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Topological indices have the numerical worth that usually describes the numerous
properties of molecular graphs, such as physical, chemical, biological, etc. At the
present time, it is very prevalent to calculate various degree-based topological indices
by using the M-polynomial. Hex-derived networks are used extensively in the field of
pharmaceutics, telecommunications networks, and electronics. In the current study, we
construct the subdivided Hex-derived network of third type of dimension 𝑛 and obtain
its corresponding M-polynomial. Further, we calculate the degree-based topological
indices of the above network by using their direct formulas and alternatively from the
exact expression of the M-polynomial. In addition, we sketch the M-polynomial and
the related topological indices for different values of 𝑛. The attained results can set
a foundation to explore further into subdivided Hex-derived networks, their properties
and appliances.
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Introduction

Let us assume 𝐺 = (𝑉,𝐸) be a simple, undirected and connected graph, with 𝑉 = 𝑉 (𝐺)
denoting the vertex set and 𝐸 = 𝐸(𝐺) denoting the edge set, which includes unordered pairs
of vertices. The number of edges that are incident to a vertex 𝑢 ∈ 𝑉 (𝐺) in a graph 𝐺 is
known as the degree of a vertex 𝑢 and is denoted by 𝑑(𝑢). A subdivision of a graph 𝐺 is
acquired by adding a new vertex to an edge of the graph 𝐺 [1].

A brief discussion on topological indices and M-polynomial. In Chemical Graph
Theory (CGT), to form a graph of a given chemical compound, the atoms are represented by
vertices and the bonds between the atoms are represented by edges. The correlation between
graph theory and chemistry and their various chemical applications have been discussed
in [2]. In the field of CGT, a topological index describes the properties of the chemical
structure. Basically, a topological index is a numerical parameter that characterizes the
molecular structure and is used in quantitative structure-property relationships (QSPRs)
and quantitative structure-activity relationships (QSARs). For more information, please
refer to [3].
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The topological indices are usually divided into distance-based topological indices, count-
ing related topological indices, eigenvalue-based topological indices, degree-based topological
indices, and degree and distance-based topological indices. The indices of different classes
are useful in predicting the physico-chemical properties of several chemical structures. In
general, we compute the topological indices of a molecular structure by using their corre-
sponding mathematical formulas. Presently, the graphic polynomials [4] are used to calculate
the topological indices of different classes. Here, the basic idea is to construct a polynomial
of the given graph structure and then derive various topological indices by means of differ-
entiating or integrating (or a distinct combination of both) the polynomial.

In the review of literature, various polynomials are discussed, which include: the
M-polynomial [5], the matching polynomial [6], the Tutte polynomial [7], the Clar cover-
ing polynomial (also Zhang-Zhang polynomial) [8], the Hosoya polynomial [9], the Schultz
polynomial [10], etc. Among all of the above-mentioned polynomials, the Hosoya polyno-
mial is useful for calculating the topological indices depending on distance, for example, the
Wiener index [11], the hyper-Wiener index [12], etc.

For the prediction of numerous properties of chemical structures, degree-based topologi-
cal indices are crucial. In emerging trends, Deutsch and Klavžar [5] introduced the concept
of M-polynomial to compute various degree-based topological indices. There are several
papers in the literature in which the M-polynomials and their respective degree-based topo-
logical indices are calculated for different graph structures, such as the polyphenylene [13],
planer chemical graphs [14], different families of Hex-derived networks [15–19], coronoid
systems [20], Silicon-Carbons [21], etc.

Definition 1 (see [5]). The expression

𝑀(𝐺;𝑥, 𝑦) =
∑︁

𝛿≤𝑖≤𝑗≤Δ

𝑚𝑖,𝑗(𝐺)𝑥𝑖𝑦𝑗

is known as the M-polynomial of a graph 𝐺, where 𝛿 = min{𝑑(𝑢)|𝑢 ∈ 𝑉 (𝐺)},
∆ = max{𝑑(𝑢)|𝑢 ∈ 𝑉 (𝐺)} and 𝑚𝑖,𝑗(𝐺) denotes the number of edges 𝑢𝑣 ∈ 𝐸(𝐺) such that
𝑑(𝑢) = 𝑖, 𝑑(𝑣) = 𝑗(𝑖, 𝑗 ≥ 1).

In the article [22], it is stated that a degree-based topological index for a graph 𝐺 is
a type of graph invariant, denoted as 𝑇 (𝐺), and is defined as:

𝑇 (𝐺) =
∑︁

𝑢𝑣∈𝐸(𝐺)

𝑓(𝑑(𝑢), 𝑑(𝑣)),

where 𝑓(𝑥, 𝑦) is a non-negative real function of 𝑥 and 𝑦 related to topological indices. Table 2
depicts 𝑓(𝑥, 𝑦) in the context of our current research work. Hence, 𝑇 (𝐺) can be expressed
as follows:

𝑇 (𝐺) =
∑︁
𝑖≤𝑗

𝑚𝑖,𝑗(𝐺)𝑓(𝑖, 𝑗).

Theorem 1 (see [5], Theorems 2.1, 2.2). Let 𝐺 be a simple connected graph.

1. If 𝑇 (𝐺) =
∑︀

𝑒=𝑢𝑣∈𝐸(𝐺)

𝑓(𝑑(𝑢), 𝑑(𝑣)), where 𝑓(𝑥, 𝑦) is a polynomial in 𝑥 and 𝑦, then

𝑇 (𝐺) = 𝑓(𝐷𝑥, 𝐷𝑦)(𝑀(𝐺;𝑥, 𝑦))|𝑥=𝑦=1.
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2. If 𝑇 (𝐺) =
∑︀

𝑒=𝑢𝑣∈𝐸(𝐺)

𝑓(𝑑(𝑢), 𝑑(𝑣)), where 𝑓(𝑥, 𝑦) =
∑︀
𝑖,𝑗∈Z

𝛼𝑖,𝑗𝑥
𝑖𝑦𝑗, then 𝐼(𝐺) can be ob-

tained from 𝑀(𝐺;𝑥, 𝑦) using the operators 𝐷𝑥, 𝐷𝑦, 𝑆𝑥, and 𝑆𝑦.

