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O06ob1enHasT TOTyOeCKOHEeUHasT 3a/1a9a OINTUMHU3AINA BO3ZHUKAET B MHOTOUYUCIEHHBIX
WHYKEHEPHBIX TPUIOKEHUAX U MpobieMax MexaHuku. B mHacTostmieit pabore sTa 3aada
UCCIIEIYETCA B CIeyIoneit hopMyIupoBKe

Munnmusuposars f(x) vHa Mgzlh, g], rue
Psz(fsh,g,u,v) { Mszlh,g] :=={x € R"| hi(z) =0 (i € I), g(z,y) >0 (y € Y(z))}.

Smecb I — KOHEYHO, a BO3MOXKHO OECKOHETHOE MHOXKECTBO Y 3a/1aHO KOHEIHBIM Habo-
POM DABEHCTB Uj, U HEPABEHCTB vy. JLOMOIHUTEIBHO TIPeIIIoIaraeTcest, 9To MHOXKeCTBO Mgr
KOMITAKTHO 1 00beIMHEHIE MHOXKECTB Y () MOXKeT ObITh 33/IaHO KOHETHBIM HAGOPOM Orpa-
HuueHuit. [Ipu 3mux ycioBusiX B OKPECTHOCTH KaXKI0T0 djieMeHTa MHOXKecTBa Mgz 3a1aua
Psz MoxkeT OBITH C JIFOOOM TOYHOCTBHIO AIIIPOKCUMHUPOBAHA JTUHENHON 3a1adeil OnTuMMI3a-
uu 73;“. Taxwue nTuHEHBIE AMTTPOKCUMAIIUN C KOHEYHBIM 9UCJIOM OTPAHUYCHUH TOPOKIAIOT
HUTEPAIMOHHYIO ITPOC/IEI0BATEIBHOCTD, COINEPKAIILY O ITO/IIOC/IEI0BATETBHOCTD, CXOJIATILY FO-
¢l K peleHuto 1y1obaibHoil npobiieMbl Psz. B Oyyiiem Ha 0CHOBE 9TO# MPOIEIYPhl MOXKET
OBITH pa3paboOTaH AJTOPUTM.

1. Introduction

In the last years, various problems from engineering and mathematics have made generalized
semi-infinite optimization become an interesting and fruitful field of research. For example,
motivating problems of the following kinds may under suitable assumptions be stated as
generalized semi-infinite (GSZ) optimization problems:

— optimizing the layout of a special assembly line (see |14, 17]);

— maneuverability of a robot (see (2, 11, 15]);

— time minimal heating or cooling of a ball of some homogeneous material
(time optimal control; see [15, 18]);

— reverse Chebychev approximation (see [7, 11, 15]);

*The authors are responsible for possible misprints and the quality of translation.
(© St. Pickl, G.-W. Weber, 2000.
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— structure and stability in optimal control of an ordinary differential equation
(see [28]).
Now, our GSZ problems have the following form:

Minimize f(z) on Mszlh,g], where
Psz(fh g, u,0) { Mzl g] == {z € R"| hy(z) =0 (i € I), glz,y) >0 (y€Y(x))}

The semi-infinite character comes from the perhaps infinite number of elements of ¥ =
Y (x), while the generalized character is due to the z-dependence of Y (x) (z € IR"). These
latter index sets are supposed to be feasible sets in the sense of finite (F) optimization, i.e.,
they are defined by finitely many inequality constraints, besides the finite number of inequality
constraints:

Y(z) = Mglu(z,-),v(z, )] :={y € R?| ug(z,y) =0 (k € K), v(x,y) >0 (L € L)}
(x € R™).

Let h=(h;)ier, u=(u)rex and v=(vy)ser, comprise the component functions h; : R" — IR,
iel ={l,....m} u : R"xR — R, k€ K:={l,...;,r}, and v, : R" x R! —
R, ¢ € L :={1,...,s}, respectively. We assume that f : R" — IR, g : R" x R" — IR,
hi(i € I), ux (k € K) and v, (¢ € L) are C'-functions (continuously differentiable). For each
Cl-function, e.g. for f, Df(x) denotes the row-vector of the first order partial derivatives

5 f(z) (k€ {1,...,n}; z € IR"), while DT f(z) is the correponding notation as a column.
Ty,

Let, e.g., D,g(x,y), Dyg(z,y), analogously comprise the coordinate functions

0
6%9(1’, y) and

—g(z,y) pectively
x,Yy), respectively.
9y9 )

“Provided that the so-called Reduction Ansatz holds, meaning some nondegeneracy for the
minima of functions ¢(z,-)| Y (x), then our problem Psz(f,h,g,u,v) can locally be represented
as a problem from finite (F) optimization (cf. |5, 24, 31]). Hence, under the very strong
assumption of that Ansatz (approach), our GSZ problem is well understood from both the
qualitative and the iterative or numerical viewpoint. In this paper the Reduction Ansatz is not
supposed.

For the present more general context, first order necessary or sufficient optimality conditions
for a local minimum of Psz(f,h,g,u,v) were presented in [11, 14, 29]. In the paper [29], two
different approaches were followed, each of them having its own assumptions. While the first
one leads to a local (or global) problem representation of Psz(f, h, g, u,v) as an ordinary semi-
infinite (OST ) optimization problem P2r(f, h, g% u®,v%), the second approach applies auxiliary
GST optimization problems which are also representable as OSZ ones. In the OSZ problems,
the (index) sets of inequality constraints does no longer depend on z. (For the first of these
approaches we shall give a brief sketch of that representation below.)

Based on the problem representations and optimality conditions, different iteration procedures
are worked out in [30]. For further numerical approaches in generalized semi-infinite optimization
we refer to [7], and to the branch and bound approach given in [19] (related research is given in
[22]). Hereby, we extend our result to cases of one assumptions less, generalizing our approach.

The present paper, however, is founded in a third approach, which consists in a problem
approximation that will turn out to be very natural. Based on its assumptions, this approach
does no longer fully need problem transformations into OSZ problems, but it is based on
a convexification and selection technique with respect to Y(x), and on local linearizations
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of functions. This technique leads to approximative finite and linear optimization problems.
Finally, we shall be able to formulate and prove a convergence theorem for this new iteration
procedure.

Our first basic assumptions will impose conditions on the sets Y (z). Hereby, we concentrate
on elements z € YO, where U° C IR™ is a bounded open set, U9 denoting the closure of U°,
and where Msz[h,g] NU° # 0. This set may be a neighbourhood of some given or expected
local minimum, i.e., it reflects a local study. At the end of this section we shall explain one
further assumption which we make for %, namely on being a manifold with generalized
boundary [8], where, moreover, the boundary is piecewise linear and transversally intersecting
Mszlh, g]. (Below, we shall come to these properties in greater detail.) In the special case of a
global study, U° could also be a neighbourhood of the whole feasible set Msz[h, g]. (Lateron,
we shall also use the notion local with respect to much smaller sets.)

ASSUMPTION Ayo (Boundedness): The set U, 5 Y (x) is bounded.

Because of the continuity of w, v, and U9 being compact, it easily follows that this
boundedness condition is equivalent with the compactness of U, ;5 Y (2). Hence, Assumption
Az may be regarded as a compactness assumption.

