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B pabote ucciiejtyercss BBIYUCIUTEIbHAS CJIO2KHOCTD 3a1a9 PACIIO3HABAHUS U OICHUBA~
Hust 0000IEHHBIX MHOXKECTB PEIeHN HHTEPBAJbHBIX CUCTEM JIMHEHHBIX aJre0pandecKux
ypasuenuii. [lokazano, 910 ecjiu MATPUIA CUCTEMBI COJIEPKUT ITOCTATOYHO MHOTO” 3JIEMEH-
TOB C MHTEPBAJIBLHON HEOIPEIESeHHOCThIO F-Tuia, To 3a/1a4n pacio3HaBaHUs U OIEHUBA~
HUsI MHOYXKECTBA PEIIeHUIT TAKOW CUCTeMbl ypaBHeHuil siBiisitorcst NP-Tpyabivu. Hanporus,
€cM B HMHTEPBAJILHON  MATPHUIlE CHCTEMbl IPUCYTCTByeT “HE OYEHb MHOrO’
E-neonpeiesieHHBIX 971EMEHTOB U OOJIBITTHCTBO JIEMEHTOB MMeeT A-THI HEOTpeIeTIeHHOC-
TH, TO 9THU 33/Ia9U ABJISIIOTCS TOJTUHOMHUATBLHO PA3PEITUMbIMU.

Introduction
We consider systems of linear interval equations of the form
Az =b, (1)

where A = [A, A] is an interval m x n-matrix, b = [b, b] is an interval m-vector, and z € R".
The interval matrix and the interval vector are traditionally understood [1]| as the sets

A = {AcR™"| A<A<A},
b = {beR" |b<b<Db}

(by R™™ from now on we denote the set of m x n-matrices). It is also assumed that A < A,
b < b, and the inequalities between the matrices and the vectors are understood elementwise
and coordinatewise, respectively.

As opposed to ordinary noninterval systems of equations, we can consider various solution
sets to interval equations systems of the form (1). Historically, the so called united solution set
2, 3]

Zmi(A,b)={2zcR"| (FAc A)(Fbcb)(Az =b)}, (2)
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was the first and remains the most investigated one so far. As the time was going on, practical
needs caused the introduction and investigation of another solution sets for the interval systems.
In [4, 5] set of inner solutions (later renamed as tolerable solution set)

Zel(Ab)={zeR" | (VA€ A)(Fbeb)(Az=1b)}, (3)

was introduced and interpreted. In |6, 7| controllable solution set came into being as a result of
solving the interval version of the automatic control problem. The controllable solution set is
defined to be

Er(A,b)={z € R"| (Vb€b)(3Ac A)(Ax =1D)}. (4)

It is obvious from the above examples that the difference between the solution sets is that:
(i) different quantifiers are attributed to different elements from A and b, as well as;
(ii) the orders of the quantifiers can vary.

When addressing to these differences, i.e. when attributing either existential or universal
quantifier to each of the elements from A and b, and choosing some order for these quantifiers,
we obtain a large number of different concepts (forms of understanding) of the solution sets to
(1). For the first time such solution sets seems to have been appeared in [8] in connection with
the game theory problems.

This paper will avoid the consideration of the most general definition of the solution sets,
which one can consider on this way. Our treating will be restricted to the case investigated by
S.P. Shary |9, 10]. Namely, we assume that a logical quantifier is attributed to each element from
A and b and, furthermore, all the universal quantifiers precede all the existential quantifiers.

Following the papers [9, 10|, let us give the precise definitions. We suppose that an m x n-
matrix A = (\;),\; € {-1,1}, i = 1,m, j = 1,n and an m-vector 8 = (B1,...,5,)",
B € {—1,1}, i = 1,m are given along with the interval m x n-matrix A and the interval
m-vector b. The matrix A = (a;;) is decomposed into two matrices A7 = (a;;) and A” = (a})
so that

2l — a;;, if )\ij = 1, av o 07 if )‘ij - 17
o 0, if /\ij = —17 ij aij, if )‘ij = —1.
Similarly, let us decompose the vector b = (by,...,b,,)" into two vectors

b? = (by,...,b,)", b = (by,...,b,)"
such that
! 0, if g8 =-1, E b;, if §;=-—1.
It is furthermore obvious that A = AY + A7, b =b" + b~.

