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VARIATIONAL THEORY
FOR VAN DER WAAL FLUID*

JI-HUAN HE
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CraTbst TOCBSIIEHA HEKOTOPBIM OOPATHBIM 3a/ladaM BapUAIMOHHOTO UCYUCIIeHUsT. Psi
BapUAIMOHHBIX IPUHIIUIIOB Ijisi 2KujikocTelt Ban-nep-Baanbca mosydaeHbl HEIIoCpeICTBEH-
HO U3 HAYAJIHLHO-KPAEBOU 3aJ[a4u JIJIsi COOTBETCTBYIOIIEH CUCTEeMbl yPABHEHUI, HAYAJIHHBIX
" KPAaeBBIX YCJOBHil C MOMOIIBIO ITOJIyOOPATHOI'O METOJa, IIPEII0KEHHOI'o aBTopoM. Pe-
3yJIbTAThl PAOOTHI MOTYT YCHJIUTh TEOPETUYECKHE OCHOBBI METO/[a KOHEYHDIX JIEMEHTOB U
JPYTUX MPsIMBIX BapUAIMOHHBIX METOJIOB, TAKWX, Kak MeTonnl Puria, Tpedbdria u Kan-
TOPOBHUYA.

Introduction

Variational model for fluid mechanics is the theoretical basis for the finite element techniques
and other direct variational methods such as Ritz’s, Trefftz’s and Kantorovitch’s methods [1].
Most recently, a new and very effective numerical technique called meshless method or element-
free method [2] is developing. In contrast to the finite element methods, the meshless methods
requires no elements but a set of scattered nodes in the solution domain without recourse to
any elements or zones. Accordingly the meshless methods do not have a rigid connectivity
provided a priori, making them ideal in applications where finite element methods have the
most difficulties. And the variational model is also the theoretical basis for the variational-
based meshless method [3]. Furthermore, variational principles can also easily deal with the
free or moving faces in fluid mechanics and hybrid problems [4-6] of determining unknown
shape in design or modification of channels, bladings and dams etc., where some part of the
wall is unknown but the pressure distribution is described. So the importance of searching
for a variational representation of fluid mechanics must not be demonstrated in detail in this
paper, however, it is very difficult to search for a variational representation directly from the
field equations and boundary and initial conditions. In this paper, we apply the semi-inverse
method [7-11] to establish various variational principles for Van der Waal fluid.

1. Mathematical model

Let’s consider the one-dimensional fluid, the governing equations are [8-10]

O , olpw) _ (1)

ot ox
*The work is partly supported by the National Key Basic Research Special Fund of China No. G1998020318,
Shanghai Education Foundation for Young Scientists No. 98QN47 and National Natural Science Foundation of

China.
© Ji-Huan He, 2000.

80



VARIATIONAL THEORY FOR VAN DER WAAL FLUID 81

ou ou 1(9_P_

E‘f‘u%—i—;ax—o, (2)

where P, p and u are pressure, density and velocity respectively. For Van der Waal fluid, we
have the following pressure-density relation [12]

RTp 2
p=-"F_

where a, b, R and T are considered constants in this paper.
Using (3), equation (2) can be rewrite in the following conservative form
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where H is defined as
1 RT
H = §u2 + RTInp— RT In(1 — bp) + T 0~ 2ap.
—0p

We introduce two general functions: path function ¥ and potential function ®, which are
defined respectively as
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The boundary and initial-value conditions (BC and IC) can be expressed as follows
(A) for &:
at inlet C}

pu(0,t) = fo(t),
at outlet Cs
pu(L,t) = fi(t),
at initial time (on Cy)
(I)(SL’,to) = f2(t)7
and
p(z,to) = f3(1),
(B) for W:
at inlet C}
H(07 t) - gO(t>7
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at outlet (3
H(L,t) = g:(1),

at initial time (on Cj)
W(x,to) = g2(t),

and
u(z,to) = gs(t).

2. Generalized variational principles

The variational principle for 1-D unsteady flow in a flexible tubes in turbomachinery aerodynamics
has been studied extensively in Refs. |9, 13|. In this paper, we will extend the results in Refs.
[9, 10] to Van der Waal fluid.

The traditional way to arrive at a generalized variational principle is the Lagrange multiplier
method, which uses Lagrange multipliers to remove its constraints in a known variational
principle under constraints. But here we have no known variational principles, so the method
isn’t valid herein.

The basic idea of the proposed method is to construct a trial-functional with an unknown

variable F' like this
J(®, pu / / { p;”) + F(p, u)}dtdm, 9)

where @, p and u are all independent variables, F' is an unknown function of p and wu.

The trial-functional can be constructed by various ways, details can be found in Refs. |7].
We search for such F' so that the stationary conditions of the trial-functional (9) satisfy the
field equations (1), (7) and (8).