3. If 𝑇 (𝐺) =
∑︀

𝑒=𝑢𝑣∈𝐸(𝐺)

𝑓(𝑑(𝑢), 𝑑(𝑣)), where 𝑓(𝑥, 𝑦) =
𝑥𝑟𝑦𝑠

(𝑥+ 𝑦 + 𝛼)𝑡
, where 𝑟, 𝑠 ≥ 0, 𝑡 ≥ 1

and 𝛼 ∈ Z, then 𝑇 (𝐺) = 𝑆𝑡
𝑥𝑄𝛼𝐽𝐷

𝑟
𝑥𝐷

𝑠
𝑦(𝑀(𝐺;𝑥, 𝑦))|𝑥=1.

Some well-known degree-based topological indices. We now discuss briefly some
standard degree-based topological indices of a graph 𝐺 which can be derived from the
M-polynomial 𝑀(𝐺;𝑥, 𝑦) of 𝐺. The Zagreb indices have been proposed by Gutman and
Trinajstić [23], which are useful in determining the total 𝜋-electron energy of a molecule. In-
fluenced by the concept of Zagreb indices, the modified Zagreb indices are introduced in [24].
The Randić index, which is proposed by Milan Randić [25], is one of the most prevalent
degree-based topological indices. This index has enormous applications in the area of drug
design. After two decades, inspired by the success of Randić index, the mathematicians
Bollobás and Erdős [26] and Amić et al. [27] proposed the idea of a generalized form of
the Randić index (for an arbitrary real number 𝛼), termed as the general Randić index.
In [28], the symmetric division (deg) index is introduced in predicting the total surface area
of polychlorobiphenyls. Whereas the total surface area of octane isomers is predicted by the
inverse sum (indeg) index [29]. Furtula et al. [30] introduced the augmented Zagreb index,
helpful for the study of heat of formation of alkanes. The formulas of the above-discussed
degree-based topological indices are listed in Table 1.

A framework of our plan. Very recently, the degree-based topological indices of subdi-
vided Hex-derived network of type one (𝑆𝐻𝐷𝑁1[𝑛]) and subdivided chain Hex-derived net-
work of third type (𝑆𝐶𝐻𝐷𝑁3[𝑛]) are estimated in [17, 32]. In this paper, we first discuss the

T a b l e 1. Degree-based topological indices and their formulas for a graph 𝐺

Topological index Notation and formula of topological indices

First Zagreb index [23] 𝑀1(𝐺) =
∑︀

𝑢𝑣∈𝐸(𝐺)

(𝑑(𝑢) + 𝑑(𝑣))

Second Zagreb index [23] 𝑀2(𝐺) =
∑︀

𝑢𝑣∈𝐸(𝐺)

(𝑑(𝑢)𝑑(𝑣))

Modified second Zagreb
index [24]

𝑚𝑀2(𝐺) =
∑︀

𝑢𝑣∈𝐸(𝐺)

1

𝑑(𝑢)𝑑(𝑣)

General Randić index [26] 𝑅𝛼(𝐺) =
∑︀

𝑢𝑣∈𝐸(𝐺)

(𝑑(𝑢)𝑑(𝑣))𝛼

Inverse Randić index [27] 𝑅𝑅𝛼(𝐺) =
∑︀

𝑢𝑣∈𝐸(𝐺)

1

(𝑑(𝑢)𝑑(𝑣))𝛼

Symmetric division (deg)
index [28]

𝑆𝐷𝐷(𝐺) =
∑︀

𝑢𝑣∈𝐸(𝐺)

{︂
min(𝑑(𝑢), 𝑑(𝑣))

max(𝑑(𝑢), 𝑑(𝑣))
+

max(𝑑(𝑢), 𝑑(𝑣))

min(𝑑(𝑢), 𝑑(𝑣))

}︂
Harmonic index [31] 𝐻(𝐺) =

∑︀
𝑢𝑣∈𝐸(𝐺)

2

𝑑(𝑢) + 𝑑(𝑣)

Inverse sum (indeg) index [28] 𝐼𝑆𝐼(𝐺) =
∑︀

𝑢𝑣∈𝐸(𝐺)

𝑑(𝑢)𝑑(𝑣)

𝑑(𝑢) + 𝑑(𝑣)

Augmented Zagreb index [30] 𝐴𝑍(𝐺) =
∑︀

𝑢𝑣∈𝐸(𝐺)

{︂
𝑑(𝑢)𝑑(𝑣)

𝑑(𝑢) + 𝑑(𝑣)− 2

}︂3
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construction of the 𝑛 dimensional subdivided Hex-derived network of third type (𝑆𝐻𝐷𝑁3[𝑛])
by elementary subdivision of Hex-derived network of third type (𝐻𝐷𝑁3[𝑛]) in Section 1.
In Section 2, we compute the degree-based topological indices for 𝑆𝐻𝐷𝑁3[𝑛] directly by
using the standard formulas mentioned in Table 1. On the other hand, we figure out an ex-
act expression of M-polynomial for the 𝑆𝐻𝐷𝑁3[𝑛] network and derive the same associated
degree-based topological indices with the help of the M-polynomial, in Section 3. Further-
more, in Section 4, we plot the M-polynomial and the indices for different values of 𝑛 to
observe their geometrical characteristics.