Definition 1 (S.P. Shary [9]). For given quantifier matrix A and quantifier vector 3, the
generalized AE-solution set of the type A is

Emg(A,b) = {l’ e R" |

(VA" € AY) (W € b")(3A” € A7)(T" e b)) (A + Az =V +V") }. (5)
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The main purpose of our paper is to inquire into the algorithmic complexity (in the sense
of [11]) of two problems relating to these sets:

Problem 1. To find out (to determine) whether the set (5) is empty or not.

Problem 2. Compute the interval estimate for the set (5) provided that it is nonempty.

In the sequel, we assume that the reader is familiar with the principal concepts of the theory
of computational complexity, such as: solvability within the polynomial time, NP-hardness,
NP-completeness, polynomial reducibility of one problem to other one (see [11]). It is worth
noting that the first result on NP-complexity of an interval linear algebraic problem, — that
concerning the determination of singularity of an interval n x n-matrix A, — seems to have
been obtained in the work [12].

Problems 1 and 2 for specific solution sets of the form (2)—(4) are known to be investigated
previously (in different statements) by several authors. In [13] NP-completeness of problem 2
was proved for the united solution set =,,; in the general case of an interval m x n-matrices.

In the works [14, 15| problem 1 is shown to be NP-complete for the solution sets =p;
and Z,. It was also noted in [14, 15| that problem 1 for the solution set =i is solvable for
the polynomial time, the latter immediately following from the results of [16] as well as from
the description of =, obtained earlier in [5|. NP-completeness of problems 1 and 2 for =,;
has been shown in [17] for interval (2n + 1) X n-matrices and, in essence, provided that the
additional condition of finiteness of =, is satisfied. Meanwhile, [18| suggested the proof of NP-
completeness of problems 1 and 2 for Z,,; for the positive interval (n 4 2) X n-matrices under
the condition of finiteness of =, (Euu has no more than 2" elements), and [19] — a finite
(in dimension) result on NP-completeness of problems 1 and 2 for Z,,; for positive interval
(n + 1) x n-matrices under the condition of finiteness of =,;.

Finally, it was shown in [20] that, considering all the abovementioned restrictions, it is
possible to assume that elements of the matrix A may be represented by only [0,0], [1,1] or
[0,1], i.e. that these problems are NP-complete in the strong sense. On the other hand, in [21 -
23|, NP-completeness of problem 2 for interval strongly regular n X n-matrices A was shown
for the united solution set =, (A, b).

The large number of another NP-complete (and NP-hard) problems that naturally arise in
connection with the interval computations can be found in [24].

1. Characterization of generalized solution sets

This section derives an Oettli — Prager-type description of the generalized solution sets, which
will be needed further in our considerations. In doing this, we rely upon the characterization
of the generalized solution sets to interval linear systems suggested by S.P. Shary in [9].

For the interval m xn-matrix A and n-vector x € R", the product Az is defined as usual [1]:

Ar={Az|Ac A}

We will also use traditional definitions of the interval operations and relations from [1]. Then
the following statement holds.

Theorem 1 (S.P. Shary [9]). For any given quantifiers A and [ of the same size as A
and b respectively the following equality holds:

Eas(Ab)={rcR"|A'2-b"Cb’ — Az} (6)

The proof of the equality (6) follows directly from the definitions and, hence, is omitted.
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In the rest of the paper, for two m x n-matrices A = (a;;) and B = (b;;), by Ao B we
will denote their Hadamard product [25] A o B = (a;;b;j). Using theorem 1 along with the
well-known Oettli — Prager theorem (see e.g. [1, 3, 26|), it is possible to obtain the following
statement.

