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A computer-algebraic investigation of an oscillating
boundary layer
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For large Reynolds numbers analytical expressions are derived for the velocity com-
ponents and the pressure in the boundary layer between two oscillating parallel planes.
The linearization of the boundary layer equations leads to a coupled system of three
parabolic differential equations with time-dependent or homogeneous boundary condi-
tions. The solutions are derived using computer algebra software on a personal com-
puter. The vortical character of the flow pattern — shown in experiments — resembles
the famous Gortler vortices in the boundary layer along a curved wall. A criterion for
vortex identification for this type of motion is at least fulfilled for half the period of
the oscillating planes.
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Introduction

The following investigation is based on a computer-algebraic analysis of the time-dependent
boundary layer equations, describing the oscillating flow in a fluid layer between two parallel
plates induced by the torsional motion of the boundaries. The analytical solution of the
linearized boundary layer equations results from the solution of three parabolic differential
equations describing the initial-boundary value problems for the velocity components. The
solution which defines the velocity components can be split into three terms, describing the
transient, oscillating and stationary flow in radial and axial direction. The stationary flow
is responsible for the mass transport in the boundary layer. Experiments show a formation
of streamwise vortices in the boundary layer. Once the cylinder is set into oscillation, in the
vicinity of the axis of rotation — close to top and bottom boundary — vortices are created,
which propagate radially outward. This phenomenon resembles the well known Gortler
vortices along concave walls. In the present case, the curved streamlines in the stagnation
region play the role of a concave rigid wall, which causes Gortler vortices along the curved
boundary. In the present case the vortex character of the flow can be analysed using the
symmetric and skew symmetric part of the vector gradient of the Navier — Stokes equations.
It can be shown that a local pressure minimum exists due to vortical motion [1]. In Fig. 1
the vortical structure in the vicinity of the axis of an oscillating flat cylinder results from
the self organisation of the fluid under the torsional motion around the axis. The initially
separated radial vortices interact while being pulled outward radially under the action of
the steady radial flow enforced by the centrifugal force. This leads at last to a pattern of
entangling interacting vortices.

© ICT SB RAS, 2015

11



12 K. G. Roesner

Fig. 1. Streamwise vortices in an oscillating boundary layer

1. Basic equations and boundary conditions

In a cylindrical coordinate system (r, ¢, z), the Navier — Stokes equations in the following
form describe the cylindrical flow of a fluid with circumferential symmetry character. This
means that the functions u, v, w,p and all their partial derivatives with respect to ¢ are not
depending on the independent variable .
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u, v, w are the velocity components in r-, ¢- and z-direction, p is the pressure and v is the
kinematic viscosity of the fluid. In addition, the continuity equation reads like

10(ru)  Ow

Z —— =0. 4

r Or + 0z (4)
We assume that the motion of the two parallel planes, oscillating with the frequency n

around the common axis, is limited to small angular amplitudes w < 1, that the following
estimation holds:

(1)

(3)

Q(t) = wsinnt < 1.

The circumferential velocity component of boundary points in the planes z = 0 and z = d,
is therefore prescribed by the function

v(r,0,t) =v(r,d,t) =rQpcosnt, Qy:=wn,

where d is the vertical distance of the parallel plates. This boundary condition prescribes a
harmonic oscillation of the two planes parallel to each other with the frequency n and the
velocity amplitude r{2y around the z-axis.