For each T' € Msz[h,g|, 7> € R", § € Mz[u(Z? -),v(T?, )] we denote the corresponding
sets of active inequality constraints as follows:

Yo(@') = {yeY(@) | g(x'y) =0 }, (1.1a)
Lo(@*y) == {{e L | v(z%7y) =0 }. (1.1b)

DEFINITION 1.1.  Let points T € IR", § € Y(Z) be given. We say that the linear
independence constraint qualification, in short: LICQ, holds at 3 as an element of the

feasible set Mz[u(zT,-),v(T,")|, if the vectors

Dyur(Z,y), k€ K, Dyu(T,7y), ¢ € Lo(Z,7)

(considered as a family) are linearly independent.

The linear independence constraint qualification (LICQ) is said to hold for
Mzu(z,-),v(Z,-)], if LICQ is fulfilled for all y € Y (T).

ASSUMPTION Byo (LICQ): LICQ holds for all sets Mz[u(z,-),v(x,-)] (z € U°).

Now, we may state that the set Msz[h, g] NUO, being representable in the sense of OSZ,
is also compact (cf. also [29, 30]).

In view of our iterative concept with its convergence theorem, the next assumption on
linearity and convexity is made without loss of generality. On the one hand, that assumption
will simplify the topological considerations of our iteration procedure. On the other hand, in
one part of our explanations it will allow some exactness with respect to y, where otherwise a

linearization of uy (k € K), v, (¢ € L) would only lead to set approzimations.
ASSUMPTION C:

(i) (Affine linearity): There exist functions ap € (CYR",R))", b € CY(R",R) (k €
K), such that

weley) = a2y + bule) (€ Rk € K).
(i1) (Convezity): The functions ve(x,-): R*— IR (¢ € L) are convex.

Hereby, we understand a] (z) as the row vector corresponding to the column vector ax(z) (z €
R" k€ K).
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The Assumptions Ay, Byo give us the opportunity locally in a smooth (C') way to linearize
each of the sets Y (z) = Mrlu(z,-),v(z,-)], © € WO, where W? is some small bounded open

@ighbourhood of zﬁ), by means of a finite number of local C'-diffeomorphisms @7, : L{g —

Cg, jeJ:={1,...,s}. These diffeomorphisms locally take the variable y to the new variable
z. Hence, Y(z) is a compact manifold with generalized boundary (cf. [8, 13]). Hereby, the

parameter z is an element of W9 N CJ, where CJ is an open cube (j € .J), and we have
WO C UjesCl. Moreover, the sets ¢(U)) = C} are also closures of open (g-dimensional)

cubes C) (x € WONC!, j € J). In this way, Y () becomes replaced by a finite number of
closed (relative) cubes Z7 (5 € J) lying in the linear subspace {0,} x R?" of IR?. These
new index sets do no longer locally depend on z. This means that with the help of local
linearizations we have equivalently expressed our GSZ problem Psz(f,h,g,u,v) as an OSZT
problem P2-(f, h,g° u® v"). Here, ¢° = (g?) jes comes from gluing the locally defined function
g(z, (¢2)71(2)) with 0 (j € J), using a partition of unity [6, 9]. Lateron, we shall specify our
choice of the diffeomorphisms ¢’ (j € J) a bit. For more details we refer to the paper [29]
with its special notations.

DEFINITION 1.2.  Let a point T € Msz[h,g] and local C*-linearizations ¢. of Y (T)
be given. We say that the extended Mangasarian-Fromovitz constraint qualification,
in short: EMFCQ, holds at T, if the following two conditions are satisfied:

EMF1. The vectors Dh;(T), i € I, (considered as a family) are linearly independent.

EMF2. There exists a vector ( € IR" such that

Dhi(Z)¢ =0 foralliel, (1.2a)
D,g%(x,2)¢ > 0 forallz€ R, j € J, with (¢1)71(2) € Yo(T).
(1.2b)

The extended Mangasarian-Fromovitz constraint qualification (EMFCQ) is said

to hold for Msz[h,g] on U, if EMFCQ is fulfilled for all x € Msz[h,g] NUO.
With the help of the chain rule, we see that (1.2b) means

(D2g(@, (81)7(2)) + Dyg(T, (¢2) 7 (2)) Da’ (T, 2) ) ¢ > 0O
(1.2b")
for all z € RY, j € J, with §/(Z,2) := (¢L)"(2) € Yo(T).

For more information on EMFCQ and its versions we refer to [11, 12, 29, 30].

After our assumptions on the (feasible) sets Y (x) on the “lower stage”, now we make the
following assumption for the feasible set Mgz[h, g] on the “upper stage™

ASSUMPTION Dyo (EMFCQ): EMFCQ holds for Msz[h,g] on UO.

Under the basic Assumptions Ao, Byo, the Assumption Dyo guarantees that inside of
a small neighbourhood W of Msz[h,g] NUO the feasible set Msz[h,g] is a topological
(Lipschitzian) manifold (cf. [12, 30]). Without loss of generality, we may say: W = WV.
Furthermore, let us from now on without loss of generality think that U° is a manifold with
generalized boundary, fulfilling LICQ and having transversal intersection with Msz[h, g].
Here, in the presence of maybe infinitely many active inequality constraints y € Yy(z) on
g(x,-), this transversality can be accomplished in the following way (and sense).
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We denote the relative boundary of Msz[h,g] in M[h] := {z € R"| hy(x) =0 (i € I)} by
OMsz[h, g]. Now, the parts of the boundary U of U0 which have nonempty intersection with
the (n—m—1)-dimensional Lipschitzian manifold dMsz|h, g], may locally be given as the (m+
1)-dimensional (residual) linear span of the EMF-vector ¢ and of the set {n',...,n™} being
a basis of the orthogonal complement of the tangent space T,M[h] := {p € R"| Dh;(x)p =
0 (i € I)} at x. Hereby, the point z, where that span is attached, is the necessarily locally
unique element in that intersection of the (creased or Lipschitzian) manifolds OU° and dMsz[h, g]
(respectively).

Hence, close to z, OU° looks like a linear hyperplane. Inwardly, on the relative interior of
Msz|h, g], OU° can be adapted without becoming tangential with the feasible set (tangentially).
For more information on transversality we refer to [6, 9]. In the sequel, the generalized (creased)
boundary OU° may even globally be composed by linear faces, shrinking (or in a transversal,
affinely linear way perturbing and intersecting) U0 otherwise. Then, U0 is a compact polyhedron
(polytope). Of course, from the viewpoint of the practice, geometrical insights and linear algebra
turn out to be helpful in order to construct 9.

For an illustration see Fig. 1, where we also prepares an impression of a slightly perturbed
feasible set.

Hence, Msz[h,g]NUO fulfills EMFCQ, too, namely with EMF-vectors ¢ in the tangential
and (relatively) “inwardly pointing” sense of Definition 1.2. For an illustration we look at a
neighbourhood of the point ' in Fig. 1. Hence, we learn from [12, 30] that Msz[h, g] NUO is
also a compact topological (Lipschitzian) manifold.

In the sequel, let || || stand for the maximum norm in some Euclidean space, e. g., IR" or
IR?. We emphasize that our local linearizations of sets given above are exact representations
while our local linearizations of functions, which will be used in the next section, are only
approrimations.

Fig. 1. Transversal intersection of the feasible set Msz[h,g] with UO (m = 1; an example).
The feasible set Mgz[h, g, being due to a slight perturbation (h,g) — (h,g), is indicated, too.
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2. The iteration procedure and its topological background

In order to get a better understanding of our iteration procedure, we present the underlying
topology step by step. On the distinguishing of these steps (parts), our (feasible) set approximations
and, finally, our convergence proof will be founded.