Theorem 2 (J. Rohn [27]). For any given A and 3, the equality

Erg(Ab)={zeR"||Ax — b < (Ao A)|z|+ [o0},

holds, where A, = (A +A)/2, A= (A —-A)/2,b.= (bl +b)/2, 5 = (b—b)/2.
Proof. (J.Rohn [27]). From theorem 1, we have that © € Z, 5 is equivalent to the condition

A’z —b" C b’ — Az,
Further, according to Oettli — Prager theorem [26]
A"z —b" = [AVx — A¥|z| = bY — 67, Az + A¥|z| — b7 + 6],
and
b? — Ax = [-Alz — A%x| + b2 — 67, —Adz + A%x| + b2 + 67,

where

A= (A2+RI)2, A=A -ADp,
= 024/ 8= (B bY)/2
Al= (AY+ A2, A= (AT - AV,
)

b= (b7 +B)/2, 6% = (B — bY)/2.
Hence, the above inclusion is equivalent to
—(A7 = AY)[a] = (07 = 6") < (AT + Al)z — (07 + b)) < (A7 = AY)[z] + (67— 67),

which gives
(AT + Az — (b7 +0)] < (A7 = AT)[z| + (67 = 7).
It only remains to note that due to the definition of the matrices A7, AY and the vectors
b, b¥ the equalities
A= A2+ AT be=b240, AocA=A"-AY,  Bos=6 0"

holds. Q.E.D.

2. Computational Complexity

In order to correctly state the interested us problems, we shall assume that for each m and n
there are a fixed m x n-matrix A(m,n) = (\;;(m,n)) such that \;;(m,n) € {—1,1}, i = 1,m,
) = 1,n and an m-vector 3(m) = (B1(m), ..., Bn(m))T such that B;(m) € {—1,1}, i =1,m.
In other words, the two functions A and [ are given, such that the function A determines
the correspondence between m x n-matrices of {—1, 1} and the pairs of natural numbers (m, n),
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(m > 1,n > 1), while the function [ sets a correspondence between the m-vectors of {—1,1}
and the natural numbers m.

From now on, we will also use the following notation. For the real number A, we denote
the positive part of A by AT = max{0,\}, and the negative part by A by A\~ = max{0, —\}
respectively. The positive parts AT, 87 and the negative parts A~, 3~ for the m x n-matrices
A and the m-vector § will be understood elementwise and componentwise respectively.

Hence, for any interval system of the form (1) having m equations for n variables, it is
possible to define the set Zj () sm) (A, b). Furthermore, let assume that the matrix A(m,n)
and the vector 3(m) are “easily computable” in the following sense.

Definition 2. Let us speak that the functions A and 3 are easily computable if there exists
a pseudo-polynomial time algorithm computing the matrix A(m,n) and the vector 5(m), i.e.
the algorithm whose processing time is limited by the polynomial of m and n.

Also, we will say that an interval matrix A is integer if the endpoints of its entries are
integer numbers.

Let us consider the following two problems:

Problem N(A, )
(checking nonemptyness of the generalized solution sets Z, 3(A, b))

Given. An integer interval m x n-matrix A = [A. — A, A, + A] and an integer
interval m-vector b = [b. — 0, b. + d].
Question. Is it true that Zxgm.),80m) (A, b) # 0 ?

The second problem is that of outer estimation of the solution set =, 3(A, b).

Problem E(A, ()
(estimation a coordinate of the nonempty generalized solution sets =Zj s(A,b))

Given. An integer interval m X n-matrix A, an integer interval m-vector b and a
number kg, 1 < ko < n such that Zxn.n) sm) (A, b) # 0.
Question. Is it true that

max{Tr, | & € Zn(mn),o0m) (A, D)} 207 (7)

It will be obvious from the foregoing considerations that the computational complexity of
these problems is substantially determined by the number of the existential quantifiers in the
definition of =5 g(A,b), i.e. by the number of (+1)’s in the matrix A(m,n) and in the vector
B(m). Roughly speaking, if the number of existential quantifiers is “large enough”, that is, a
sufficiently large number of the columns of the matrix A contain at least one (+1), and a
sufficiently large number of rows of the extended matrix (AJ) contain at least one +1, then
both above formulated problems are NP-complete. If the total number of (4+1)’s in the matrix
A grows slowly in comparison with the number mn (specifically, it has order of log,(mn)), then
these problems can be solved in the polynomial time.