For the radial and axial velocity components wu(r, z,t) and w(z,t) we get homogeneous
boundary conditions at z =0 and z =d :

u(r,0,t) = wu(r,d,t) =0,
w(0,t) = w(d,t) =0.
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2. Nondimensional equations

The variables u(r, z,t), v(r, z,t), w(z,t) and p(z, r, t) are transformed into dimensionless form
introducing the distance d of the two planes as length scale for the coordinates z and r and
the frequency n for the time ¢.

z r

yi==, 1:=—, t:=nt
Yo d
The nondimensional velocity components and the pressure are defined as follows:
- ) l - ) 3 - ) l - ) l
u::u(rz )’ v::v(rz )’ w::w(z )7 p::p(r; )
Qod Qod Qod QQOd2
Introducing the parameter
Qo
w:i=—,
n

which represents the ratio of the amplitude of the angular velocity and the frequency of
oscillation of the planes, into the dimensionless system of differential equations leads to the
following system of equations:
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The dimensionless boundary conditions are
u(r,0,t) = a(r,1,t) =0,
o(r,0,t) = o(r,1,t) =T cost,
w(0,t) = w(l,t)=0

3. The ansatz functions

Introducing the ansatz functions [2], 3], F(y,t), g(y), and P(y,t), the velocity components
u, v, w and p are defined in the following way:

u(r,y,t) = 1w Fy(y,t),
o(r,y,t) = rg(y,t),

w(y,t) = —2w F(y,t),
- R P
p(r,y,t) = P(y,t)+§7’2K(t)-

This choice of ansatz functions is similar to the analytical approach of the flow near a rotating
disk which was analysed the first time by Th. v. Karman.
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The functions u,v depend linearly on r. w is independent of r according to the fact,
that the boundary layer thickness 0 of the flow around the stagnation point at the plate is
constant, not depending on the radius r. p contains the socalled centrifugal term, modified
by the factor K (t), which takes into account the time dependent influence of the centrifugal
force. Introducing the ansatz functions into the system (5)—(8) — omitting the bar on the
dimensionless quantities and denoting the dimensionless time by 7, we arrive at the following
system of partial differential equations for the fluid under consideration with the Reynolds
number

2
rR="%T 2 9)
v
1
Fy7+w2 [F;_QFFyy} _92 = —K (7)+§Fyyyv (10)
1
gr + 2w [Fyg—Fg,] = }_%gyyv (11)
9 1 1
FT — 2w FFy = §Py + }_%Fyy- (12)

The boundary conditions for the ansatz functions are
F,7) = F(,7)=0,
F,(0,7) = F,(1,7) =0,
g9(0,7) = g(1,7) =cosT.

The ansatz functions fulfill the continuity equation identically. In addition to these boundary
conditions the functions have to show the following symmetry and antisymmetry character,
respectively:

Fy(y,7) = F,(1-y,7),
Fly,7) = —F(l-y,71),
9(y,7) = g(1—y,7),
P(y,7) = P —y,7).

4. The boundary layer approximation

Based on the assumption that € is of order 0.1s7! = 5.7°s71, we assume
w? <1, (13)

which can be realised experimentally for a moderate n of about 50s™!. As a consequence
of this assumption the differential equations are linearized and define the boundary layer
equations for the flow in the vicinity of a fast oscillating plane:

1
Fy = ﬁFyyy + 92 (y,7) — K (1), (14)
1
gr = ﬁgyya (15)
1 1
F. = —F,+-P, (16)

R 2
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These equations can be solved analytically. In (14) we introduce a new function

O(y, 7)== Fy(y, 7) (17)

and get an inhomogeneous parabolic differential equation with homogeneous boundary con-
ditions of the form

@, = 1y, 4 (0.7) K (7). (18)

The solution of this equation determines the radial component
u(r,y,7) = rw ey, 7).
Integrating equation (14) with respect to y, we get

1

Fo= 5+ [ 6 0.7)dy — K (1) + Colr), (19)

the solution of this equation determines the axial velocity component
w(y7T) = —2WF(y,T).
If we compare (16) with (19), the pressure function P(y,7) can be found by a twofold
quadrature:

Y n

Ply,7) =2 / / P (C7)d¢ | dn — K (1) + yColr) + Cu(r). (20)

As only the pressure gradient is physically relevant, we can assume C;(7) = 0.
The three parabolic differential equations for the velocity components and the relation
for the pressure function are solved successively in the following order:

1
9r = Egyya

Y n

Py.r) = 2 / / @ (1) dC | dy— K (1) + yCo(r),

1
(I).,- = E(Dyy_'_gQ(va)_K(T)a
1
F, = EFyva/gQ(y,T)dy—yK(T%

5. The circumferential velocity component

A solution of (15) which obeys the time dependent boundary conditions is defined by

g(y,7) := Gy (y) cosT — Go (y) sin T, (21)

Gi(y) : =eM (q11co8 Ay — yazsindy) + e (y21 cos Ay + 2 sin Ay)
Gay(y) : = e (712 cOS Ay + Y11 sin \y) + e~ (722 COS Ay — 721 SIn AYy) .
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The coefficients 7z, i, k = 1,2 are summarized in Appendix I. As initial condition we define
9(y,0) := Gi(y).
Writing (21) in a slightly different form we get
9(y,7) = e (11 cos (YA — 7) =y (sin (YA + 7)) +
+e7Y (41 cos (YA + T) + Yoo sin (yA — 7)) .

This can be interpreted as a superposition of two damped waves running from each of the
boundaries into the interior of the fluid layer with the phase velocity

—:I:1 = &4/ 2
Uphase = /\_ R

The circumferential velocity distribution in the fluid layer is therefore

v(r,y,7) =rw (Gy (y)cosT — Go (y)sinT) . (22)

Figure 2 shows a sequence of velocity distributions in the fluid layer for nine time steps.
For a chosen Reynolds number of R = 500, the oscillating walls influence a fluid layer of
approximately 20 % of the total thickness of the fluid.

Taking into account the initial condition for ¢g(y, 7), we have to add the transient part to
the solution (21). The transient solution of the homogeneous differential equation is given by

2.2

o
_mn_ .
gl = E A,e” ® Tsinnmy.
n=1

The coefficients A,, are listed in the Appendix II. After a transient time of 7 = 20 the
maximal amplitude of ¢! is approximately of order 10~%. Therefore, for further calculations
only the time periodic solution (22) will be used.

6. The pressure function

Performing the twofold quadrature in (20) results in the following solution

P(y,7) =2 (Hl (y) cos® 7 + 11 (y) sin® 7 — I3 (y) sin 27) — 2K (1) + yCy(1).
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The functions 11y, [T, I15 are listed explicitly in the Appendix III. From the symmetry char-
acter of P(y,T) one derives the two expressions for K (7) and Cp (7)

K (7) = (711721 - 712722) cos 2T, (23)
Co(T) = 2(y11722 + Y12721) sin 27. (24)

Finally, the pressure function P(y,7) is given by

P(y,7) =2 (II; (y) cos? 7 + 115 (y) sin® 7 — 11 (y) sin 27) —
=42 (V11721 — Y127922) €08 27 + 2y (Y11722 + Y12721) Sin 27 (25)

7. The radial velocity component

Equation (18) is an inhomogeneous parabolic differential equation with homogeneous bound-
ary conditions and the initial condition ®(y,0) = 0. The solution of this initial-boundary
value problem is represented by an expansion with respect to the eigenfunctions sin (n7y),
n € N, of the homogeneous equation. In a first step the inhomogeneity has to be developed
into a series of the eigenfunctions which leads to coefficients U(k),V (k), W (k), which are
listed in the Appendix IV.

92 (va) - K(T) =

=2 Z (U(k) cos® 7 + V (k) sin® 7 — W (k) sin 27) sin (2k + 1) 7y +

k=0
42 (arn — 022) 3 e sin (26 -+ 1) ) —
— 4R? + K?
=~ 2Rsin27 + Kcos 27
-9 — R i 2k +1)y). 26
(711721 — Y12722) kZ:O AR 1 R2 sin (7 (2k + 1) y) (26)

As mentioned at the beginning, the solution of equation (18) can be split into three
separate parts which will be denoted by the abbreviations: tr for transient, os for oscillation,
and st for stationary flow. The indices i and h stand for inhomogeneous or homogeneous,
respectively.