1. Subdivided Hex-derived network of third type of dimension 𝑛

The hexagonal network and its applications have been discussed in [33]. From the hexagonal
network of dimension 𝑛, two new Hex-derived networks 𝐻𝐷𝑁1 and 𝐻𝐷𝑁2 were proposed
in [34]. These networks confer a lot more processors and connections in comparison to the
hexagonal network. Several years later in 2017, a new chemical network named the third
type of Hex-derived network of dimension 𝑛 (𝐻𝐷𝑁3[𝑛]) [35] has been derived from the
hexagonal network.

We now derive a new graph from the existing one by incorporating the graph subdivision
operation. By applying the elementary subdivision operation on HDN3[𝑛] network, we obtain
a new chemical network of our interest and name it a subdivided Hex-derived network of third
type of dimension 𝑛 (𝑆𝐻𝐷𝑁3[𝑛]). As an example, we graphically describe the 𝑆𝐻𝐷𝑁3[3]
network of dimension 3 in Fig. 1.

Fig. 1. Subdivided Hex-derived network of third type of dimension 3 (𝑆𝐻𝐷𝑁3[3])
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2. Evaluating the degree-based topological indices of 𝑆𝐻𝐷𝑁3[𝑛]
network

This section deals with the direct evaluation of the degree-based topological indices of the
subdivided Hex-derived network of third type of dimension 𝑛 (𝑛 ≥ 3), by using the formulas
mentioned in Table 1.

Theorem 2. Let 𝑆𝐻𝐷𝑁3[𝑛] be the subdivided Hex-derived network of third type of dimen-
sion 𝑛 (𝑛 ≥ 3). Then

(i) 𝑀1(𝑆𝐻𝐷𝑁3[𝑛]) = 18(84𝑛2 − 188𝑛+ 105),

(ii) 𝑀2(𝑆𝐻𝐷𝑁3[𝑛]) = 12(210𝑛2 − 482𝑛+ 275),

(iii) 𝑚𝑀2(𝑆𝐻𝐷𝑁3[𝑛]) =
1

2
(21𝑛2 − 39𝑛+ 19),

(iv) 𝑅𝛼(𝑆𝐻𝐷𝑁3[𝑛]) = 72 · 8𝛼(𝑛− 1)2 + 42 · 14𝛼 + 60 · 20𝛼(𝑛− 2) + 18 · 36𝛼(3𝑛2 − 9𝑛+ 7),

(v) 𝑅𝑅𝛼(𝑆𝐻𝐷𝑁3[𝑛]) =
72

8𝛼
(𝑛− 1)2 +

42

14𝛼
+

60

20𝛼
(𝑛− 2) +

18

36𝛼
(3𝑛2 − 9𝑛+ 7),

(vi) 𝑆𝐷𝐷(𝑆𝐻𝐷𝑁3[𝑛]) = 672𝑛2 − 1524𝑛+ 863,

(vii) 𝐻(𝑆𝐻𝐷𝑁3[𝑛]) =
147

5
𝑛2 − 271

5
𝑛+

389

15
,

(viii) 𝐼𝑆𝐼(𝑆𝐻𝐷𝑁3[𝑛]) =
966

5
𝑛2 − 1918

5
𝑛+

2822

15
,

(ix) 𝐴𝑍(𝑆𝐻𝐷𝑁3[𝑛]) = 48(21𝑛2 − 41𝑛+ 20).

Proof. For any two arbitrary vertices 𝑢 and 𝑣 of the 𝑆𝐻𝐷𝑁3[𝑛] network, below we calculate
its degree-based topological indices by using their respective formulas (listed in Table 1).

First Zagreb index

𝑀1(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

(𝑑(𝑢) + 𝑑(𝑣)) = 72(𝑛− 1)2(2 + 4) + 42(2 + 7)+

+60(𝑛− 2)(2 + 10) + 18(3𝑛2 − 9𝑛+ 7)(2 + 18) =

= 432(𝑛− 1)2 + 378 + 720(𝑛− 2) + 360(3𝑛2 − 9𝑛+ 7) = 18(84𝑛2 − 188𝑛+ 105).

Second Zagreb index

𝑀2(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

(𝑑(𝑢)𝑑(𝑣)) = 72(𝑛− 1)2(2 · 4) + 42(2 · 7)+

+60(𝑛− 2)(2 · 10) + 18(3𝑛2 − 9𝑛+ 7)(2 · 18) =
= 576(𝑛− 1)2 + 588 + 1200(𝑛− 2) + 648(3𝑛2 − 9𝑛+ 7) = 12(210𝑛2 − 482𝑛+ 275).
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Modified second Zagreb index

𝑚𝑀2(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

1

𝑑(𝑢)𝑑(𝑣)
= 72(𝑛− 1)2

(︂
1

2 · 4

)︂
+ 42

(︂
1

2 · 7

)︂
+

+60(𝑛− 2)

(︂
1

2 · 10

)︂
+ 18(3𝑛2 − 9𝑛+ 7)

(︂
1

2 · 18

)︂
=

= 9(𝑛− 1)2 + 3 + 3(𝑛− 2) +
1

2
(3𝑛2 − 9𝑛+ 7) =

1

2
(21𝑛2 − 39𝑛+ 19).

General Randić index

𝑅𝛼(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

(𝑑(𝑢)𝑑(𝑣))𝛼 =

= 72 · 8𝛼(𝑛− 1)2 + 42 · 14𝛼 + 60 · 20𝛼(𝑛− 2) + 18 · 36𝛼(3𝑛2 − 9𝑛+ 7).

Inverse Randić index

𝑅𝑅𝛼(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

1

(𝑑(𝑢)𝑑(𝑣))𝛼
=

=
72

8𝛼
(𝑛− 1)2 +

42

14𝛼
+

60

20𝛼
(𝑛− 2) +

18

36𝛼
(3𝑛2 − 9𝑛+ 7).