For our approach, the following local consideration plays a central part of motivation.

2.1. Part 1.a: Locally finite approximative problems

Let some open neighbourhood W' of U°, points T € W', 7 € IR?, open squares S' := {z €
R |||z 7| < 0'}, S :={y € R|||ly—v||oc <%} (6*,6% > 0) be given with the properties
WL ST CW? and Y(z) NS% # 0 (z € ST). (We remember that the set W° was introduced
in Section 1 as some bounded neighbourhood of 2%, where for each z € W0 the set Y (x) can
locally be linearized.)

In this part 1, let § be y'. However, in part 2, 5 will be specified in suitable different
ways. We replace the inequality constraints g(z,y) > 0 (y € Y(2) N S?) on z € S! by the
approximative inequality constraints

gy (wy) 2 0 (yeY(z)NS?), (2.1)
where
95" (x,y) =
9(z.7) + Dog(z,9)(x—7) + Dyg(@,5)(y—7) ((z,y) € R" x R).
Hereby, ¢ has been substituted by its (local) linearization ggn which is an affinely linear
function. Now, let us for each z € ST introduce the conver hull Co, := co(Y (x) N S2) of

Y (z) N'S2, being the smallest convex set Q C IR? having Y(x) N S? as a subset. From
Carathéodory’s theorem (cf. 21, Theorem 17.1] and [16]) we know that Co, can be represented
as follows:
Cou = {X N A €[0,1), 57 € V(@) NS (o€ {1, + 1), Ty =1} (2
Of course, all the inequalities from (2.1) remain fulfilled if we replace the (sub)set Y ()NS2
by Co,. Hence, (2.1) necessarily follows from

@n(z,y) > 0 (ye Cop). (2.3)

Reversely, in view of the convex combinations from (2.2) it is easily realized that (2.1) is
also sufficient for the inequalities from (2.3). Consequently, (2.1) and (2.3) are equivalent.
Now, let us impose one more property on the squares S' and S?. Namely, we assume
that their boundaries 98!, S* have transversal intersections with the manifolds (with
Lipschitzian or generalized boundaries) Mgz[h,g]NUO and Y (x) (x € ST), respectively. (The
intersections Y (x) N S? (z € S1) on the “lower stage” were even supposed to be nonempty:.)
These transversalities can be achieved by means of shrinking the squares 87 around the
center points T, y' sufficiently much, and by arbitrarily small linear perturbations of the faces
of 87 (v € {1,2}). Without loss of generality, # and 3 may remain the centers of S' and
S?, respectively. (Here, we also remember the transversal choice of U9 on the “upper stage”.)
Of course, a convex hull of some set does not need to reveal a polyhedral structure. However,
under our Assumptions Azo, Byo, C and because of the transversal choice of S2, we have a
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Fig. 2. The index set Y (z), its transversal intersection with the square @, and Co,, x € St
(r =0, j° =5; an example).

geometrical situation as it is indicated in Fig. 2 where, in particular, C'o, turns out to be
compact and polyhedral. Hence, Co, is a polytope, having a finite number j° of wertices
y(z) (G e{l,....5"}.

For Fig. 2 we note that the lower level sets of a convex function is convex [21], and we take
into account of the geometrical meaning of LICQ [8, 13]. The notation y’(z) already indicates
the fact that there is a functional dependence of the vertices on x. Indeed, based on Assumption
By, on the transversal choice of S? and with S! being supposed to be small enough and lying
in suitable small open neighbourhoods Us:, the functions ¢/ : x — y/(z) (xv € Us1; j €

{1,...,7°}) are implicitly given by means of applying the theorem on implicit functions on the
following systems of equations. Hereby, these functions turn out to be of class C' ! and we may
also state the independence of j° on the choice of z € S*. Now, for each j € {1,...,j°} our
system is
( Uy (.ZU, y) = 07
up(z,y) = 0,
Vg1 (ma y) = 07
Fi(z,y) = 0, given by : (2.4)
jljcz—gpj (x7 y) ) = 07
& (y—w') =0,
L 2_r_pj (y - yé_T_pjj> = 0.

Here Lo(Z,7) = {(',..., "}, and {y € R'| &7 (y—y.?) = O} (x € {L,...,q—r—p'}) stands
for the faces of S2 which locally appear around each vertex 37 = y/(Z) (j € {1,...,5°}).
The point (z,3’(x)) is the locally unique solution of F7(z,y) = 0. Moreover, the vectors
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& elR (ke{l,...,q—r—p'}) form a basis of the orthogonal complement, and they define
the linear half spaces M) (k € {1,...,q¢ — 7 — p’}) whose intersection NZZ7™" "HI locally
represents the square S2, by

Ho={y e R &' (y—y) = 0}, (2.5)
Our implicit C*'-functions y/(-) (5 € {1,...,5°}) with their underlying choice of the vectors

k € {1,...,q—r—p’} may be considered as specifications of the function 7’ = ¢ from Section 1:
y(z) = §(2,0) = (¢5)7'(0) (¢ €S, (2.6)

Hence, these vertex functions become also involved into the Definition 1.2 of EMFCQ. Now,
we may express Co, (z € S§') in the following way as a polytope:

Co, = {00, Ay (2)] A €[0.1] (o€ {1,...,5°), TN =1 (27)

(whereby the vertices y/(z), j € {1,...,j°}, need not to be affinely independent). Hence, we
may over S (or over the neighbourhood Us:) equivalently represent the inequality constraints
from (2.3) as

g95(x) = gy*(z,y’(2)) = 0 (je{l,....5°}. (2.8)

We note that the inequality constraint functions can be written as follows:

9i(x) = 9(T,9) + Dag(7,7)(z — T) + Dyg(@, 7)1 (x) =) (x€Us).  (2.8a)

In view of the equivalences (2.1) <= (2.3) and (2.3) <= (2.8) we have arrived at
(2.1) <= (2.8). This equivalence means a representation (over S') of the generalized semi-
infinite (GST) inequality constraints from (2.1) by means of the finite (F) inequality constraints
from (2.8). We underline that this representation is exact, not only approximative.

Now, let us turn from the very local to the (in x and y) more global viewpoint.

2.2. Part 1.b: Collecting the locally finite problems

Because of the Assumption Ao on compactness, there exist sufficiently fine and finite open
coverings (S,) A, A={L,...,a%, of W' (hence, of Msz[h, g]NUP), and (S7 5),4.pe, B* =
{1,...,3%}, of Y(x), uniformly in z € S (o € A), consisting of squares as being given in
subsection 2.1. Therefore, the shrinking and perturbing of faces may already be performed for
Sk, 82,6 (8 € BY, o € A) without destroying the covering properties. In particular, we have

some ezactness coming from the equations Y (z) = U, ge (Y (z) N %) (x €Sk acAh).

