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Theoretical estimation, laboratory experiments and numerical simulations are the
typical approaches to homogenization. In this paper, we propose a numerical method
for obtaining effective resistivity. This approach is based on the simulation of the
electrostatic field in heterogeneous media. We employ heterogeneous multi-scale finite
element method (FE-HMM) to solve this problem in complex media (i.e. we consider
materials with high contrast micro inclusions). FE-HMM is a two stage method. On the
first stage a macro-scale solver is selected and missing macroscopic data are estimated.
This makes it possible to study percolation (the flow of the electric current through
the complex media) without any simplifications of the model.

In this paper we consider a 3D problem that requires to determine effective resis-
tivity of an object with cuprum plate inclusions necessary for the study of the per-
colation processes. Developed FE-HMM algorithm allows us to obtain effective scalar
characteristics (e.g., thermal conductivity, electrical resistivity etc.) of the materials
containing high-contrast inclusions. Developed algorithms are implemented in C++
for parallel architectures and are adaptable for the use on modern supercomputers. In
order to obtain effective resistivity of the samples with inclusions with different shape
and physical characteristics, we carried out a number of computational experiments.
Our study indicates that the surface square of each inclusion is inversely related to
the percolation threshold of the material with the inclusions. Our studies also indicate
that if inclusions are localized in the subdomain of the media, a simplification of the
model to the uniform distribution will be unacceptable.

Keywords: effective resistivity, heterogeneous multiscale finite element method
(FE-HMM), heterogeneous media, percolation threshold.

Introduction

Heterogeneous media are the macroscopic systems consisting of homogeneous components,
delimited by boundary surfaces (e. g., rocks, composite materials). Such media can be descri-
bed by the system “matrix/inclusion” [1]. In the heterogeneous media studies it is necessary
to determine media that are multi-scale (i.e. the object size significantly exceeds the size
of the inclusions) and multi-physics (i.e. inclusions and matrix have contrasting characte-
ristics).

© ICT SB RAS, 2017
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Studies of the properties of the composite materials show that if the concentration of
the inclusions in an object exceeds critical value, effective properties of this medium may
abruptly change [2, 3]. This process is called percolation [4]. The percolation theory was
proposed in [4]. According to this theory, the system “matrix/inclusion” is considered as
a finite or infinite system where material properties are concentrated inside the nodes [5].
Neighbouring points with similar properties are grouped into clusters that can be analyzed
as single structures [6]. The lowest concentration of the conductive inclusions, at which a
continuous path from one border to the other is formed, defines the threshold of percolation.

At present the percolation theory is most frequently used in the studies of the filtration
processes [7—10] and of the conductivity of the composite materials (e.g. polymer composi-
tes containing nanotubes [11, 12] or nano-plates [13, 14]). In order to study the influence of
various factors on the percolation threshold, various approaches based on special theoreti-
cal model [15, 16], laboratory experiments [17] and numerical simulations of heterogeneous
media are used. However, such approaches do not permit to determine the effective cha-
racteristics of the media near the percolation threshold. Numerical methods, based on the
mathematical models of the processes in heterogeneous media make it possible to establish
threshold concentrations of inclusions, as well as to calculate effective characteristics of the
media considered.

