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ON THE MULTIPLICATIVE PRODUCT
OF THE DIRAC-DELTA DISTRIBUTION
ON THE HYPER-SURFACE
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OnpenesnsieTcss MyJIBTHILINKATUBHOE IIPOU3BEIEHIE PACIIPEIe/ICHN

o _ /2 2 2 o /2 2 2
rie § — nenbra-pyaknus Jupaka, r= \/xl +a5+...+ x5, 5= \/xp_H R LRI el
ap>1luqg>1(p+g=n) — pasmMepHOCTH B €BKINIOBOM HpocTpancTse R", (21,2, ..., zp) €
RP (pt1,Tpt2, ..., Tprq) € R, ¢ — BemecrBennoe uncio. [Ipu HEKOTOPLIX OrpaHUYEHHSIX
HA P U N B TAKOM MYJIBTUIIHKATHBHOM TTPOU3BEICHUN TOXYyIeHa (hopMyta st pyHKIUNT
['puHa B KBAaHTOBBIX TEOPUSIX ITOJIS.

1. Introduction

Let © = (x1,29,...,x,) be a point in the Euclidean space R" and P(x1,xs,...,z,) be any
sufficiently smooth function such that on P = P(x1, s, ..., 2,) = 0 we have grad P # 0, that
means there are no singular points on P = 0. Then the generalized function §*~Y(P) is defined
in [1, p. 211] by

(GED(P), o) = (—1)F! / WED(0, uy, us, .., ) duinduts...dut. (1.1)

ul

We write u; = P and choose the remaining w; coordinate (with ¢ = 2,3, ..., n) arbitary except
that the Jacobian of the x; with respect to the u;, which we shall denote by D(i), fail to vanish
(which is always possible so long as grad P # 0 on P = 0). In (1.1), write

u

U(u) = U(uy, us, ..., un) = 1D ( v > ,

©1(Ur, Ugy ooy Up) = @(T1, Ty ooy Tpy)-

The integral of (1.1) is taken over the P = 0 surface, where ¢(x1, zs, ..., z,,) is an infinitely
differentiable function with bounded support.
Now, consider the nondegenerated quadratic form

u=c*(x?+as4 ..+ mi) - (:L‘Z+1 + a:f)+2 +...+ x§+q) (1.2)
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where p > 1 and ¢ > 1 with p 4+ ¢ = n is the dimension of the space R™ and c is a real number.
Write r = \/x% +a25+..+22and s = \/JJZH + a2 5+ ...+ 22, then (1.2) can be written

u=c*r?— s> = (cr —s)(cr + s). (1.3)

Taking P = ¢r — s in (1.1), then (1.1) can be written in the form

6FD(er — s), ) = (—1)F1 /{aiikllgo(ul,UQ,...un)D(

T
u

)] dusdusg...du,. (1.4)
p=0

cr—3s) (er +s)

)
In this paper we study the multiplicative product —— = which is the generalization

of the work of M. Aguirre Tellez [2].

. . s 5
2. The generalized functions % and (017‘—4:]8)1
From (1.2), let y; = cx1, Yo = cxa, ..., Yp = ¢z, and the coordinate = = (y1, Y2, ..., Yp, Tp+1, Tpra,

y Tprq) € R and dz = dyrdys...dy,da,1day o...de, g = Pdrides...de,da,, ...de,,,, p+q = n.
We define

<5(k_1)(cr —35),p(x)) = / 5““‘”(07“ —s)p(z)dr =

P=0

= / S*V (er — 8)p(x)dy; ... dyyday,1...day g = / * D (er — 8)p(x)drydry...dryy. (2.1)
P=0 P=0
Let us transform to bipolar coordinate defined by z1 = rwq, 22 = rwo, ..., ©, = rw, and x,41 =
SWpt1s Tppa = SWpt2, -ey Tpiq=TWpig Where r= \/x1+x2 + a2 s= \/x127+1 +al 4l
Thus

drydzy...de, . = 17 s drdsdQ® dQ@ (2.2)

where dQ® and dQ@ are the elements of surface area on the unit sphere in the space RP and
R? respectively.
Choose the coordinates to be P,r and w;, then (2.2) becomes

dr1dxy...dx,,, = (cr — p)t P drd PAQ®W) a9 (2.3)
where P = ¢r — s. By (1.4) and (2.3), the equation (2.1) can be written in the form