To formulate what is meant by the term “sufficiently many existential quantifiers”, we need
giving additional clarification. When defining the term precisely, we will use usual notation for
the submatrices of some matrix [25], i.e. if A = (\;;) is an m x n-matrix and I = {i1,..., i},
J = {jl;---;jl}; 1 <4 <t9... <1 <m, 1< jl < jz < jl < n, then by A(I|J> we
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denote the k x [-matrix located at the intersections of the rows with the numbers 44, ..., 7 and
the columns with the numbers 7y, ..., ;. Similarly, for the m-vector § and I = {iy,... i},
1 <i; <...<ix <m,by [(I) we denote the k-vector with the corresponding coordinates.

Definition 3. Let us say that the functions A and [ are computationally 1-saturate (or,
briefly, 1-saturate) if there exists an algorithm allowing the numbers m,n, k,l and the two
submatrices Ag, Ay of the matrix A(m,n) of dimensions & x s and s X [, respectively, to be
found for any natural number s, so that the following conditions hold:

1) the running time of the algorithms is restricted by a polynomial of s (that is, similar to
definition 1, the algorithm is quasi-polynomial with respect to s);

2y m>k+l+s+1, n>1+s;

3) if Ag = A(m,n)(K | J), Ay = A(m,n)(I | L), then K(I = J(\L = 0, i.e. submatrices

are located in different rows and different columns;
4) each of the columns in the submatrix Ag contains at least one (+1);

5) each of the rows in the submatrix (A1) obtained by adding of the column v = 5(m)(I)
to the submatrix A contains at least one (+1).

In other words, up to within the transposition of rows and columns, the extended matrix (AfJ)
has the form

Ao * * x
(A(m,n)B(m)) = | = A x 7|, (8)

where the submatrices Ay and A; possess the properties 4 and 5 from the definition 3.
Comment. Denote by Uy (m, n) the number of (+1)’s in the matrix A(m, n). If the functions
A, [ are l-saturate then from the condition 1 of the definition 3 and from the fact that the
complexity of the matrix A(m,n) is greater or equal to mn it follows that there exist such
numbers C' > 1, M > 1 that mn < Cs™.
Since Up(m,n) > s according to condition 4, we get the estimate

i.e., in this case for some M > 1 the relation

lim sup Un(m, n)

—— > 0. 9
mn—oo  N/MN (9)

holds true.

Therefore, the condition (9) is at least necessary for the functions A, 3 to be 1-saturate. It
imposes a restriction from below on the order of growth of Ux(m,n).

Theorem 3. If the functions A, ( are easily computable and I1-saturate then the problem
N(A, B) and the problem E(A,[3) are NP-complete.

Proof. The fact that these problems lie in the class NP follows from the description of =, 3
given in theorem 2. Indeed, it obviously follows from the description that the intersection of = g
with any orthant may be defined as a set of solutions of the system of 2m +n linear inequalities
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of n variables, whose solvability and the estimate on the extremums of the coordinates of its
solutions can be determined with the use of the polynomial algorithm [16].

We demonstrate now that NP-complete problem Partition [11] is polynomially reducible to
both our problems under study. The problem Partition is as follows:

Given. Positive integer numbers dy,...,d,, s > 1.
Question. Is there a sequence of signs ¢, ...,e5 € {—1,1} such
that g;dy + ... +e.,d;, = 0.

Let us reduce this problem to the problem N(A,3). For the given positive integer numbers
dy,...,ds, we choose m = mg, n = ng, k = ks, | = [l so that the conditions of definition 3 is
satisfied. Furthermore, without loss in generality, let us assume that the extended matrix (AJ)
has the form (8).

We denote ,
=3
j=1
for i = 1,k and
s+1
=3
j=s+1

for i =k + 1,k + s and consider the following system composed of m, interval equations of n,
variables

¢ ];[—)\;,/\:;]xj = for i=1,k,
s+l
(li + B zin + i (A A e, =68 for i=k+1,k+s,
j=s+1 ! ! (10)
Tip =1 for i=k+s+1,k+s+1,
rdi 4+ ...+ xeds =0 for 1=k+s+1+1,
L 0=0 for +>k+s+1+1.