With the help of such an underlying covering structure we get (in 9) a (global) approximation
of Psz(f,h,g,u,v) by means of (locally) finite optimization problems P%(f,h,g2) on SI,
where g2 comprises the constraints g, ;= g;, j € J*° :={1,... ,jgﬁ} (6€B* ae€A). The
corresponding feasible sets are M%[h,¢°] .= {x € R"| hi(z) =0 (i € I), © € SL, Gup;(7) >
0(j€J*, BeB*}. Inother words, that global approximation

Minimize f(x) on
Py(f h,g°) S Mglh,g°] :={x € R"|hi(x) =0 (i € I),
2 €S8, gupi(®)>0 (j€J*, BeBY) forsome a € A},
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where g° := (g5) A (enumerating all the functions ga s, 8 € B*, a € A), can be decomposed
into the problems P%(f, h,g5) (v € A). Hereby, we have the representation Mg[h,¢°] =
UpeAME [h, g2]. That global problem may also be called a problem from disjunctive optimization
(cf. [10]). Note that, for simplicity, in the list of functional parameters (f,h,¢°), we did not
explicitly mention the inequality constraints 77" (z —2.7) >0, j € {1....,2n}, (o € A) of all
these foregoing feasible sets and problems, respectively.

Of course, each of these (only) finitely many problems reveals a much easier structure than
our given GSZ problem. Moreover, the approximative character (perturbations) is only due
to the local linearizations of the form (2.1), while the other changes in modelling were exact
representations. Hence, in order to make the approximation better, we let the members of
the open coverings (S,)_ .a and (82 ) seBe (@ € A) become arbitrarily small, and the finite

cardinalities |A|, |B%| (& € A) become arbitrarily large. Then, for each o € A, 5 € B®, the

functions glgigﬂ (¥ = Y, being the center point of 8276) and ¢, both being restricted to

the closure S, of the set Sop := S} x S 5, become arbitrarily close to each other. This

“being close” refers to our (locally uniformly continuous) functions g, glyigﬁ and their (locally
uniformly continuous) derivatives Dg(z) and Dglyigﬁ(x) = Dg(Ta,Ya ). To be precise, it is

understood in the sense of the corresponding Ci-Whitney topology on S, 5. A typical base
neighbourhood of ¢ in the sense of that topology is given by the following sets which are due
to “controlling” positive valued, continous functions ¢ : S, 3 — IR:

= 0 0
B ._ 1( pn+p _ _— —
Wl i={w e CYR", R)| |w(z,y) g(%y)H; laxﬁw(w,y) amng(il?,y)H
0 0
+Z |%W(l’,y) - 8:1./ g(xvy)| < E(I',y) ((:L‘7y) € Sohﬁ)}' (29)
o=1 o o

In the sequel, we refer shall always refer to C&-Whitney topologies for spaces of globally
defined C'-functions being restricted to corresponding suitable manifolds, and on the product-
topology of several such topologies. (For more information see also [6, 9].) From topological
investigations in (G)SZ optimization (cf., e.g., |12, 30]) we learn that under the fulfilled

condition EMFCQ on Msz[h, ¢ NU° and under such close approximations of g by glyi;lﬁ (B €

B, o € A), the “perturbed” feasible set M3[h, g°]NU° finally lies arbitrarily close to Msz[h, g]N
U°. Therefore, we note that in U%, Mgz[h, g°] is exactly represented by the (finite) union of the
(G)ST feasible sets Msz|h, ¢"¢] := {z € R"| hi(x) =0(i € I), x € 8., g%izﬁ(x,y) >0 (y €

Y(z) ﬂ%, B eBY)} = M&[h,g2] (o € A). The latter new sets may be considered as coming

from slight functional perturbations of our feasible sets Mgz[h, g] NU° with the constraints
g(x,y) >0 (y € Y(z)) being split up due to different parts Y (z) F‘I% (8 € BY).

This set theoretical approximation means that, finally, M$%[h, ¢°] NUO lies in each arbitrarily
close neighbourhood W' of Msz[h, g NU°, and that the boundaries of both sets, relatively in
M{h], also lie arbitrarily close to each other ([12, 30]).

Of course, for each x € SI we concentrate on the discrete structure of the vertices
yi g(x) (j € J¥P) of Y(z)N S2, which is of less complexity in comparison with the manifold
of points y (= (¢2)7!(z)) € Y(x). Moreover, we conclude from EMFCQ, necessarily holding
for the slighty perturbed topological manifold Mgz[h, g™ N U with EMF-vectors ¢° (cf.
Section 1), too, that for each « € A also the finite version MFCQ of EMFCQ is fulfilled at
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each element & € M&;[h,g2] NUO of the union Mg[h,¢°] NU° (o € A being suitable). In
fact, as EMFCQ (being preserved under small perturbations) holds for Mgz[h, ¢"™] N U° (=
Mg[h, g2]NUO) (see [12, 30]) and as the corresponding functions g, 5, and 93(-,0) are (locally)
arbitrarily Cl-close (3 € B*), then MFCQ necessarily follows for Mg[h, g2] NU°. (Therefore,
a continuity argumentation on a small perturbation is made again, in particular looking at
(1.2b,b’) and with some simplified enumeration by j.)

Namely, using notations analogously as in Subsection 2.1 and referring to the transversally
chosen faces {z € S| pi"(z — /%) = 0} C OSL (j € {1,...,2n}) with inwardly pointing
normal vectors 7/, (j € {1,...,2n}), here, this condition MFCQ means

MF1. The vectors Dh;(Z), i € I, (considered as a family) are linearly independent.

MF2. There exists a vector ( € IR" such that

Dhi(Z)( =0 forall i€,
nga,m(i")C = (D:cg(faagi,ﬁ) + Dyg(fomyiﬂ)Dyi,ﬁ(‘%)) C >0
forall j e JP(%), BB,
>0 for all j € J)*(),

where
Jo (@) == {j € J*P| Ga,5,5(E) = 0},

I = e{1,....2n} | . (x — 27) = 0},
Hence, M$[h,g2] NUO is a topological manifold (o € A). This fulfillment of MFCQ will be
valuable in next Subsection (part 2).

However, our implicit functions yi 5() would still remain to be determined, and by inserting
them into glyizﬁ (cf. (2.8)) the affine linearity of our inequality constraints (see (2.3)) gets lost
(6 € BY, a@ € A). Therefore, in the next subsection we shall overcome these disadvantages
with the help of further approximative (local) linearizations.

2.3. Part 2: Locally linear approximative problems

Based on the first (in 2% global) approximation Pg(f,h,g°) with its finite subproblems
PL(f,h,g2) and underlying square structure, we perform one more perturbation by means
of local linearizations in the variable x. Therefore, we specify the parameter 7 (cf. (2.1)) by
means of the vertices @iﬁ = yiﬁ(fa) (BeB* acA) and weset forall z € R", i €1, j€
JuB. 3eBY acA:

fal@) == f@a) + Df(Ta) (¢ —Ta), (2.10a)
Ba,i<x> = hi(fcx) + th<Ta) (I - f(x)7 (210b)
P 5(@) =yl 5(Ta) + Dyl 5(Ta) (@ — Ta) =T, 5+ DY, 5(Ta)(z — Ta), (2.10¢)
and, herewith,
Ja,p.5() = 91;?6(937 2 5(x)) =
9@aTop) + (Deg(@aTog) + DyglTerTr) Dyl p(E) (=)

(2.10d)
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We note that for the definition of g, 5; (j € JoB B3eB* aecA) wedo no longer need
explicitly to know y, 5(), Dyaﬂ( ) as functions, but only their (special) values v, (7o) =75, 5

and Dya ﬁ(:va) at the one point x,. Moreover, from the proof of the implicit function theorem