There exist various numerical methods for the study of the scalar effective properties that
can be described by the stationary model (e. g. permeability, electrical conductivity, thermal
conductivity, etc.). In most cases, in order to solve such problems, Galerkin formulation of
the finite element method (FEM) in [18] is used. Due to the geometrical complexity of the
problems considered, the finite element method in its classical formulation cannot be used,
as it will lead to the significant increase of the dimensionality of the problem. There exist
a number of modifications of the FEM for the solution of the multi-scale and multi-physics
problems [19]. One of these specialized methods designed to investigate properties of the
materials that have multi-scale physical and geometrical properties is the heterogeneous
multi-scale finite elements method (FE-HMM [20—-22]). It is based on the multi-scale finite
element method (MsFEM [23]) and generalized finite element method (GFEM [24-27]).
FE-HMM belongs to a growing class of multi-scale methods based on the decomposition of
the entire space of solutions into the sum of two subspaces: the coarse space responsible
for the effective properties of the media, and the fine space where all small scale features
can be considered (e.g., pores, fibrous structures, inclusions, cracks, etc.) [2, 28]. In the
FE-HMM polyhedrons can be used as finite elements in the spacial discretization, unlike the
MsFEM, where parallelepipeds are the only elements that can be used on the coarse grid in
the three-dimensional case. We can apply the FE-HMM to solve such problems in domains
with complex geometries.

1. The mathematical model

In this paper we consider a three-dimensional problem of computing effective electrical resis-
tivity of the heterogeneous media under the direct current. The mathematical model of the
process considered is a homogeneous elliptic equation with Dirichlet and Neumann boundary
conditions.

~V - (p* (2)™" Vs (2)) =0 in Q, (1)
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where p (z) is electrical resistivity (Ohm-m), Q = {z € R3|(x € Q) V (z € Qo)} is the
solution domain which consists of contrast micro inclusions €2; and a matrix €.

We suppose that Q2 is a cylinder with a boundary 02 = I'1 UT'y, UT's U 0€;,, where I'y,
I's, I's are external boundaries, 0€;, is the boundary between inclusions €2; and matrix 2.
We set up inhomogeneous Dirichlet boundary conditions on the boundaries I'; and T'y (the
top and bottom faces) that correspond to the potential difference. On the boundary of I'y
(side faces) homogeneous Neumann conditions are set up

{ps(;ﬁ)—l 3u;I(lx)Lﬂm — 0, [uf (2)]pg, =0,

ou ()
on

=0, (@), =0, u (@)l =1,

T2

where n is the external normal to the boundary, [.] is the jump operator.
Therefore it is necessary to solve homogeneous elliptic equation (1) with the boundary
conditions (2) on the domain 2 with contrast micro inclusions with different geometries.

2. The heterogeneous multiscale finite element method

The FE-HMM is a generalization of the classical grid multi-scale method and the mesh-free
generalized finite element method. By analogy with the MsFEM in the FE-HMM the so-
lution is defined as a linear combination of the non-polynomial shape functions defined on
the finite supports. However, these functions are not explicitly constructed on the entire
macro element (the coarse element). Instead, on each macro element a quadrature rule and
integration points are selected and the neighbourhoods are formed by joining fine grid ele-
ments around each integration point, with the following restrictions: each neighbourhood is
located strictly inside the macro element and the integration points cannot be on the boun-
dary of the appropriate neighbourhood. Non-polynomial shape functions are constructed as
a decomposition on the basis of the fine grid in the neighbourhood of each integration point,
but not on the entire macro element. Therefore, the coupling of the non-polynomial shape
functions is based on the quadrature rule. Therefore, the FE-HMM is a “quasi mesh-free”
method. This approach complicates assembly procedure of the global solution and makes it
impossible to use standard techniques typically used in the FEM and the MsFEM.

Our approach permits to work on the coarse grid level without additional builds of
the free form finite supports in order to solve problems with complex internal structures.
This approach can be seen as an approximate virtual element method [29]. Non-polynomial
shape functions are constructed and processed independently that allows for efficient parallel
implementation of the algorithm.