From theorem 2, we get that the vector z € IR™ belongs to =, 5 of the system (10) if it
satisfies the following system of inequalities

( liS;)\;;’m]" for i=1,k,
’ s+l
U+ Bkl < 32 Mjlal+ 87 for i=k+1k+s, (11)
Jj=s+1
|z — 1| <0 for i=k+s+1,k+s+1,
L Jzdy + . F xeds| <0 for i=k+s+1+1.
It is time to demonstrate now that the vector x = (x1,...,1,,)" € IR™ satisfies the system
(11) if and only if
Lg41 = oo = Tgq] = 1,
x1,...,xs € {—1,1}, (12)

a:ldl—l—...—f—a:st:O.
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The fact that, under the conditions (12), x € IR™ satisfies the system (11) can easily be
verified by the straightforward substitution.

To prove the converse implication, let us imagine that for x € IR"™ the inequality (11) is
satisfied. Then the first and last of the equalities (12) obviously follow from the third and forth
inequalities of (11) respectively. Next, from the first equality of (12) for i = k+ 1,k + s we

obtain
s+l s+l

> Mzl = >0 N =

Jj=s+1 Jj=s+1

and then from the second inequality of (11) we have that (I; + 5;)|z;_| < (I; + ;7). And since
due to the condition 5 of definition 3 it follows that I; + 8;" > 1 for i = k + 1,k + s then

lz;| <1, for i=1,s. (13)

k s k
Let k; = >\ for j = 1,s. Notice that Y k; = > I; and, due to the condition 4 of
i=1 j=1 i=1
definition 3, k; > 1, j =1,s.
Further, by adding together all the first inequalities from (11) we obtain that

Zk _Zl <ZZA |x]|—il<i/\;;>‘$j|:;kj|xj‘y

=1 j=1

s s
i.e., Z kj S Z kj‘l']‘
7=1 j=1

It follows from the latter inequality and the inequality (13) that |z;| = 1 for all j = 1,s.
Hence, the second conditions of (12) is valid.

Next, we can obviously conclude that, for the system (10), the solution set =, 5 is nonempty
if and only if there exists a solution of the problem Partition for the given dy, . .., d,. Furthermore,
due to the condition of the theorem, the system (10) is constructed by applying d, . . ., ds times
the algorithms which are polynomial with respect to the length of the input. Therefore, the
problem Partition is polynomially reducible to the problem N(A, /).

We consider now the problem E(A, 3). Let positive integer numbers dy, . .., ds be given and
dsy1 =dy + ...+ ds. We choose m = mgy1, n =ng11, k= kg1, [ = 541 so that the conditions

of definition 2 (in which (s + 1) is substituted for s are satisfied. As before, we can assume
s+l
that the matrix (Af3) has the form (8), putting /; = Z Aifori=T1kandl; = Y A for
Jj=s+2

1=k+1,k+s+1.
Let us consider the system composed of m interval inequalities of n variables, which is
similar to the system (10):

( s+1 . L
];[ Aijs Al = 1 for i =1k,
s+I+1
(lﬁﬁj)xi,kfz (A5 M ey =67 for i =k+1,k+s+1,
Ticp = 1 for i=k+s+2,k+s+1+1,
2[E1d1+...+2$5d5+$5+1d5+1:ds+1 fOI‘ Z:k+8+l+2,
| 0=0 for i>k+s+1+2.
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Repeatedly applying theorem 2, we conclude that the vector z € R"*** belongs to the solutions
set 25 5 of the system (14) if and only if it satisfies the following system of inequalities

( s+1
l; < ;A:;\xﬂ for i=1,k,
= s+i+1 '
(ll—f—ﬁj_ﬂl’z_k’ S j;ﬂ)\jﬂxﬂ +ﬁz+ for 7= k—f— 1,/{Z+S+ 1, (15)
|z, — 1] <0 for i=k+s+2,k+s+1+1,
\ |2x1dy + ...+ 2x5ds + Tsi1dsyy —dsi1| <0 for i=k+s+141.