<5(k*1)<c7~_3)7¢(;€)> — cp(—l)kl/ [aapkll { cr — P)1o(r, 5)}] P drdQ® a0, (2.4)

Cr=s

@kfl b1 akfl

opF1 (=1) 9Gk—1°
Thus (1.8) can be written as

Since P = cr — s, then

k-1
(6" (er — s),p(x)) = cp/ {—;k - {sq Lo(r, s)}] rP=DdrdQP) g9
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Let
U(r,s) = / o(r, $)d0) 0 (2.5)
Q
then

e —stay = [ [ m )]

r= cr=s

For k = 1, we have

(0(cr — s) c”/ [ s (r,s)], _ P tdr

<5(C7; - > cp/ 57 \If (r, s} P’ dr. (2.6)
T 2 S 2 Cr=s

Similarly, for P = c¢r + s we obtain

<M,s@(m’)> = cP/O S| (2.7)

or

rzzs:z2 —00 cr=—s

3. The generalized functions (cr — s)3 and (cr + s)?

We define ( »
oW cr — s)*, for cr > s,
(er—s)3 = { 0, for cr < s,

and
(—(er +8))*, for er +s <0,

A
(cr+s)* = { 0. for cr+ > 0 (3.2)

where A\ is a complex number.
The generalized function (¢ — s)i, where A is a complex number, is defined by

(er — 5)} () = / (cr — s)p(a)dz.

cr—s>0
Since
dx = dyidys...dy,dzr,11dxpyo...dv, g = Pdridxs.. doydr,...dTy,,,
we have
((er —s)}, ) = / cr — 8 o(z)rPtdrs? L dsdQ®P) d0@
cr—s>0
or

(cr —s)y p=1 g-1
<p1q1, > / / cr — ) U(r,s)r'z s 2 dsdr
roz2 r=0 Js=0

where W(r, s) is defined by (2.5).
Let u = cr and v = s, then

<T2—£’ >_Cp/r O/SOu—v)‘\IJ c U> <_>pzlv%dvd_cu
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put v = ut, we obtain

_ —/ / (11—t (= ut) B dtdu =

:cp2;l/ u)‘+gdu/ (1—t)MT (E,ut) dt:cp?;l/ VRGN u)du  (3.3)
0 0 0

C

where .
G(\ u) :/ (1 — OMT (L, ut)dt.
0 C
Now G(A,u) have poles at A = —k(k = 1,2,...), by . M. Gelfand and G. E. Shilov [1, p. 49|,

=1 (0)

Res (2, ) = e

k 12,.‘.

Thus

N

B (_1)]{?71 akfl %
Res GOVu) = 17 | 5= {t \If(g,ut)} . (3.4)
Since G(A, u) have poles at A = —k, we write

Go(u)

GOu) =37

in the neighborhood of A = —k where
Go(u) = /\lieslC G\ u) (3.5)

and G (A, u) is reguler at A = —k.
Thus (3.3) can be written in the form

cr —s)} e GO( )
- f— 2 n G )\ d
< Tpglsqgl 7(p> c /0 U )\ + k + 1( u)

= )\+k/0 u“"/ZGO(u)du—Fcp?_l/o G1(\, u)du.
e\ 3 %)

Thus )Eesk <%,@> = cp2_1/ uF2G ) (u)du.

== 0

By (3.4) and (3.5) we obtain
or — s)) b [ (C1F 1R (e u
Res (o0t o) = kn/2 {5 (2 )} du
P <T”;S% ’90> < /0 T 5 T R A !