Symmetric division (deg) index

𝑆𝐷𝐷(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

{︂
min(𝑑(𝑢), 𝑑(𝑣))

max(𝑑(𝑢), 𝑑(𝑣))
+

max(𝑑(𝑢), 𝑑(𝑣))

min(𝑑(𝑢), 𝑑(𝑣))

}︂
=

= 72(𝑛− 1)2
{︂
min(2, 4)

max(2, 4)
+

max(2, 4)

min(2, 4)

}︂
+ 42

{︂
min(2, 7)

max(2, 7)
+

max(2, 7)

min(2, 7)

}︂
+

+60(𝑛− 2)

{︂
min(2, 10)

max(2, 10)
+

max(2, 10)

min(2, 10)

}︂
+ 18(3𝑛2 − 9𝑛+ 7)

{︂
min(2, 18)

max(2, 18)
+

max(2, 18)

min(2, 18)

}︂
=

= 72(𝑛−1)2
{︂
2

4
+
4

2

}︂
+ 42

{︂
2

7
+
7

2

}︂
+ 60(𝑛−2)

{︂
2

10
+
10

2

}︂
+ 18(3𝑛2−9𝑛+7)

{︂
2

18
+
18

2

}︂
=

= 180(𝑛− 1)2 + 159 + 312(𝑛− 2) + 164(3𝑛2 − 9𝑛+ 7) = 672𝑛2 − 1524𝑛+ 863.

Harmonic index

𝐻(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

2

𝑑(𝑢) + 𝑑(𝑣)
=

= 72(𝑛− 1)2
2

2 + 4
+ 42

2

2 + 7
+ 60(𝑛− 2)

2

2 + 10
+ 18(3𝑛2 − 9𝑛+ 7)

2

2 + 18
=

= 24(𝑛− 1)2 +
28

3
+ 10(𝑛− 2) +

9

5
(3𝑛2 − 9𝑛+ 7) =

147

5
𝑛2 − 271

5
𝑛+

389

15
.

Inverse sum (indeg) index

𝐼𝑆𝐼(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

𝑑(𝑢)𝑑(𝑣)

𝑑(𝑢) + 𝑑(𝑣)
=

= 72(𝑛− 1)2
2 · 4
2 + 4

+ 42
2 · 7
2 + 7

+ 60(𝑛− 2)
2 · 10
2 + 10

+ 18(3𝑛2 − 9𝑛+ 7)
2 · 18
2 + 18

=

= 96(𝑛− 1)2 +
196

3
+ 100(𝑛− 2) +

162

5
(3𝑛2 − 9𝑛+ 7) =

966

5
𝑛2 − 1918

5
𝑛+

2822

15
.
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Augmented Zagreb index

𝐴𝑍(𝑆𝐻𝐷𝑁3[𝑛]) =
∑︁

𝑢𝑣∈𝐸(𝑆𝐻𝐷𝑁3[𝑛])

{︂
𝑑(𝑢)𝑑(𝑣)

𝑑(𝑢) + 𝑑(𝑣)− 2

}︂3

= 72(𝑛− 1)2
{︂

2 · 4
2 + 4− 2

}︂3

+

+42

{︂
2 · 7

2 + 7− 2

}︂3

+ 60(𝑛− 2)

{︂
2 · 10

2 + 10− 2

}︂3

+ 18(3𝑛2 − 9𝑛+ 7)

{︂
2 · 18

2 + 18− 2

}︂3

=

= 576(𝑛− 1)2 + 336 + 480(𝑛− 2) + 144(3𝑛2 − 9𝑛+ 7) = 48(21𝑛2 − 41𝑛+ 20).

3. Determining M-polynomial of the 𝑆𝐻𝐷𝑁3[𝑛] network

In this section, we obtain a closed expression of M-polynomial for the 𝑆𝐻𝐷𝑁3[𝑛] network
and hence derive the associated degree-based topological indices by using the derivation
formulas (as mentioned in Table 2).

Theorem 3. Let 𝑆𝐻𝐷𝑁3[𝑛] be the subdivided Hex-derived network of third type of dimen-
sion 𝑛 (𝑛 ≥ 3). Then M-polynomial of the 𝑆𝐻𝐷𝑁3[𝑛] network is 𝑀(𝑆𝐻𝐷𝑁3[𝑛];𝑥, 𝑦) =
72(𝑛− 1)2𝑥2𝑦4 + 42𝑥2𝑦7 + 60(𝑛− 2)𝑥2𝑦10 + 18(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18.

Proof. As enumerated in [15], the cardinalities of the vertex set and the edge set of the
third type of Hex-derived network of dimension 𝑛 (𝐻𝐷𝑁3[𝑛]) are as follows:

|𝑉 (𝐻𝐷𝑁3[𝑛])| = 21𝑛2 − 39𝑛+ 19, and |𝐸(𝐻𝐷𝑁3[𝑛])| = 63𝑛2 − 123𝑛+ 60.

Here, in our case, we can easily calculate the total number of vertices and edges of
the 𝑆𝐻𝐷𝑁3[𝑛] network. Since, the 𝑆𝐻𝐷𝑁3[𝑛] network is obtained by performing the
subdivision operation on 𝐻𝐷𝑁3[𝑛] network, i. e. by adding a new vertex between each edge
of 𝐻𝐷𝑁3[𝑛] network. Therefore,

|𝑉 (𝑆𝐻𝐷𝑁3[𝑛])| = |𝑉 (𝐻𝐷𝑁3[𝑛])|+ |𝐸(𝐻𝐷𝑁 [𝑛])| = 84𝑛2 − 162𝑛+ 79,

and |𝐸(𝑆𝐻𝐷𝑁3[𝑛])| = 2|𝐸(𝐻𝐷𝑁3[𝑛])| = 126𝑛2 − 246𝑛+ 120.