(cf., e.g., [1]) we see the following representation of Dyiﬁ(fa) (cf. [29]):
Dyi,ﬂ@a) = _(Dch{,g(fm?é,ﬂ))lewFi,ﬁ(faﬂiﬁ% (2.11)

which can further be evaluated by means of (2.4), where Fi=F iﬁ In this way we get the
(locally) linear finite optimization problems

P 1in(fas hay o) © Minimize fo(2) on Mgy [ha, dal,

being located in S_Clw where iLa, Jo comprise the constraints fzw, v €1, Gapj,J € JoP (B €
B% «a € A). In view of S! being a square, the corresponding feasible set

Mg yulhas §a] = {x € R"| hoi(2) =0 (i € 1), & € SL, Japy(x) 2 0(j € J*F, § € BY)},

on which fa has to be minimized, are compact and completely defined by affinely linear
constraints (a € A). These problems may be regarded as the (linear) subproblems of the
following collected global approximation of our GSZ problem:

P;ylin(fb, hb,gb) : Minimize fa(x), where » € Mg, [ﬁa,ga], a €A,
over the collected feasible set
Myy, 1.3 = {a € R"| haslz) =0 (i € 1),
2 €8, Gapi(r) >0 (jeJ* BB forsome a€ A} =
= UaeA MJa—‘,nn [ﬁa,g}a].

Here

A

Fr=f)peps W= haiGeEL a€M),.), & = (o Gapy (€T, BEB* aEA),...)

(with suitable enumerations), and the affinely linear inequality constraints defining (z €) S
have (for simplicity) again been suppressed in the list of functional parameters. As for each given
« € A the open coverings (by means of squares) may again be thought to be fine enough, the
functions fa, ha, Ja are (locally) arbitrarily close perturbations of the functions f, h, . go- Now,
under the guaranteed condition MFCQ for M[h, g°JNU° (cf. Subsection 2.2), M ;’hn[hb, dla 7
is an arbitrarily good approximation of M$[h, ¢°] NU°. From the considerations in Subsection
2.2, moreover, we know that the latter set may lie arbitrarily close to Msz[h, g] N UP.
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Altogether, after these two approximations in (G)SZ and F optimization, respectively, we
state: in UV, Msz[h,g] can arbitrarily well be described by means of the compact approximative
set M;’hn[hb,gb].

Moreover, the components of fb locally approximate f, such that, together with the
previous reflections on set approximations, P;Jin( 17, k", §7) may serve as a very fine approzimative
description of our problem Psz(f,h,g,u,v). This fact will be exploited in the proof of the

~

convergence theorem (Section 3). Both the feasible set M [h”, §°] and the problem P% j ( Ji e
can in U° be considered as a “mosaic” consisting of the linearly defined feasible sets M .%,lin[iLOH Ja

(see Fig. 3) and the linear subproblems Pg; ( fashas o) (o € A). Hereby, each of the latter
subproblems can be solved by means of linear programming, e. g., using the simplex algorithm
for finite optimization; cf. [17, 25, 27|. (We also mention that there is a simplex algorithm in
the case of semi-infinite optimization; see [23].)

Note, that those (compact) “simplices” are given as the intersection between the polytopes,
which piece together M }l_-’hn[fza, Ja), and the polytope UO. In this way, for our approximative
problems we also have a polytope structure in the x-space IR". As under our approximation
the simplicial structure becomes finer and finer and Mgz[h, g] transversally meets U0, that
intersection will finally also be transversal.

We emphasize that up to approximation, the (structural) complexity of our GSZ problem
has been reduced to the complexity of a linear F problem.

Fig. 3. The mosaic M;—,lin[ilb, ¢°] in UO (indicaded in a hatched way), and lower level sets
{reR"| folz) =1} (r€R, a=8) (m=1, a® =11; cf. Fig. 1; an example).
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2.4. Part 3: Completion of the iteration procedure

After all the preparations made in Subsections 2.1 -2.3, we are in a position to summarize our
iteration procedure in the following way. We start with the initialization step given at the index

v = 0. Here, some open coverings consisting of squares are given, namely (Scly’())ae AL (Si%) 5eB*° (a €

A%, whereby for the first covering the family (f“)ae A0 consists of corresponding elements, say,

center points. For instance, the edges of the (in pairs perhaps overlapping) squares Sa° (a € A?)
may be taken from some grid structure and with (|| - ||-) radius §2° > 0, e.g., in the way of
Fig. 4.

Up to slightly (transversally) perturbing and shrinking Si:% (B € B*Y), we get the mosaic
problem 7% . (f*°, >0, §70). The squares S1° (a € A”) may also be sufficiently small in
order to come (as sub-domains) from applications of the implicit function theorem (see part
1.a); otherwise, they shall become sufficiently small in a later step (where v > 0). Of course, if
it is desired for our implicit vertex functions, the finite index set A° is also allowed immediately
to be enlarged due to a subdivision of some square 811 " into smaller squares.

Now, with the help of linear programming we choose (global) minima % (a € A =
{1,...,a%%}) of the subproblems Pg ( farha, §a) (see also Fig. 3). These points need not
to be uniquely defined. Let 2° = &°,, be some element of {2 | o € A’} which is minimal for

/>0 in the following sense:

F0,0(2°) = min{f2(2°) | € {1,...,a%%}} =

a/()
= min{ f(z) | = € Mgt 3, [0, 30 N0, o € A%). (2.120)

In the case of a tangential effect between 68;1% and Y (z) for some 3 € B*®, ac A%, x €

— WHIIHH"%

AN

JJJ" TN\

STo 3
L1
Fig. 4. Initial step v = 0: decomposition of Y (z) (r=0, a=1, B19=9; cf. Fig. 2; an
example).
Here transversality between Y (z) and 8512 ’g is already established

(B {L,.... ") e 519,
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311 ¥ a small linear transversal perturbation preserves the open covering by means of squares.
Hereby, the (|| - ||o-) radius 53{’7% may decrease a bit.

Let for some v € INg := {0,1,2,3,...} a global minimum " € M% (A, g7 N U

of the mosaic Py, ( o B 7YY (over UY) with underlying open coverings (Sa) ue Y

lin

(Sjig)ﬁeBw (a € A”) already be given. Then, for the index v + 1 we decompose S

by means of a further grid which is given by dividing the radius by some natural integer
v,V

Xutt € IN, %™ > 2. Then, the new radii are §* ! := S—H > (0. We have again to guarantee
Xa

some overlapping of the new squares (e.g.: two or more inner parts vs. two outer part at each

side, as it was done in the Figures 3, 4). After small transversal perturbations and restrictions

we get open coverings (S,"™) _pv+1, (Sz:g+1>B€Ba,u+l (€ AT,

: ing ~v+1 o sv+l a fr+1 v+l
Now, we can again select global minima #}"*, 2" of the subproblems P% ; (fa™", hi™,

frh) (o € A1) and of the mosaic Py, (f>+1, h#+1, >¥*1), all of them being restricted to

UO. Hence, for some o/ € A = {1,...,a®**1} we have: "' = i:;,tﬂl and
P @) = min{ £ (@) o e {1, o™} =
= min{ " (z) |z € Mg, [h5, g2 NUO, a € AT (2.12v+1)

In this way, we have arrived at a sequence (2¥),emn, of global minimizers of our approximative
mosaics of linear problems.