0 0
Let s = ut. Then — = u—
et s=u en o =t
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Thus, we have

(cr —s)3 _ "7 (—kt gz, bt | OFT e ama
Res <rpglsqg“30 T k- 1) /0 “ R {52““1’(?5)} - du
B (_1)]{)716% /oo k-1 { 1 (u >} bt
(k=1 Jy [0sk! sV ks " du =

—DF o s [T po1
= Ek—)l)! czcoz /0 [—3sk_1 {s 2 ‘Il(r,s)}} rz dr

for u = cr. Putting £ = 1. Thus

- A 00 . p_1
Res <%,gp> = cp/ [qu\If(r,s)] r 2 dr. (3.6)
0 S=cr

(3.7)
Now consider the generalized function (cr + s)*. We have

((er 4 8), p) = ¢ / (—cr — s)*o(r, s)rP L1 L dsdrd QP dQ@

cr+s<0
A 0 —cr
<%,¢> :cp/ {/ (—cr—s)’\\ll(r,s)qulds} T dr.
re sz —oo LJo
Let u = ¢r and v = s. We have for v = —ut
st N L ey a1
T T = — U (- dv| (— d(=) =
(o) =e [_|f corore (Go)esa] (2) ach
_o ] P (L —ut) (—ut) 2 (—w)dt u%d Y =
o [ [ty () (' o] M (2) -
P 0 1 _
z% (—u)’\+"/2du/ 1-t)M= T (E,—ut> dt =
(—c) 2 ¢ /- 0 c

D o
= ﬁ (—u)" G (N, —u)du
—C) 2 ¢J-x
where

G\, —u) = /01(1 M (E, —ut> dt.

c

Since G(A, —u) have poles at A = —j (j = 1,2,...) we have

e G = ST s (2 )]

t=1
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Now, in the neighborhood of A = —j we write

L Go(—u) + C1 (N, —u)

T+

G\, —u) =

where Go(—u) = Pes‘ G (A, —u) and G1(A, —u) is regular function.
=—j

0
The same as before, for s = —ut and — =

ot~ "0s
cr + s)* e 0 iy (LT g _
e <? g0> = Com LT gy (e {F7u (L) p| du=

e [ [ ()]s

S=—Uu

(_1)3‘71 0 51 # p_;l
N [s U(r, s)} roz dr.

Putting j = 1 we obtain

Res <%,<p> = cp/o [3%1\11(7", s)} r'T dr. (3.8)

A=-1 T 2 8§ 2 —00 S=—cr

From (2.7) and (3.8) we obtain

o(er+s) _ Res (er + S)i. (3.9)

p—1 g-—1 p—1

r s s 2 )‘__17“282

4. The generalized function (c?r? — s2)*

We have
((@r* = "), p) = / (—(*r? — %) p(2)dr =

c2r2—52<0

=P / (—(c3r? = $2) p(r, s)rP L drdQP) s dsdQ@ =

c2r2—s2<0

/ / s2 — ArHM(r, s)rP st dr ds
s=0 Jr=0

where W(r, s) 1s defined by (2.5).
Let u = ¢®r? and v = s2. Thus

(*r® = )2 1cP P .
< rp—1gq—1 )y P 462/ / U—U \I/ UU) dudv =
——Cp / / v—u UU)U2U2dudU
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Let uw = vt we obtain

(*r? = 5%) . IR
<W7 = —cp / / t= \Ill(vt v)dt = Zcp /0 v ®(\, v)dv

where
@Qw)z/(1—w%%w@umﬁ. (4.1)

Now ®(\, v) have poles at A = —j (j =1,2,3,...), we write

¢uﬂo:ff?+¢ﬂmw.

Thus Res D(\,v) = Pg(v) and Py(A,v) is regular.

A=—j
We have (2 g2 )

cr—s)- Lo [T [ Dol
2.2 2)/\

c’r-—s

We see that <( ,g0> has a pole of order two at A= —j (j =1,2,3,...).