Now, based on the degree of the vertices of the 𝑆𝐻𝐷𝑁3[𝑛] network, below we partition
the vertex set 𝑉 (𝑆𝐻𝐷𝑁3[𝑛]) into five disjoint sets, as

𝑉1(𝑆𝐻𝐷𝑁3[𝑛]) = {𝑢 ∈ 𝑉 (𝑆𝐻𝐷𝑁3[𝑛]) : 𝑑(𝑢) = 2},
𝑉2(𝑆𝐻𝐷𝑁3[𝑛]) = {𝑢 ∈ 𝑉 (𝑆𝐻𝐷𝑁3[𝑛]) : 𝑑(𝑢) = 4},
𝑉3(𝑆𝐻𝐷𝑁3[𝑛]) = {𝑢 ∈ 𝑉 (𝑆𝐻𝐷𝑁3[𝑛]) : 𝑑(𝑢) = 7},
𝑉4(𝑆𝐻𝐷𝑁3[𝑛]) = {𝑢 ∈ 𝑉 (𝑆𝐻𝐷𝑁3[𝑛]) : 𝑑(𝑢) = 10},
𝑉5(𝑆𝐻𝐷𝑁3[𝑛]) = {𝑢 ∈ 𝑉 (𝑆𝐻𝐷𝑁3[𝑛]) : 𝑑(𝑢) = 18},

and each of the above vertex set has the cardinality

|𝑉1(𝑆𝐻𝐷𝑁3[𝑛])|=3(21𝑛2−41𝑛+20), |𝑉2(𝑆𝐻𝐷𝑁3[𝑛])|=18(𝑛−1)2,

|𝑉3(𝑆𝐻𝐷𝑁3[𝑛])|=6, |𝑉4(𝑆𝐻𝐷𝑁3[𝑛])|=6(𝑛−2), |𝑉5(𝑆𝐻𝐷𝑁3[𝑛])|=3𝑛2−9𝑛+7.

Moreover, we divide the edge set 𝐸(𝑆𝐻𝐷𝑁3[𝑛]) into four parts on the basis of degrees
of the end vertices of each edge. Let us name them as

𝐸{𝑖,𝑗} = {𝑒 = 𝑢𝑣 ∈ 𝐸(𝑆𝐻𝐷𝑁3[𝑛]) : 𝑑(𝑢) = 𝑖, 𝑑(𝑣) = 𝑗},
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where {𝑖, 𝑗} = {2, 4}, {2, 7}, {2, 10}, and {2, 18}. And the cardinalities of these edge sets
are given by |𝐸{2,4}| = 72(𝑛 − 1)2, |𝐸{2,7}| = 42, |𝐸{2,10}| = 60(𝑛 − 2) and |𝐸{2,18}| =
18(3𝑛2 − 9𝑛+ 7). Thus, by using the definition 1, M-polynomial of the 𝑆𝐻𝐷𝑁3[𝑛] network
is given as

𝑀(𝑆𝐻𝐷𝑁3[𝑛];𝑥, 𝑦) =
∑︁
𝑖≤𝑗

𝑚𝑖,𝑗𝑥
𝑖𝑦𝑗, where 𝑖, 𝑗 ∈ {2, 4, 7, 10, 18} =

=
∑︁
2≤4

𝑚2,4𝑥
2𝑦4 +

∑︁
2≤7

𝑚2,7𝑥
2𝑦7 +

∑︁
2≤10

𝑚2,10𝑥
2𝑦10 +

∑︁
2≤18

𝑚2,18𝑥
2𝑦18 =

=
∑︁

𝑢𝑣∈𝐸{2,4}

𝑚2,4𝑥
2𝑦4 +

∑︁
𝑢𝑣∈𝐸{2,7}

𝑚2,7𝑥
2𝑦7 +

∑︁
𝑢𝑣∈𝐸{2,10}

𝑚2,10𝑥
2𝑦10 +

∑︁
𝑢𝑣∈𝐸{2,18}

𝑚2,18𝑥
2𝑦18 =

= |𝐸{2,4}|𝑥2𝑦4 + |𝐸{2,7}|𝑥2𝑦7 + |𝐸{2,10}|𝑥2𝑦10 + |𝐸{2,18}|𝑥2𝑦18 =

= 72(𝑛− 1)2𝑥2𝑦4 + 42𝑥2𝑦7 + 60(𝑛− 2)𝑥2𝑦10 + 18(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18.

Table 2 gives the derivation formulas in terms of integral or derivative (or both integral
and derivative) [5]. By applying them to our obtained M-polynomial of the 𝑆𝐻𝐷𝑁3[𝑛] net-
work, we now derive directly the associated degree-based topological indices (described in
Table 1) of the 𝑆𝐻𝐷𝑁3[𝑛] network. Essentially, we present below the M-polynomial based
proof of Theorem 2 as directed above.