2.1. The multiscale shape functions
Let (2) be a conformal decomposition of  C R? into polyhedral elements K? such that
U K? = Q, where Nk is the total number of elements in (£2). Usually, () is called

the coarse grid, and K? is called the macro element. We will call {K?, F, 3, A} the finite
element [30], where K C € is a simply-connected polyhedron; F Cc H' (Q) is the space
of non-polynomial multi-scale shape functions ©X” i = 1 p, (Fig. 1) defined in K? and
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Fig. 1. An example of the shape function: ¢ — the macro element; b — the shape function in plane
section

reflecting an inner microstructure of the media, dim F' = p; ¥ = F* is the subspace of
degrees of freedom, dim ¥ = p; A is the quadrature rule.
Let the quadrature rule A for the polyhedron K? be

[ e =3 ). 3)

where ng is the number of the integration points, w; and z; € R? are weights and nodes for
the numerical integration, respectively. In the FE-HMM it is necessary that the quadrature
rule A satisfies the following conditions:
1) Vay, | =1,ng : x; ¢ OKP;
2) the order of the quadrature rule A is constant for all elements K? € < (Q);
3) let polyhedrons K, Ky € $(Q2) have a common face or edge (i.e. the elements K,
and K, are neighbours), then the integration points z;, € K, I; = 1,ng, and x;, €
Ky, ly = 1,ng, are symmetrical about the common face or edge, respectively.
In order to construct the non-polynomial multi-scale shape functions ©X”, i = 1,p the
finite element grid should be generated according to the following algorithm:
1) an adaptive nonuniform conformal simplicial decomposition R (K?) = {k} of all macro
elements K? is generated;
2) around each integration point x;, [ = 1, nx we construct a sphere Sph (z;) C K? with
the center at x;; the sphere radius is chosen based on the physical characteristics of
the problem being solved and the geometrical properties of internal structures;

3) the polyhedron I (x;) = {l;: e R(K?): k C Sph (xl)} is created taking into account

the following condition z; ¢ 01 (x;).
Therefore a polyhedron I (z;), | = 1,ng consisting of the elements of the simplex decom-
position R (K?) is constructed around each integration point x;, [ = 1, ng-.
We define linear interpolation shape functions ¥/ (x) on  (K?) and discrete subspace

HY(K7) = span { g i =T, PR} < H} (K7), (4)

where PE is the number of degrees of freedom of the simplicial decomposition R (K?).
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The non-polynomial multi-scale shape functions X" i = 1,p are introduced as an ex-
pansion on the basis of the space (4)

PK
o (x) =) gl (2) Vi=Tp,
r=1

where p is the number of degrees of freedom of the macro element K?.
By using solution in each neighbourhood I (x;), I = 1,nx we will find the expansion
weight

—V- (0 @) V) =0in I (@), o (@)]yy,, =1 (@)

where n¥ () is the solution of the reduced 2D problem on each face E; C R? of the polyhe-
dron I (z;), and ©X", i = 1, p is the non-polynomial multi-scale shape functions.

~Vap - (p° (2) 7' Vapn (2)) = 0 in B, 0 ()], =& (@),

where ¢ = 1, p is the number of degrees of freedom of the macro element K?, |J, E5 = 9I (1)
and Vs,r: E;NE, =0, £ (z) is a function, that is defined in K? and is equal to 1 on the
i-th node and 0 on the other nodes of K?. The function £ () is linear on edges of K?.

2.2. The variational formulation

Consider Hilbert spaces:

Hg(Q) = {U € Hl(Q) : U‘ag = 0} .

For the elliptic boundary value problem (1), (2), the variational formulation takes the
following form:
find u® € Hj(Q) + uo(9) such that
/pg (z) "' Vi (z) - Vo(z)dQ =0 Yo e H(Q).
Q

The solution of the global multi-scale problem is a linear combination of the multi-scale
non-polynomial shape functions

ST

Kre3(Q)

where & (£2) is the decomposition of the domain €2, p is the number of degrees of freedom

of the macro element KP, and X" is the non-polynomial multi-scale shape function defined
in KP.
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The variational formulation of the FE-HMM for the elliptic boundary value problem (1), (2)
has the following form:
find us" € V*(Q) + uo(99) such that
/(pa(:v) ) Vet (z) - Vol(z) dQ =0 Yo' e VH(Q), zeq.