2.5. On practical treatments and a generalization

We note that when the transversal squares Sa”, SZZ have become sufficiently small, they need
furthermore no longer transversally to be perturbed, but translations are already sufficient.
Hence, their inwardly pointing normal vectors &% (= &% k€ {1,...,q —r — pP*Pv} j €
JoB B € B*, a € A”) (cf. (2.4)) may remain unchanged. From this fact we conclude that
our specification of the condition EMFCQ, on which our approximation is based, can be made
independently from the choice of the iteration step v € IV.

Hereby, we may also use T, as some controlling parameter for center points in order to
guarantee open coverings based on the implicit function theorem, if otherwise there might arise

. 1,v

a problem based on a tapering of S,".
Looking at our iteration procedure, we note that the squares do not explicitly appear in
the approximative linear problems. Moreover, each vertex function y‘;”ﬁ(x) and its derivative

Dyiyﬁ(:v) need only one single evaluation, namely at 7% (v € INy). Hence, we do only need to

determine the vertices yi%(fg) locally being extremal points for Y (Z%) N Sa” and its convex
hull, with the locally minimal (total) number (in short: pg) of active inequality constraints

ve(®,-) (0 € L) or & (y —y7P) (k€ {1,...,q = phP¥ —r}). Here, phoiv(< py) i
the number of active constraints vy(ZY,-). Moreover, in these points some (one dimensional)

lines in O(Y'(z%) N 322) meet, along which that total number p, locally is ¢ — 7. Sometimes
it may be helpful to follow these lines, “paths”, in order finally to detect their intersection
point being the vertex 7."; = y/'5(Zy) (for related techniques see [4]; cf. also [26]). We only

remark that following of yi%(x) in the n parameters z, (o € {1,...,n}) around the point 7%
may lead to the boundary of that neighbourhood Ugi.» of Ty, where the theorem on implicit
functions applies.
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After a phase of adjustment (being due to small v) of our procedure, the existence of our
coverings consisting of squares in transversal position around given center points, is automatically

satisfied in the following sense. Namely, if for some v/ € INy at = = 7% (€ S, a € A”) the
squares S&"', Si:g (B € B“’”/), transversally intersect Msz[h, g)NU° and Y (Z¥), respectively,

and if /' is large enough, then the same transversality conditions hold for all z € S, v > V.
This comes from the sufficienctly great fineness of our antitonely shrinking squares, with their
faces finally (from one v to the other, v + 1, and in pairs) remaining parallel.

Hence, we may concentrate on the center points 7% and the vertices yﬁ;fﬁ, where after
this adjustment tranversality is locally fulfilled. We would only intervene, if we have some
more geometrical insight how the sets Msz[h,g] NUO, Y (z) and their intersections with the
corresponding squares look. Then, we could accelerate the getting tranversal of squares by
means of suitable perturbations.

When v increases more and more, then we may with the help of geometrical observations
become convinced that our minimum does not lie in a certain part of Mgz[h, g] N UO. In such
a case, we can my means of transversal hyperplanes excise a smaller subset of Msz|h, g] N Uuo,
which may also be expressed as a shrinking of ¢°. Then, the increase of the number of squares

84" and, hence, sz (8 € B*, a € A”) becomes weakened.

Fig. 3 indicates that often those auxiliary linear subproblems P% j ( Ag , ﬁ;, g¥), which are
located nearby the relative interior of Mszl[h, g, can “extremely” easy be evaluated. (We note
the simple structure of M ﬁ‘-’lin[ﬁg, gr] NUO) there.)

In the following section we shall see that there is a subsequence (Z"*),.cp, for our iteration
procedure converging to a (global) minimizer & for Psz(f,h,g,u,v) in U°. The points
@ (k € INg) do not need to be feasible for Psz(f,h,g,u,v). However, each sufficiently
good approximation z"#0 of & can be made feasible by means of a slight shift "0 — 2* €
O(Msz[h,g] N UO) in the direction of an EMF-vector (°. Hereby, the number k, may be
chosen sufficiently large, or depending on our desire, how close to get to the minimizer z
of our problem. Of course, as a foregoing task, in practice we have to look for converging
subsequences, and always to exploit all the structural and geometrical features of the given
problem under consideration.

As we typically use linear approximations of our functional data, our problem need only to
be of class C''. We mention that in different parts of our approximations, higher differentiability
(if it is given) could be exploited by means of Taylor polynomials of degree > 2.

Now, let us come back to the general situation, where the Assumption C on affine linearity
and convexity is not made. Hereby, for simplicity, at first we suppress the index v. Then, we
would replace the defining functions wug, v, by their linearizations ul% ., vi%, (k € K, £ € L),
respectively (5 € B « € A), which are given by

up’s 1 (2,Y) = uk(Ta, T p) Dk (Tay Yo ) (2 —T0) HDytur(Tas Yo 5) - (Y=Tap) (KEK),
(2.13a)

Vao (T, Y) = 0e(Tas Tap)  +Duve(TasTap)(® —Ta)t  Dyve(Ta,Yas)  (Y—Tap) (LEL).
(2.13b)

(We remember, that 7, 5 is the center point of 82”3, g€ B ae€A) Let us set }7&75(:5) =

Mz[us(x, ), vis(z, -)] (x € R"). Firstly, for each z € SI, Y, 4(x) is allowed to be a rough
approximation for Y'(x).
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Now, we have again to look for a square Sfy’ 5 insucha (nonempty) way that S? transversally

meets ?a/g( ). Then, 57&[3( ) is already a polytope with the vertices ¢/ 4(7) (7 € {1,. ..,;gﬁ})
which are computable by means of linear algebra. In the case of Assumption C, these vertices
play the part of y) ;(x), while in general the points yaﬂ( x) need no longer to lie in Y(x).

However, if with increasing v our square structure becomes finer and finer, then ((u}jf‘ﬁ7 vgnﬁ) =

)(ui%”,vhn”) locally approaches (u,v) such that in virtue of the Assumption Byo on LICQ
(hence, MFCQ), for each z € S4", the union UgeBa,V?(Zﬁ(.T) N Sz; gets arbitrarily close to
Y (z) (approzimation; |3, 30]). Hereby, NO’: 5(z) is understood in the sense of Y, 5(z) and being
due to v € INg. Again, we distinguish two approximation steps (parts), one in the (G)SZ sense
and a further one in the F sense.

Then, under our local perturbations from above, we finally arrive at mosaics in m namely

fhn[h‘” g>"], and Py, ( fo¥, hv 77 consisting of linear subproblems P i (f2 fv b2 GY),
a € AY (v € INg). These mosaics approximate Mgz[h,g] and Psz(f,h,g,u,v) (in U°),
respectively.

Let us remark, that we could also comprise the functions ugnﬁy, 2“6” (€ B aeA) in
the vector notation @™, ™", respectively (v € INy).

As there is one more step of perturbation (see (2.13a,b)) instead of exactness involved, this
approximation is less close than the one under Assumption C.

Finally, our mosaics yield us a sequence (Z"),en, consisting of (global) minimizers of
Pr in ( f'>” R G>"), restricted to UO, respectively. Because of the less close approximation
we cannot expect that this sequence, or some subsequence, converges stronger than it is
accomplished in the case of Assumption C.

We underline that by means of our referring to polytopes, we did not explicitly need a
change of our coordinates y — z. For further treatments on polytopes we refer to [32].