An alternate proof of the theorem 2 (M-polynomial based). For reasons of sim-
plicity, let us assume 𝜂(𝑥, 𝑦) = 𝑀(𝑆𝐻𝐷𝑁3[𝑛];𝑥, 𝑦). Therefore, the M-polynomial for

T a b l e 2. Derivation formulas on the M-polynomial for deriving the degree-based topological
indices of a graph 𝐺

Topological index Notation 𝑓(𝑥, 𝑦) Derivation from (𝑀(𝐺;𝑥, 𝑦))

First Zagreb index 𝑀1(𝐺) 𝑥+ 𝑦 (𝐷𝑥 +𝐷𝑦)(𝑀(𝐺;𝑥, 𝑦))|𝑥=𝑦=1

Second Zagreb index 𝑀2(𝐺) 𝑥𝑦 (𝐷𝑥𝐷𝑦)(𝑀(𝐺;𝑥, 𝑦))|𝑥=𝑦=1

Modified second Zagreb index 𝑚𝑀2(𝐺)
1

𝑥𝑦
(𝑆𝑥𝑆𝑦)(𝑀(𝐺;𝑥, 𝑦))|𝑥=𝑦=1

General Randić index 𝑅𝛼(𝐺) (𝑥𝑦)𝛼 (𝐷𝛼
𝑥𝐷

𝛼
𝑦 )(𝑀(𝐺;𝑥, 𝑦))|𝑥=𝑦=1

Inverse Randić index 𝑅𝑅𝛼(𝐺)
1

(𝑥𝑦)𝛼
(𝑆𝛼

𝑥𝑆
𝛼
𝑦 )(𝑀(𝐺;𝑥, 𝑦))|𝑥=𝑦=1

Symmetric division (deg) index 𝑆𝐷𝐷(𝐺)
𝑥2 + 𝑦2

𝑥𝑦
(𝐷𝑥𝑆𝑦 +𝐷𝑦𝑆𝑥)(𝑀(𝐺;𝑥, 𝑦))|𝑥=𝑦=1

Harmonic index 𝐻(𝐺)
2

𝑥+ 𝑦
2𝑆𝑥𝐽(𝑀(𝐺;𝑥, 𝑦))|𝑥=1

Inverse sum (indeg) index 𝐼𝑆𝐼(𝐺)
𝑥𝑦

𝑥+ 𝑦
𝑆𝑥𝐽𝐷𝑥𝐷𝑦(𝑀(𝐺;𝑥, 𝑦))|𝑥=1

Augmented Zagreb index 𝐴𝑍(𝐺)

(︂
𝑥𝑦

𝑥+ 𝑦 − 2

)︂3

𝑆3
𝑥𝑄−2𝐽𝐷

3
𝑥𝐷

3
𝑦(𝑀(𝐺;𝑥, 𝑦))|𝑥=1

Here, 𝐷𝑥(𝑓(𝑥, 𝑦)) = 𝑥
𝜕(𝑓(𝑥, 𝑦))

𝜕𝑥
, 𝐷𝑦(𝑓(𝑥, 𝑦)) = 𝑦

𝜕(𝑓(𝑥, 𝑦))

𝜕𝑦
, 𝑆𝑥(𝑓(𝑥, 𝑦)) =

𝑥∫︁
0

𝑓(𝑡, 𝑦)

𝑡
𝑑𝑡, 𝑆𝑦(𝑓(𝑥, 𝑦)) =

𝑦∫︁
0

𝑓(𝑥, 𝑡)

𝑡
𝑑𝑡, 𝐽(𝑓(𝑥, 𝑦)) = 𝑓(𝑥, 𝑥), 𝑄𝛼(𝑓(𝑥, 𝑦)) = 𝑥𝛼𝑓(𝑥, 𝑦), 𝛼 ̸= 0.
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the 𝑆𝐻𝐷𝑁3[𝑛] network (as obtained in theorem 3) is

𝜂(𝑥, 𝑦) = 72(𝑛− 1)2𝑥2𝑦4 + 42𝑥2𝑦7 + 60(𝑛− 2)𝑥2𝑦10 + 18(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18.

Now, we calculate the following terms which will be required for our further computation of
various degree-based topological indices.

𝐷𝑥(𝜂(𝑥, 𝑦)) = 144(𝑛− 1)2𝑥2𝑦4 + 84𝑥2𝑦7 + 120(𝑛− 2)𝑥2𝑦10 + 36(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝐷𝑦(𝜂(𝑥, 𝑦)) = 288(𝑛− 1)2𝑥2𝑦4 + 294𝑥2𝑦7 + 600(𝑛− 2)𝑥2𝑦10 + 324(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝐷𝑦𝐷𝑥(𝜂(𝑥, 𝑦)) = 576(𝑛− 1)2𝑥2𝑦4 + 588𝑥2𝑦7 + 1200(𝑛− 2)𝑥2𝑦10 + 648(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝑆𝑥(𝜂(𝑥, 𝑦)) = 36(𝑛− 1)2𝑥2𝑦4 + 21𝑥2𝑦7 + 30(𝑛− 2)𝑥2𝑦10 + 9(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝑆𝑦(𝜂(𝑥, 𝑦)) = 18(𝑛− 1)2𝑥2𝑦4 + 6𝑥2𝑦7 + 6(𝑛− 2)𝑥2𝑦10 + (3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝑆𝑥𝑆𝑦(𝜂(𝑥, 𝑦)) = 9(𝑛− 1)2𝑥2𝑦4 + 3𝑥2𝑦7 + 3(𝑛− 2)𝑥2𝑦10 +
1

2
(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝐷𝛼
𝑥𝐷

𝛼
𝑦 (𝜂(𝑥, 𝑦)) = 72 · 8𝛼(𝑛− 1)2𝑥2𝑦4 + 42 · 14𝛼𝑥2𝑦7 + 60 · 20𝛼(𝑛− 2)𝑥2𝑦10+

+18 · 36𝛼(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝑆𝑦𝐷𝑥(𝜂(𝑥, 𝑦)) = 36(𝑛− 1)2𝑥2𝑦4 + 12𝑥2𝑦7 + 12(𝑛− 2)𝑥2𝑦10 + 2(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝑆𝑥𝐷𝑦(𝜂(𝑥, 𝑦)) = 144(𝑛− 1)2𝑥2𝑦4 + 147𝑥2𝑦7 + 300(𝑛− 2)𝑥2𝑦10 + 162(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝑆𝛼
𝑥𝑆