(027“2 o SQ)A

rp—lga—1

In the neighborhood of such A we expand in the Laurent series

rp—lga—1

(c27"2 _ S2>i B Ad N BI
rplgi=l T (N4 4)2 0 A+

¥ (4.3)

From (4.2) and (4.3), we have
2)A

o (P2 = s?)2 j Lo N B
/\limj < (A +j)? il P TS Al >= 1€ hmj (A+7) i v Py (v)dv =

(I)(J 1) (0)
(=Dt

1
by [1, p. 49]. Let j = 1, we have (A, p) = Zcpflq)o(O). By (4.1)

——cp Res/ v 0y (v)dv ——cp !
0

A=—j

Dy(0) = Res ®(A,0) = Res /1(1 — )M ER 1(0,0)dt.

Since

Uy (u,v) =V(r,s) = / o(r, 5)dQP dO@.
Q

we have ¥;(0,0) = ¥(0,0) = ¢(0)QP Q).
Thus

(CQTQ - SQ)i

1 ! -1
,\hj& <(A+1) gy el e 4c” ©(0)QPQ )\Piej /0 (1—t)M=2dt

L ® @)
—4cp ©(0)QPQ AP;e_s1

nx+nm@)
FA+1+13))°
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We have - 1 1
DI'(3 C(A+2 2
hes (COFUTGN o (TO42) 1) )
A==1 \T(A+1+3) A==1\ A+1 I'(A+1+3)
F(A+2)r(4 rr(
— tim, [s p A0 )OI
A——1 A+DTA+1+3) I'(3)
Thus
2,2 _ 2\A 1 1 oP/2 9 /2
li A+1 QM = Z¢p1 QPO — Zp-1
din (0 EmEE )~ e T e
Q7P/2 Qa/2
where Q® and Q@ are surfaces of unit sphere in R? and RY and equal to I an O
2 2

respectively.
It follows that

. <(A+1>2M7¢> _ <cp1 (27T§)(27rq%)5,g0>‘ (1.4)

P rp—lga—l

. qe . o(cr— 0
5. The multiplicative product of % and %
r 2 s 2 r 2 s 2
We define
o [ (er=s) ifer—s >0,
(er S)+_{ 0, ifer—s<0
e (~(er +5))
N —(cr+s))", ifer+s<0,
(er+9)” = { 0, if er +s>0.
From the definition, it follows that
(er — s)2(cr + 8)2 = (*r® — s%)2. (5.1)
Theorem. Given the nondegenerated quadratic form
u=c*(z?Fas4 ..+ SBIQ)) - (9512;+1 + :v127+2 +...+ xfﬂq)
where p + q = n s the dimension of the space R™ and c is a real number. Write r =

\/x% +xi+ .+ z2 and s = \/mgﬂ + 22,5 + ... + 25, ,. Then the following formula is valid.

S(ecr —s) 6(cr+s) P ln2d(x)

(
ST R TR

where & is the Dirac-delta function, x = (1,22, ...,x,) € R" and p+ q¢ = n.
Proof: From (3.7) and (3.9), we have by (5.1)

d(cr —s) O(er+s) Res (er —s)% (er+s)*

p—1 g—1 p—1 g—1 p—1 g—

rzsz rz.sz2 A=—1 r 3 g73
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= lim (A+ D" fim A+ 1) i {(AH) T iga

A——1 rs gz A1 r s s 2 A——1

Thus by (4.4)

(Bt T o) = dm (00 Ee) = ()

o (c?r? — 82)31

rz s 2 rz s 2

It follows that

for p > 1 and ¢ > 1 with p+ g = n.
In particular, with the same process as before, we obtain the formula in (see [2], p. 158, eq.

(4.4)) p=1, ¢ = 1. Then it follows that g=n — 1, r = x; and s:\/xg + a3+ ...+ a2, that is

d(z1 —8) 0(x1 + 8) _ lﬁnT_lé(x) (5.2)
ST T IG5 |
If n =4, from (5.2) we obtain
Olrs = s) @1 +5) _ Lo 5(? = 7255(195) . 5(? = 76(z)
" (s — )51 + 3)
T, — Ss)o(x1 + s
! 2 ! = mi(x) (5.3)
where

s = /a3 + a3 + x3.

The formula (5.3) is used for a perturbative calculation of Green function in quantum field
theories (see 2], p. 160, and [3]).
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