Taking account of both all the preceding explanations of our iterative approach and the
special features of some concretely given problem, an algorithm which solves our given GSZ
problem, can be developped.

3. On the convergence of the iteration procedure

3.1. The convergence theorem and its proof

Based on the preparations given in Sections 1 and 2, we may formulate our main result as
follows.

THEOREM 3.1 (Theorem on Convergence).

Let the Assumptions Ago, Byo, C and Dyo be satisfied due to a bounded open set

U C IR", fulfilling Mszlh,gl NU® # O, U° being a manifold with piecewise linear boundary,
and OU° being in transversal position with Msz[h, g].

Then, on the one hand, there exists a sequence (Z¥),en, of global minimizers of topologically
approzimative mosaics ,P_l;-',lin(fDW? iLD’V,QD’V) (v € INy), being restricted to UY, respectively.

On the other hand, there is a convergent subsequence (7"*).en, of (2"),en, such
that its limit point & = lim,_.,, 2"~ is a global minimizer for the generalized semi-infinite
optimization problem Psz(f,h,g,u,v) being restricted on U°. (Hence, it is also a candidate
for alocal minimum of Psz(f,h,q,u,v).)

If the Assumption C isviolated, then the same conclusion holds, too. However, the approzimation
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by means of mosaics P;mn(fb’”, v, ) (v e INg) on U® and the corresponding (sub)sequence
(T )wemnv, of minimizers can not in general be expected to be as fast approzimating and
converging, respectively, as it can be accomplished under Assumption C.

Proof:

Let us first of all under all four assumptions reflect the approximation of Mgz[h, g] N Uo
by the sequence (MZz ), (7", 3] U ey, There are two effects of linearization which come
together. Namely, as a first effect we have linearizations of our defining functions and of our
vertex functions (see (2.1), (2.10a—d), and, for the more general case, (2.13a—b), too). As
a second effect, we have the getting arbitrarily fine of our covering squares’ structure. The
common virtue of both effects is very comparable with approximations of functions by means
of arbitrarily small perturbations in the sense of the C'§-Whitney topology. The only differences
firstly consist in the local splitting of the constraints g(z,y) > 0 (y € Y (x); we remember the
square structure underlying Msz[h, ¢"™°]) and, then, in the approzimations in the sense of
both (G)SZ and F optimization. For the purpose of our set theoretical approximation, these
differences mean no problem.

Indeed, we remember that there are two parts which contribute to our functional approximations.
Part 1is based on a local linearization of g; here, the approximation happens in GSZ optimization
(see, firstly, Subsections 2.1-2.2 and, lateron, 2.5). Part 2 is based on further linearizations,
which give rise to approximations of defining functions in F optimization (see Subsections
2.3-2.4).

Based on our Assumptions Byoe on LICQ (for Y(x), € U°) and Dyo (for Msz[h,g] on
zﬁ), respectively, and on our transversal choice of covering squares, we may translate these
approximations of functions into the language of set approximations. Namely, for part 1 we
take account of the GS7 investigation from [30], while for part 2 we utilize the F investigation
[3]. Moreover, if we also (locally) perturb u, v by means of their linearizations ugﬁg, vg?ﬁ, then

Y (z) gets in the same way locally approximated by Y o s (x) = }7; 5(z). Hereby, we
always exploit suitable (by transversal configurations enriched) versions of EMFCQ, MFCQ
and LICQ), respectively.

Because of the compactness of Mgsz[h, g] NUO, the minimum of f on this set is also attained.

Let us demonstrate that the minima min{f*(z)| z € Mgvhn[ﬁg,gg] NU°, a € A"} (v € IN;
see (2.120 — 12v1)) tend to min{f(x) |z € Msz[h,g] NU} when v tends to infinity.

Let some € > 0 be given. As [ is continuous and Msz[h, g]NU° is compact, we know that

-----

Mszlh, g] N U C U7, U7 C WO, (310)
_ la

MSI[h’g] nNun u° 7& Q) (J € {17 s 7JU}>7
fz) — f@)] < % for all 2,7 €U, o€ {1,...,0"}. (3.2)

Moreover, as we demonstrated in Section 2, the sets M;Jin[ﬁb’”, FrINU° = U, cAY M%,lin[ﬁg7
G]NU° (v € INy) approximate Mgz[h, g]NUY whereby the (relative) boundaries 9(Msz[h, g]
NUO) and 8(M§E’Hn[ﬁ'>’”,g'>”’] NUO°) (in M[h]) get arbitrarily close together (see [3, 12, 30]).
Hence, there is some 1/’% € Ny such that

M g, 7 U0 < ug U,

for all v > v.. (3.1b)

M

M [R5, 7 U N UT # D (0 €{L,...,0%)
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Now, we may on the one hand (e.g., indirectly, by contradiction) conclude from (3.1a-b)
and (3.2) that it holds

€
2
for all v > 1/’%. (3.3)

| min{f(z)| z € Msz[h,g] NU} — min{f(x)| x € M5, [R>, ] NU}Y| <

lin

~ On the other hand, as everywhere on our approximating mosaics the collected functions
f¥ (o € A”) locally approaches f (v — o0), there is some v? such that it holds
2

(@) = fi(@)] < § forall @€ M3y [he, 9" 1NU0, a e A, v >0l (3.4)

From the pointwise given inequalities (3.4) we may also (e. g., indirectly) conclude:

Jmin{ /() | & € M 127, 3] NI — min{ f2(2) | = € Mg 2] N0, o € A"} < ©
for all v > I/g. (3.5)
Altogether, a simple estimation, based on (3.3) and (3.5), delivers
| min{f(z)| x € Msz[h, g) N U°} — min{f(2) | & € Mgy, [h, ] N U0, a € A} < e
for all v > v, (3.6)

where v, := max{v.,v’}. So, we have given the proof of the relation(s)
2 2

min{f(z) | x € Msz[h, 9] NU} = lim,_ (min{fa”(x) |z € M}‘_{lm[ﬁ”,gg] NUO, o € A"}) =

= lim, s f%0 (2Y), (3.7)

which was asserted above.

That sequence (2"),emv, consisting of minimizers of our mosaic problems Pgz(f*", h>", §>")
(v € INy), being restricted to U°, however, is bounded. Hence, for our iteration procedure there
is a subsequence (2"%)en, Of (Z¥),emn, which converges to some point & € IR™:

i o= limy_ . 27 (3.8)

(AP 7= |NUO (k € IN) which approximate
the closed set Msz[h, g]NUO, the limit point & is an element of Mgz[h, g]NUC. As, moreover,

f “s (v € A", Kk € INg) in a collected way locally approaches the continuous function f, there

are numbers Ii% , K% € INy such that it holds

Because of 2~ being elements of the sets Mz ;,

| fon. (@) — f(@™)] < § forall k> W (3.9a)

|f(@7) = f(@)] <& forall k> /{’g’. (3.9b)
Altogether, from (3.9a—b) we conclude

|fl (@) — f(@)] <€ forall k> KL (3.10)

where k. 1= max{ﬁ’%, Ii;} From (3.10) we learn

iy oo [l (27%) = f(&), (3.11)
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and, hence, in view of (3.7):
min{ f(z)| x € Msz[h, g] NUO} = f(2). (3.12)

As the limit point 2 is feasible, i.e., & € Mgsz[h, g] "U°, our proof is finished under all our
assumptions.