𝛼
𝑦 (𝜂(𝑥, 𝑦)) =

72

8𝛼
(𝑛− 1)2𝑥2𝑦4 +

42

14𝛼
𝑥2𝑦7 +

60

20𝛼
(𝑛− 2)𝑥2𝑦10 +

18

36𝛼
(3𝑛2 − 9𝑛+ 7)𝑥2𝑦18,

𝑆𝑥𝐽(𝜂(𝑥, 𝑦)) = 12(𝑛− 1)2𝑥6 +
14

3
𝑥9 + 5(𝑛− 2)𝑥12 +

9

10
(3𝑛2 − 9𝑛+ 7)𝑥20,

𝑆𝑥𝐽𝐷𝑥𝐷𝑦(𝜂(𝑥, 𝑦)) = 96(𝑛− 1)2𝑥6 +
196

3
𝑥9 + 100(𝑛− 2)𝑥12 +

162

5
(3𝑛2 − 9𝑛+ 7)𝑥20,

𝑆3
𝑥𝑄−2𝐽𝐷

3
𝑥𝐷

3
𝑦(𝜂(𝑥, 𝑦)) = 576(𝑛− 1)2𝑥4 + 336𝑥7 + 480(𝑛− 2)𝑥10 + 144(3𝑛2 − 9𝑛+ 7)𝑥18.

Thus, from the derivation formulas listed in Table 2, the degree-based topological indices
of the 𝑆𝐻𝐷𝑁3[𝑛] network are as follows:

First Zagreb index

𝑀1(𝑆𝐻𝐷𝑁3[𝑛]) = (𝐷𝑥 +𝐷𝑦)(𝜂(𝑥, 𝑦))|𝑥=𝑦=1 = 18(84𝑛2 − 188𝑛+ 105).

Second Zagreb index

𝑀2(𝑆𝐻𝐷𝑁3[𝑛]) = 𝐷𝑥𝐷𝑦(𝜂(𝑥, 𝑦))|𝑥=𝑦=1 = 12(210𝑛2 − 482𝑛+ 275).

Modified second Zagreb index

𝑚𝑀2(𝑆𝐻𝐷𝑁3[𝑛]) = 𝑆𝑥𝑆𝑦(𝜂(𝑥, 𝑦))|𝑥=𝑦=1 =
1

2
(21𝑛2 − 39𝑛+ 19).

General Randić index

𝑅𝛼(𝑆𝐻𝐷𝑁3[𝑛]) = 𝐷𝛼
𝑥𝐷

𝛼
𝑦 (𝜂(𝑥, 𝑦))|𝑥=𝑦=1 =

= 72 · 8𝛼(𝑛− 1)2 + 42 · 14𝛼 + 60 · 20𝛼(𝑛− 2) + 18 · 36𝛼(3𝑛2 − 9𝑛+ 7).

Inverse Randić index

𝑅𝑅𝛼(𝑆𝐻𝐷𝑁3[𝑛]) = 𝑆𝛼
𝑥𝑆

𝛼
𝑦 (𝜂(𝑥, 𝑦))|𝑥=𝑦=1 =

72

8𝛼
(𝑛−1)2+

42

14𝛼
+

60

20𝛼
(𝑛−2)+

18

36𝛼
(3𝑛2−9𝑛+7).
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Symmetric division (deg) index

𝑆𝐷𝐷(𝑆𝐻𝐷𝑁3[𝑛]) = (𝑆𝑦𝐷𝑥 + 𝑆𝑥𝐷𝑦)(𝜂(𝑥, 𝑦))|𝑥=𝑦=1 = 672𝑛2 − 1524𝑛+ 863.

Harmonic index

𝐻(𝑆𝐻𝐷𝑁3[𝑛]) = 2𝑆𝑥𝐽(𝜂(𝑥, 𝑦))|𝑥=1 =
147

5
𝑛2 − 271

5
𝑛+

389

15
.

Inverse sum (indeg) index

𝐼𝑆𝐼(𝑆𝐻𝐷𝑁3[𝑛]) = 𝑆𝑥𝐽𝐷𝑥𝐷𝑦(𝜂(𝑥, 𝑦))|𝑥=1 =
966

5
𝑛2 − 1918

5
𝑛+

2822

15
.

Augmented Zagreb index

𝐴𝑍(𝑆𝐻𝐷𝑁3[𝑛]) = 𝑆3
𝑥𝑄−2𝐽𝐷

3
𝑥𝐷

3
𝑦(𝜂(𝑥, 𝑦))|𝑥=1 = 48(21𝑛2−41𝑛+20).

4. Experimental outcomes associated with the M-polynomial

In Table 3, we have listed the M-polynomial and related degree-based topological indices
of the 𝑆𝐻𝐷𝑁3[𝑛] network for different values of 𝑛. Using the Maple-13 software we have
created 3-D plots of the M-polynomial of the subdivided Hex-derived network of third type
of dimension 3 (𝑆𝐻𝐷𝑁3[3]) in the different domain ranges from −2 ≤ 𝑥, 𝑦 ≤ 2 in Fig. 2, a,
−1 ≤ 𝑥, 𝑦 ≤ 1 in Fig. 2, b and −0.5 ≤ 𝑥, 𝑦 ≤ 0.5 in Fig. 2, c.

Furthermore, we have drawn the related degree-based topological indices of the SHDN3[𝑛]
network for several 𝑛 (3 ≤ 𝑛 ≤ 7). Figure 3 shows the characteristics of the first Zagreb,
general Randić (𝛼 = 1/2), second Zagreb, symmetric division (deg), inverse sum (indeg), and
augmented Zagreb indices of the 𝑆𝐻𝐷𝑁3[𝑛] network. The characteristics of the modified
second Zagreb, harmonic, and inverse Randić (𝛼 = 1/2) indices of the 𝑆𝐻𝐷𝑁3[𝑛] network
are graphically represented in Fig. 4. By inspecting them, we can conclude that the values
of each of the topological indices have been increasing with the increment of dimension 𝑛 of
the structure.