Q

The corresponding system of linear algebraic equations (SLAE) in matrix form can be

expressed as follows:
Aglobalu — bglobalj

where A9°% ig the global matrix of the SLAE. This matrix is obtained by assembling local
matrices AX"lecal for VKP € $(Q):

AngOC(ll — /<ps(x) )—1 VSOle(.CE) . Vgoij(x)dea r e KP. (5)
Kpr

Each element (5) is determined according to the following quadrature rule (3):

ARt =N (pF () )T VR (1) - Vol ().
=1

3. Numerical experiments

In order to determine the percolation threshold (the critical volume concentration of inclusi-
ons), a series of computational experiments for parallelepiped samples (30 x30x 100 mm) with
inclusions of different form, concentration and physical properties (see table) were carried
out. Electrical resistivity of the matrix in all experiments was set to patric = 1.4 Ohm-m
that corresponds to the quartz sand saturated NaCl.

Classification of inclusions

Type Electrical resisti- | Volume  con-
No. of inclusions vity of inclusions | centration of | Size of inclusions, mm
Pinct, Ohm - m inclusions, %
1.1 Spheres 1078 10-44 d=3.85
2.1.1 | Plates 101 0.7-10.5 a=03;b=5L=10
2.1.2 1072
2.1.3 101
2.1.4 10°°
2.1.5 10°°®
2.2 1078 1.5-13.7 a=0.6;b=5L=10
2.3 108 1.4-6.6 a=03;b=5;L=20
3.1 Deformed 1078 1.8-7.1 a=03;b=5;L=10
plates (curve
centered at 90°)
3.2 1078 1.3-11.9 a=0.6;b=25;L=10
3.3 1078 1.6-4.9 a=0.3b=5L=20
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Fig. 2. Examples of objects that contain plates 0.6 x 5 x 10 mm (type 2.2) with 11 % concentration:
a — uniform distribution; b — exponential distribution for A = 0.4

In the samples, inclusions are randomly distributed according to the three-dimensional
uniform (Fig. 2, a) and exponential Exp (\) distributions (Fig. 2, b).

The calculation of the effective resistivity according to the formula [2] was verified in
physical and computational experiments [31, 28|.

pesr = (131 /N )~ = || [ |J|2/ JE

where J is a current density; u is a scalar potential.

3.1. The influence of the electrical properties of inclusions
on the percolation threshold

Fig. 3 shows the calculation results of the effective resistivity for the media, that contain
uniformly distributed plates 0.3 x5x 10 mm (the types 2.1.1-2.1.5) (Fig. 2, a). The resistivity
of the inclusions varies from 107! to 107® Ohm - m.

The percolation threshold occurs when the concentration of the inclusions is ~ 5%
(conductive plates 2.1.3-2.1.5). In samples with small conductive inclusions (the plates 2.1.1,
2.1.2) percolation does not occur. Therefore, all further experiments will be performed under
the condition of the high contrast of resistivity of the matrix and inclusions. This result is
consistent with the experiments [32].

1.00E+01

o o —e— Plates 2.1.1
""" K Plates 2.1.2
1.00E-03 AR Plates 2.1.3

]

=
e saa
[

1.00E-01

1.00E-05 \ --m-- Plates 2.1.4
-------- - --o- Plates 2.1.5

2 4 6 8
Volume concentration of inclusions, %

Effective electrical
resitivity, Ohm-m
w

1.00E-07
0

Fig. 3. The variation in the effective resistivity for inclusions with different resistivity
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3.2. The influence of the inclusions shape on the percolation threshold

The investigation of the heterogeneous materials shows dependence of the effective resisti-
vity of the media on the shape of the particles, even under the low concentrations of the
inclusions [33]. We now consider a number of samples when inclusions have equal volumes
but square surfaces of the inclusions are different. We consider spheres (type 1.1), plates
0.6 x 5 x 10 mm (type 2.2) and 0.3 x 5 x 20 mm (type 2.3), deformed plates 0.6 x 5 x 10 mm
(type 3.2) and 0.3 x 5 x 20 mm (type 3.3). Inclusions are uniformly distributed (Fig. 2, a).
Electrical resistivity of inclusions is set to pjg = 1078 Ohm - m.