We already indicated that for the more general situation where Assumption C on affine
linearity and convexity may be is violated, our topological argumentations remain true.
However, then the process of approximation and, hence, the corresponding convergence of
some minimizing sequence are usually less fast.

Let us only remember that the new vertices j&iﬁ(x) may have become infeasible in the
sense of g; s(z) € Y(x), and that the stability theory on the GST feasible set also allows local

lin,v

perturbations, e.g., u, ;" and vgnﬁu (v € INy), of u and v, respectively ([30]).

3.2. Conclusion

In this paper we presented a concept of an iteration procedure for a wide class of generalized
semi-infinite optimization problems under assumptions on boundedness and constraint qualifications,
for both the feasible sets and the index sets of inequality constraints. We worked out the
topological background and gave a proof of our convergence theorem. Hereby, the subclass of
problems, where the defining functions of the index sets fulfill conditions of affine linearity and
convexity, allowed special insights. Moreover, aspects of local-global modelling, of practical
treatments and of comparisons with former approaches were also given. For a concrete given
generalized semi-infinite optimization problem fulfilling our assumptions, the development of a
solution algorithm can be performed, based on the problem’s structural or geometrical features

and on our iterative approach.

The authors thank Professor Dr. Werner Krabs, Professor Dr. K. G. Roesner and Professor
Dr. Yurii I. Shokin for encouragement.

References

[1] BARNER M., FLOHR F. Analysis II. Walter de Gruyter, Berlin, N.Y., 1983.

[2] GRAETTINGER T.J., KROGH B.H. The acceleration radius: a global performance

measure for robotic manipulators. IEEE J. of Robotics and Automation, 4, 1988,
60-69.

[3] GUDDAT J., JONGEN H.TH., RUCKMANN J.-J. On stability and stationary points in
nonlinear optimization. J. Austral. Math. Soc., Ser. B, 28, 1986, 36-56.

[4] GUERRA VaAsQuUEz F., GuUDDAT J., JONGEN H.TH. Parametric Optimization:
Singularities, Pathfollowing and Jumps. John Wiley, 1990.

[5] HETTICH R., JONGEN H.TH. Semi-infinite programming: conditions of optimality
and applications. In “Optimization Techniques”. Part 2. Ed. J. Stoer. Lect. Notes in
Control and Inform. Sci., 7, Springer-Verlag, 1978, 1-11.

[6] HirscH M. W. Differential Topology. Springer-Verlag, 1976.



AN ALGORITHMIC APPROACH IN GENERALIZED OPTIMIZATION 81

[7] HOFFMANN A., REINHARD R. On reverse Chebychev approximation problems. Prepr.
[lmenau University of Technology, [lmenau, Germany, 1994.

[8] JONGEN H. TH., JONKER P., TWILT F. Nonlinear Optimization in IR", I. Morse Theory,
Chebychev Approzimation. Peter Lang Verlag, Frankfurt a.M., Bern, N. Y., 1983.

[9] JONGEN H.TH., JONKER P., TwiLT F. Nonlinear Optimization in IR", II.
Transversality, Flows, Parametric Aspects. Ibid., 1986.

[10] JONGEN H.TH., RUCKMANN J.-J., STEIN O.  Disjunctive optimization: critical point
theory. J. Optim. Theory Appl., 93, 1997, 321-326.

[11] JONGEN H.TH., RUCKMANN J.-J., STEIN O.  Generalized semi-infinite optimization:
a first order optimality = condition and examples. Math. Program., 83, 1998, 145-158.

[12] JONGEN H. TH., TWILT F., WEBER G.-W. Semi-infinite optimization: structure
and stability of the feasible set. J. Optim. Theory Appl., 72, 1992, 529-552.

[13] JONGEN H.TH., WEBER G.-W. On parametric nonlinear programming. Annals
of Operations Research, 27, 1990, 253—284.

[14] KAISErR C., KRABS W. Ein Problem der  semi-infiniten Optimierung im Maschinenbau

und seine Verallgemeinerung. Working Paper, Darmstadt University of Technology,
Germany, 1986.

[15] KAPLAN A., TICHATSCHKE R. On a class of terminal variational problems. In
“Parametric Optimization and Related Topics IV”. Eds. J. Guddat, H. Th. Jongen,
F. Nozicka, G. Still, F. Twilt. Peter Lang Publ. House, Frankfurt, Berlin, N.Y., 1996,
185-199.

[16] KraBs W. Optimization and Approximation.  John Wiley, 1979.

[17] KraBs W. Finfiihrung in die lineare und nichtlineare Optimierung fir Ingenieure.
Teubner, Leipzig, Stuttgart, 1983.

[18] KraBs W. On time-minimal heating or cooling of a ball. Int. Ser. Numer. Math.,
Birkh&auser Verlag, Basel, 81, 1987, 121-131.

[19] LEvITIN E., TICHATSCHKE R. A branch and bound approach for solving a class of
generalized semi-infinite programming problems. J. Global Optim., 13, 1998, 299-315.

[20] MANGASARIAN O. L., FROMOVITZ S. The Fritz-John necessary optimality condition

in the presence of equality and inequality constraints. J. Math. Anal. Appl., 17,
1967, 37-47.

[21] ROCKAFELLAR R.T. Convex Analysis. Princeton University Press, 1967, Stuttgart,
1970.

[22] RupoLpH H. Zur Approximation semiinfiniter Programme. Wissenschaftliche Zeitschrift,
Math.-Naturwiss. R., University of Leipzig, 27, 1978, 501-508.

[23] RuboLpH H. Der Simplexalgorithmus der semiinfiniten linearen Optimierung.
Wissenschaftliche Zeitschrift, TH Leuna-Merseburg, Germany, 29, 1987, 782-806.



82

[24]

[25]

[26]

27]

28]

[29]

[30]

[31]

32]

St. Pickl, G.-W. Weber

RUCKMANN J.-J. On the ewistence and uniqueness of stationary points. Prepr. Aachen
University of Technology, Mathematical Programming Ser. A, 86, 1999, 387-415.

SPELLUCCI P. Numerische Verfahren der nichtlinearen Optimierung. Birkhduser Verlag,
Basel, Boston, Berlin, 1993.

TAMMER K. Parametric linear complementarity problems. Prepr. Humboldt University
Berlin, 1996, submitted for publication.

VAN DE PANNE C. Linear Programming and Related Techniques. North Holland
/American Elsevier, 1971.

WEBER G.-W. Optimal control theory: on the global structure and connections with
optimization. Part 2. Prepr. Darmstadt University of Technology, Germany, 1998,
submitted for publication.

WEBER G.-W. Generalized semi-infinite optimization: on some foundations. J.
Comput. Technol., 4, 3, 1999, 41-61.

WEBER G.-W. Generalized semi-infinite optimization: on iteration procedures and
topological aspects.  In “Similarity Methods”. Eds. B. Kréplin, St. Rudolph, St. Briickner.
Institute of Statics and Dynamics of Aviation and Space-Travel Constructions, 1998, 281—
3009.

WETTERLING W. W. E. Definitheitsbedingungen fiir relative Extrema bei Optimierungs-
und Approximationsaufgaben. Numer. Math., 15, 1970, 122-136.

ZIEGLER G. M. Lectures on Polytopes.  Graduate Texts im Mathematics, 152, Springer-
Verlag, 1995.

Received for publication March 29, 2000