T a b l e 3. Evaluation of M-polynomial and the corresponding degree-based topological indices
of the 𝑆𝐻𝐷𝑁3[𝑛] network at distinct values of 𝑛

Topological Index
Dimension

𝑛 = 3 𝑛 = 4 𝑛 = 5 𝑛 = 6 𝑛 = 7
M-polynomial

288𝑥2𝑦4 +
42𝑥2𝑦7 +
60𝑥2𝑦10 +
126𝑥2𝑦18

648𝑥2𝑦4 +
42𝑥2𝑦7 +
120𝑥2𝑦10+
342𝑥2𝑦18

1152𝑥2𝑦4+
42𝑥2𝑦7 +
180𝑥2𝑦10+
666𝑥2𝑦18

1800𝑥2𝑦4+
42𝑥2𝑦7 +
240𝑥2𝑦10+
1098𝑥2𝑦18

2592𝑥2𝑦4+
42𝑥2𝑦7 +
300𝑥2𝑦10+
1638𝑥2𝑦18

First Zagreb index 5346 12 546 22 770 36 018 52 290

Second Zagreb index 8628 20 484 37 380 59 316 86 292

Modified second Zagreb index 45.50 99.50 174.50 270.50 387.50

General Randić index (𝛼 = 1/2) 1996.0648 4578.6267 8216.4821 12 909.6311 18 658.0735

Inverse Randić index (𝛼 = 1/2) 147.4648 324.1604 569.7677 884.2867 1267.7174

Symmetric division (deg) index 2339 5519 10 043 15 911 23 123

Harmonic index 127.9333 279.5333 489.9333 759.1333 1087.1333

Inverse sum (indeg) index 776.1333 1744.9333 3100.1333 4841.7333 6969.7333

Augmented Zagreb index 4128 9216 16 320 25 440 36 576
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a b c

−2 ≤ 𝑥, 𝑦 ≤ 2 −1 ≤ 𝑥, 𝑦 ≤ 1 −0.5 ≤ 𝑥, 𝑦 ≤ 0.5

Fig. 2. The graph of the M-polynomial of 𝑆𝐻𝐷𝑁3[3] network in various 𝑥 and 𝑦 regions

Fig. 3. Pictorial representation of first Zagreb, general Randić (𝛼 = 1/2), second Zagreb, symmetric
division (deg), inverse sum (indeg), and augmented Zagreb indices of 𝑆𝐻𝐷𝑁3[𝑛] network for
different values of 𝑛 (3 ≤ 𝑛 ≤ 7)

Fig. 4. Pictorial representation of modified second Zagreb, harmonic, and inverse Randić (𝛼 = 1/2)
indices of 𝑆𝐻𝐷𝑁3[𝑛] network for different values of 𝑛 (3 ≤ 𝑛 ≤ 7)
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Conclusions

In the present study, we have considered the subdivided Hex-derived network of third type
of dimension 𝑛 (𝑆𝐻𝐷𝑁3[𝑛]) which we have derived from the structure of 𝐻𝐷𝑁3[𝑛] network
by the graph subdivision. Observe that the structure of 𝑆𝐻𝐷𝑁3[𝑛] network is more com-
pact than the 𝐻𝐷𝑁3[𝑛] network. We have calculated the degree-based topological indices
of the 𝑆𝐻𝐷𝑁3[𝑛] network by the direct method and M-polynomial method. In the direct
method, we have computed the degree-based topological indices using their direct mathe-
matical formulas. In the M-polynomial based method, we have obtained the exact expression
of M-polynomial for the 𝑆𝐻𝐷𝑁3[𝑛] network and then derived the respective degree-based
topological indices. One can observe that the latter method is very quick, compact, easy and
more appropriate to compute the degree-based topological indices of the network. Addition-
ally, we have graphically represented the behavior of the M-polynomial in different regions
and the degree-based topological indices of the 𝑆𝐻𝐷𝑁3[𝑛] network for different dimensions.
The obtained outcomes can set a base for advanced research into subdivided Hex-derived
networks, their characteristics and appliances.

Acknowledgements. The preliminary version of this paper was presented at the 26th Inter-
national Conference of the International Academy of Physical Sciences (CONIAPS-XXVI-
2020) on Advances in Algebra and Analysis held at Marwadi University, Rajkot, Gujarat,
India, during December 18–20, 2020. The second author would like to express her gratitude
to Banaras Hindu University (BHU), Varanasi, for the financial support of BHU-fellowship.

References

[1] West D.B. Introduction to graph theory. Second edition. Prentice Hall; 2001: 588.
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Аннотация

Топологические индексы имеют то числовое значение, которое обычно описывает много-
численные свойства молекулярных графов, такие как физические, химические, биологические
и т. д. Сегодня очень распространено вычисление различных топологических индексов на ос-
нове степеней с помощью М-полинома. Шестнадцатеричные сети широко используются в обла-
сти фармацевтики, телекоммуникационных сетей и электроники. В настоящем исследовании
построена подразделенная сотовая сеть третьего типа размерности 𝑛 и получен соответствую-
щий M-полином. Вычислены основанные на степени топологические индексы вышеуказанной
сети с использованием их прямых формул и, альтернативно, точного выражения М-полинома.
Кроме того, очерчен М-полином и связанные с ним топологические индексы для различных
значений 𝑛. Достигнутые результаты могут стать основой для дальнейшего изучения подраз-
деленных сотовых сетей, их свойств и устройства.

Ключевые слова: M-полином, подразделенная сотовая сеть третьего типа, степенные топо-
логические индексы, полином-граф.
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