The results of the computational experiments (Fig. 4) show that for the spherical in-
clusions the percolation threshold is achieved at the conducting inclusion concentration of
~ 40 %, while for the plate inclusions the percolation occurs already at 3.5-4.5 %. It should
be noted that all inclusion types have equal volumes but the ratio of the surface square of
the inclusions is in the range from 2 to 4.

3.3. The influence of an inclusion distribution on the percolation threshold

A significant part of the natural and artificial materials have random nonuniform distribution
of inclusions in volume (e.g. viscous media are characterized by a settlement of particles).
However, when considering heterogeneous media with inclusions it is assumed that the par-
ticles in an object are uniformly distributed over the entire volume [34, 35]. To assess the
influence of the distribution model on the percolation threshold, we consider samples with
plate inclusions 0.6 x 5 x 10 mm (type 2.2), exponentially distributed as follows Ezp (\) so
that density distribution increases from the top side to the bottom (Fig. 2, b). The resistivity
of the inclusions is pju,g = 1078 Ohm - m.

In case considered exponential distribution can be seen as a model where particles settle
out in viscous media. If the value of A\ increases, the degree of localization will increase.
In the lower part of object there are more inclusions than there are particles in the upper
part of the object. Value A = 0.01 corresponds approximately to the uniform distribution
of inclusions in the sample. From Fig. 5 it follows that with increasing A the threshold
concentration increases. For A = 0.4 the threshold concentration is higher in 2 than the

1.E+01 1.E+01
—#— Spheres 1.1

_ LE+00 % 1.E+00
S B LEo1 § 8 LE0l - - Plates 2.2
5 E Lpo 2 & LE0 Plates 2.3
E g 1.E-03 E Or 1.E-03 Deformed plates 3.2
% & LE-04 % ? L.E-04 Deformed plates 3.3
2 G LE-05 & § LEO0S
M = 1506 d £ 1506

1.E-07 1.E-07

0 20 40 60 0.E+00 2.E+04 4.E+04 6.E+04
Volume concentration of inclusions, % Total square surface of inclusions, mm?

Fig. 4. The variation in the effective resistivity of the media with increasing concentration of
inclusions. Inclusions have equal volumes but different square surface: a — dependence of the
effective resistivity of the volume concentration of inclusions, b — dependence of the effective
resistivity of the total square surfaces of inclusions
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The threshold
concentration of
inclusion, %

A =0.01 h=0.1 r=03 r=04
The distribution parameter

Fig. 5. The threshold concentration of inclusions for different values of A

threshold concentration of the uniform distribution. Therefore for the simulation of materials
where localization of inclusions is high enough it is necessary to consider the distribution
type, since the use of the uniform distribution model leads to the significant errors in the
results.

3.4. The mixtures of different inclusions

In addition to the different types of the distributions of inclusion, there exist mixtures of
particles with different geometries (Fig. 6, a) and with a variety of contrasting electrical and
physical properties (Fig. 6, b).

3.4.1. The mixtures of inclusions with various electrical resistivities

Consider the objects (Fig. 6, a) containing uniformly distributed plate inclusions 0.3 x 5 X
10 mm (type 2.1). Electrical resistivity of the half of the inclusions is p; (Ohm - m), and for
the rest of the inclusions electrical resistivity equals p (Ohm-m). We define the following
mixtures of the particles:

1) all inclusions have high conductivity p; = py = 107® Ohm - m (type 2.1.5);

2) all inclusions have low conductivity p; = po = 1072 Ohm - m (type 2.1.2);