The transient solution

~RU(K) 2R + #%) = 2V(R)B* + W (K)Re? |

> K
— K (/{2 + 4R2 - 5T .
=2 % _WRR (1 —cosm 22]{ +1)) e R sin(2k+1)my, (27)

(AR?2+ k) (2k+1)7

YL = Y1121 — V12722,
ko =72k +1)°.
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The oscillating solution

1 0s __
Eu(ya T)z’ -
R U(k)k cos2T + 2R sin 27—
< | S —V (k) (kcos2T 4+ 2Rsin 21 — k) —
= ans —2W (k)k cos 2T + 2R sin 27 sin (2k + 1) my. (28)
k=0 _Q,YR(QRSHIQT—’_KCOS 27) (1 — cosm (2k + 1))

(AR?+RrR?) 2k + 1) 7
The stationary solution

St:i}%(U(k)H/(lf))—2

K

sin(m (2k+ 1) y). (29)

As (29) is a fast convergent series, it is sufficient to take into account only 20 terms. The
approximate solution

i R(U (k) + V (k)) — 2

K

sin(r (2k 4+ 1) y)

is shown in Fig. 3, where R = 500.

This velocity profile indicates the boundary layer character of the flow by a strong velocity
gradient close to the walls.

The stationary flow in radial direction is responsible for the formation of streamwise
vortices within the boundary layer. The transient part of the solution decays very fast, and
the oscillating behavior is not responsible for the radial material transport, which is observed
in the experiment. Therefore only the stationary term plays the major role in the analysis
of the vortex formation.

8. The axial velocity component

The component w(y, 7) can be calculated by solving the partial differential equation (19)

1

F, = EFyy + /92 (y,7)dy —yK (1) + Co(7)
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with given functions K (7) and Cy(7), defined by formulas (23), (24). The inhomogeneity

/92 (y,7)dy — yK (1) + Co(7)

must be developed into a series with respect to the eigenfunctions sin (n7y) and contributes
to the solution as a driving term. The complete solution is a superposition of the three parts:

The transient solution
1
- ;wfr (ya 7-) =

@1R (2R2 + 7T4’I'L4) + 292R3 + 2@3R27T2n2 .

> 72 (2k)% (74 (2k)" + 4R?) PO
=2 ; (yr? (Qk)(z + 8TR) R cos 2k ¢ T sin2kmy.
Ak (AR2 + 7 (2k)")
The oscillating solution
[y = (11722 — M2721)
R (7? (2k)? cos 27 + 2R sin 27)
o] (61 - 62) 92 ( 4 (2]{:)4 + 4R2)
——w(y,7) = QZ R cos 2 j: > (242 sin 2 sin 2kmy.
w
pt LOuR cos2T + sin 27 )

AR? + 74 (2k)*

The stationary solution

> 2RK
wt = Z (R®1 + 6 + RE(7) COS 2k7r) sin (2k7y) .

1
w * — 2 (2k)2 3 (21{:)3

(30)

(31)

(32)

The coefficients ©1, 05, O3 are summarized in the Appendix V. For the Reynolds number

R =500 the graph of the axial velocity component is given in Fig. 4.
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9. Vortex identification

From several existing criteria, how to define a vortex in the flow field, the one which was
stated by the authors Jeong and Hussain is the most convincing one and was used in the
present investigation. By a decomposition of the vector gradient of the Navier — Stokes
equations into a symmetric part S and a skew symmetric part A, the eigenvalues p1, o, 113
of the symmetric matrix

o r (FyFyw® + 99y)