Calculating variation with respect to ®

50J (P, p, ) //{_E_ am)}écbdtd =0,

we obtain the equation (1) as stationary condition (Euler equation).
The other two stationary conditions with respect to u and p can be written respectively in
the following forms:

0d OF
for du Py + — 90 =0,
and 9o 00 OF
for dp — 4+ u—+ —=0.

ot dx ' 9p

The above equations with unknown variable F' is called trial-Euler equations, which should
satisfy the other two field equations (7) and (8). Accordingly we set

OF 8(3[)

= — 1

and
oF 9o 0o 1, RT
=y = = Tlnp—RTIn(l1 -0 — — 2ap. 11
9 e S U + RT1Inp — RT In( p)+1—bp ap (11)
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From (10) and (11), the unknown F' can be readily identified

1 RT(1—b
F=——pu*+RTp(lnp—1)+ RT(1 = bo)

T
5 In(1 —bp) +1] — RT In(1 —bp) — ap* =

1 RT
= ——pu*+ — + RTpln — ap®.

P
2 b 1—bp

We, therefore, obtain the following functional

J(®, p,u) = / / Ladtdz, (12a)

where 9o 9o 1 RT
T R S S - AP W
T S

Now we remove the boundary /initial constraints by using the semi-inverse method. Supposing
a generalized variational principle without any constraints has the following form:

L

— ap®. (12b)

J(D, p,u) = J((P,p,u)+/F1ds+/F2dt—|—/F3ds, (13)
C1 Ca Cs
where F; (i = 1,2,3) are unknowns, and J(®, p, u) is defined by (12).
Making the above trial-functional (13) stationary, and using the Green’s theory, at the
boundary (C}), the following trial-Euler equation can be obtained:

oF,
for 0P i, - — =0,
or pu(i, -n) + 5%
which should satisfy the condition at C, therefore, we set
OF; )
g = folle )

The unknown £} can be identified as follows
Fl = _fOCI)(ix . 1’1).

The other unknowns in (13) can be identified by the same way, as a result, we have the
following functional:
J(®, p,u) = J(®, p,u) + La, (14a)

where J(®, p,u) is defined by (12), and Le is expressed as
Lo= —/fo(ix  n)Bds — /fl(iw n) Bt — /fz(im  n)Bds. (14b)
C1 Ca Cs

It is very easy to deduce various variational principles from a known generalized variational
principle. Constraining the functional (14) by selectively enforcing field equations or boundary
conditions yields various sub-generalized variational principles. For example, substituting equation
(8) into the functional (14) yields the following functional:

J(®,p) = / / Lodtde + Lo, (15a)
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where

oD od\* 1 RT P
Ly = p— — ) ——pu’ +—+ RTpl — ap? 15b

which is subject to equation (8).
Further constraining the functional (15) by the equation (7), we have

J(u)://Lgdtdx—i—Lq), (16a)
where . AT
Ly = —pH + pu® — —pu® + — + RTpln P__ ap® =
2 b 1—0bp
L2 4 RT RT In(1 — bp) + T -
=—pl|= np— n(l —
plgu p T,
1 RT p RTp RT RT
T Tpl —ap® = - P —=-P+— 16b
+pu 2pu+ 2 +R pnl_bp ap 1_bp+ap—i— 2 + = (16b)

which is a functional under the constraints of equations (7) and (8). The above functional (16)
can be written equivalently in the form

J(u) = —//Pdtdx—i— Lo,

which is very similar with the well-known Bateman’s principle [1].
We can also establish a variational principle with independent variables ¥, p and u. The
trial-functional can be constructed as follows

J(0, p.u // {u—+H— + Fp, )}dtdx. (17)

We search for such F, so that the stationary conditions of the above trial-functional (17)
satisfy the field equations (4), (5) and (6). Taking variation with respect to u and p yields the
following trial-Euler equations:

ov ov 8F

f — 1
or du T +u ax M =0, (18)
and
RT RTbH RTH ov  oOF
for — — — 2a — =0. 19
or 0p b T (=52 o | op (19)

The above trial-Euler equations (18) and (19) should satisfy the equations (5) and (6), we
therefore set

oF_
5, = Pu—up=0,
and oF RTby  RTb
p p
— = —-RT — 2ap.
dp 1—bp (1—10p)? +2ap
So the unknown F' can be determined as
RT
—ap®. (20)

~ b(1— bp)
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Substituting (20) into (17) results in the following functional:

B ov 9V  RT )

By the same manipulation as before, we can eliminate the “boundary constraints” by the
semi-inverse method:

J (W, p,u) = J(V, p,u) + Ly,
where
Ly = — /goix -nWds + /gg\lldt — /glix -nWds.
C1 Co Cs

It should be specially pointed out that on Cj it requires a special treatment, for details
please see Refs. 9, 10].

It is easy to obtain the following two generalized variational principles with four independent
variables (U, p, u, P) and (®, p, u, P):

2
J(U, p,u, P) = J(V, p,u) —I—)\// {P — _pp — apz} dtdz + Ly,

T 2
JH®, pou, P) = J(®, p,u) + )\// {P IV ap2} dtdz + La,
0

where )\ is a nonzero constant.

Conclusions

It is obvious that the semi-inverse method is an effective approach to searching for various
variational principles for fluid mechanics without using Lagrange multipliers. Applying variational
theory with a variable-domain [4, 5|, we can readily obtain the shock relations for Van der Waal
fluid.
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