Similar to the above, we can draw that the system (15) is equivalent to the following
conditions:

Tsya = ... = Tsyi41 = 1,
T1, .., Tsp1 € {—1,1}, (16)
2I1d1 + ...+ 2[L‘5d8 + ZL‘S+1dS+1 = ds+1.
Note that, for the system (14), the set =, 4 is nonempty, since the vector 2° = (29,...,2)_ )
such that 29 = ... =a) =1,2% , = -1, 20, =...=2%,,, =1, 2z, =0fori >s+1+1

obviously satisfies the conditions (16) and, hence, belongs to =, g.

Let in (7) ko = s + 1. Taking into account the second conditions of (16), we obtain that,
for the system (14), the inequality (7) holds if and only if a vector x € =, g can be found,
such that z,4; = 1. But from the third of the equalities (16) it follows that for z € =, 3 the
condition xg,1 = 1 is equivalent to the equality z1d; + ... + xsds = 0. Therefore, the problem
E(A, ) can be solved positively for the system (14) if and only if the problem Partition is
solvable for these dy, ..., ds. Since, furthermore, the system (19) is constructed with the use of
dy,...,ds times of polynomial algorithms, we have that the problem Partition is polynomially
reducible to the problem E(A, 3). Q.E.D.

Note that interval m x m-matrices A and the interval m-vector b used in the proof of
theorem 3 meet the additional requirement

A_OA:@m,n, 6_05:@m7

where O,, ,, is zero matrix, ©,, is zero vector. Hence, the equality =5 g(A,b) = E,,i (A, b) holds
true for them, and, consequently, it is possible to use the technique from [18] to reduce both
the problem N (A, 3) and the problem E(A, 3) to the same problems but with positive interval
matrices.

More precisely, let us call the system (1) strongly positive if A > ©,,,, b > ©,,,. Then the
following statement holds.

Corollary. If the functions A, are easily computable and 1-saturate then the problem
N(A, ) and the problem E(A, 3) for strongly positive interval systems are NP-complete.

Let us now show that if the number of (41)’s in the matrix A(m,n) is “not too large”, then
the problem N(A, ) and the problem E(A, /3) are polynomially solvable.

Theorem 4. If the functions A, 3 are easily computable and if the condition

lim s Upr(m,n)
im sup ——=
mnesos 10gy(mn)

<C

holds for some fixed integer C, then there exist polynomial time algorithms that solve the
problem N (A, 3) and the problem E(A, [3).
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Proof. In accordance with theorem 2, the problem N (A, N) is equivalent to the problem of
checking the solvability of the system

| Az — b < (Ao A)|z| + B0

By decomposing A into the positive and negative parts A = AT — A~ the latter inequality
can be rewritten in the form

| Acr — be| + (A" 0 A) 2] < (AT o A)|x| + Bo. (17)

Note that, since Up(m,n) < C'log,(mn), the right-hand side of this inequality has no
more than C'log,(mn) coordinates of the vector x with nonzero coefficients. Since A is easily
computable, we can find these coordinates in polynomial time, and assume that the right-
hand side of (17) contains only |zi|,...,|zg| up to the renumeration of the components, where
k < C'logy(mn).

Next, it can be readily shown that the system (17) is equivalent to the following one

At — be = uy — uy,

T = U] — Uy,

u>0, uy >0, v1 >0, v >0,

uy +us + (A~ 0o A)(vg +v2) < (AT o A)|x|+ B0

(18)

Now, if we fix the signs of the first k& coordinates of the vector x in the system (18), then
it transforms into a system of linear equations and inequalities, while its solvability can be
determined for polynomial time [16]. Therefore, in order to verify the solvability of (17) we
need only to write out all the possible distributions of the signs for the first £ coordinates of the
vector z (2" totally), and, for each one of them, to investigate the system of linear equations and
inequalities. Since the number of such systems 28 < 2€%82mn — (1mn) we can solve also the
question of solvability (17) for polynomial time. Hence, the problem N (A, 3) is polynomially
solvable.

For the problems E(A, 3), the proof is similar. Q.E.D.
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