O�X�I�2�2�O�0���H�_���I���m���O�g�m�[�H� �O�O¡¢�O�[�[£H�¥¤¦¤¦¤ @ º @

�}���
F̃2(τw) = ∂/∂x ( ÈÅÉ (F2τ

w)) + ∂/∂y ( ÊwË (F2τ
w))
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(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

,

[

ρI

ρII

(

∂2ηI

∂x2
+

∂2ηI

∂y2

)

+

(

1 − ρI

ρII

)(

∂2ηII

∂x2
+

∂2ηII

∂y2
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