3) a mixture of the low and high conductivity particles p; = 1072 Ohm-m (type 2.1.2),

pz = 107% Ohm - m (type 2.1.5);

y /,0hm-m

[ pp,Ohm-m

Fig. 6. Examples of samples with various inclusions with concentration of 5 %: a — particles with
different electrical resistivity; b — particles with different geometry
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1.00E+01
1.00E+00 #~_
1.00E-01 "“*__‘ Plates 2.1.5
1.00E-02 \ Plates 2.1.2
© 1.00E-03 \ Plates 2.1.2 and 2.1.5
' 1.00E-04 N ——o-- Plates 2.1.4 and 2.1.5
1.00E-05 \
1.00E-06 k"

1.00E-07
0 2 4 6 8 10 12
Volume concentration of inclusions, %

hm-m

Effective electrical
resitivity,
4

Fig. 7. The change of the effective electrical resistivity of the media with mixtures of the inclusions
with various resistivity

1.00E+01

1.00E+00 -,
> Deformed plates 3.2
1.00E-01 -

“\ --#-- Mixture of 3.2 and 2.2

1.00E-02 ' e Plates 2.2
1.00E-03 \

* 1.00E-04
1.00E-05
1.00E-06

1.00E-07 >
0 2 4 6 8 1012 14 16
Volume concentration of inclusions, %

Effective electrical
resitivity, Ohm-m

Fig. 8. The change of the effective resistivity for media with mixtures of inclusions with different
geometries

4) a mixture of the high conductivity particles p; = 107 Ohm-m (type 2.1.4), py =
107® Ohm - m (type 2.1.5).
Figure (Fig. 7) illustrates that in case of the mixture with particles of low and high con-
ductivity the percolation paths are formed when high conductivity inclusions reach critical
concentration (triangular markers in Fig. 7). If media contains a mixture of high conducti-

vity inclusions with different resistivities, two abrupt changes of the effective resistivity (the
rhomb markers in Fig. 7) will be observed.

3.4.2. A mixture of inclusions with different geometry

In order to examine mixtures of inclusions with different geometries we consider samples
that contain deformed and undeformed plates 0.6 x 5 x 10 mm (there are types 3.2 and
2.2) in equal parts. Simulation results (Fig. 8) showed that the use of this mixture gives a

small change of the percolation threshold compared to the samples with only one type of
inclusions.
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Conclusion

In the study of the heterogeneous materials consisting of a matrix and inclusions, one of
the most important problems is to simultaneously determine the threshold concentration
and effective properties of the media near the percolation threshold. Developed FE-HMM
algorithms allow us to obtain effective scalar characteristics (e.g., thermal conductivity,
electrical resistivity, etc.) of the materials containing high contrast inclusions. The use of
the free-form finite (polyhedron) elements also makes it possible to work with the samples
that have a complex external boundary. Developed algorithms were implemented in C++
for parallel architectures and the code has been adapted to run on modern supercomputers.
In order to obtain effective resistivity of the samples with inclusions with different shape
and physical characteristics, a number of computational experiments have been conducted.
Our results can be summarized as follows:

1) if the media are saturated by low contrast inclusions (the ratio of the matrix resistivity
and the inclusions resistivity is less than 10%) the percolation threshold will not be
achieved;

2) the surface square of each inclusion is inversely related to the percolation threshold
of the material with the inclusions (this result is in agreement with the geometric
assumptions that objects with larger surface square form clusters at the lower volume
concentrations);

3) if inclusions in the media are localized in the subdomain of the media, a simplification
of the model to the uniform distribution will be unacceptable;

4) for the mixture of inclusions with different resistivities several step changes of the
effective resistivity of the media may occur (there are several percolation thresholds);

5) if the samples contain deformed plates (type 3.1-3.3.) effective resistivity of the ma-
terial will be less than the effective resistivity of the materials with the undeformed
plates, however the percolation threshold will vary slightly.
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