W F} —g¢* 0
52 4+ A? = 0 wszz _ g rw (ngyz_ Fyg,) (33)
r (FyFyy(")2 +99y) rw(gFy, — Fug,) 212
— 5 5 4w Fy
are calculated:
) o 9> (9° +rg)) +
2 50 F 1 2 ( 2F2 6F2 +
— _g_ Y Z 2 (9 My + y
lj’l (ya 7—) - 2 + 2 + 2 _H"} +T2Fy29§ + ) (34)
N B (2, £ OF)
o 9> (9 +rg)) +
2 5w F 1 2(2F2 +6F2 +
— _g_ y _ = 2 g Ly, y
po (y,7) = 9 + 5 5 tw +7’2Fy2g2 +, (35)
\ et (R 4 o)
ps(y,7) = WF;—g* (36)

According to w? < 1 we can neglect all terms of order w? and higher. Therefore we get

1, 1

i1 (y, ) —592 +39\/9° + 195 > 0, (37)
1, 1

pia (Y, 7) —592 — 39\ + 79 <0, (38)

ps (y, 7) —¢* <0, 0<7<7/2 (39)

Q

Q

Q

Summing up the three eigenvalues we find

3
> pily,m) <0
=1

which fulfills together with (37)—(39) the criterion for the existence of vortical structures in
the flow field. The strong velocity gradient in the shear layer close to the oscillating plates
is the region where vortices can be created and grow.
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Appendix I

R
A= 1/5

mo (67 — cos2)) + 2m; sinh A cos A

= 2 (cosh 2\ — cos 2)\) ’
~ mgcos Asin A — my cosh Asin A
2o = cosh 2\ — cos 2\ ’
S mg (e** — cos2X) — 2my sinh A cos A
e 4 (sinh® A + sin? \) !
~ mgcosh Asin A — mg cos Asin A
T T s A+ sin? )
mog = 1and m; =1 : co-oscillation,
mo = 1 and m; = —1 : counter-oscillation.
Appendix II
711#7;4”4 (7r2n2 —e* (Rsin A + m2n? cos \) cos 7m) +
s +%2W (R+ e* (m®n?sin A — Rcos \) cosmn) +
" VL — (7*n? + e (Rsin A — w2n? cos A) cos n) +
Rz + mint
+’}/22ﬁ (R— e (mn?sin A + Rcos \) cosn)

YHU1 + 7P — Y1712 Vs + 75 s + 72 Us + V21722 W+

L(y) : = +2711721 Y7 + (V11722 — Y12721) Ys — 2912722 Vo +
: i
—|—§y (711721 — M12722)
YW1 4+ 112 + 712711 V3 + 75, Wa 4+ 73, W — Yooy Pe+
y(y) : = +2712722 V7 + (71722 — Y12721) Ys — 2711721 Yo —
—§y2 (711721 - ’712722) )
1 1
3(y) : = 2 (v = 732) Ws + B (732 —731) e + yv12Pio+

+v21722 V11 + (V11722 + Y12721) Vs



22 K. G. Roesner

eV2Ry <2 + sin v/ 2Ry> eV2Ry (2 —sin v/ 2Ry> eV2RY g V2Ry
v, = U, = Uy = —
! 8R b7 SR e AR ’
e~ V2Ry (2 — sin v/ 2Ry> e~V2Ry (2 + sin v/ 2Ry> e—V2RY (oq V2Ry
\D = \IJ = \IJ =
4 8R ) 5 8R ) 6 4R )
0o _cos V2Ry Ue _ sin V2Ry Ue cos V2Ry
T AR 8 2R P 4R
T V2R gin v/ 2Ry T e~ V2Ry gin v/ 2Ry
10 = iR ; 1= — iR .
Appendix IV
Y (k) + ¥iaqa (k) — yiivi2gs (k) +
Uk) : = +95104 (k) + 73205 (k) + 72172206 (k) +
' +271172197 (k) + (711722 — 112721) gs (k) — |
—2712722q9 (k)
Vo1 (k) +71g2 (k) + m2m1gs (k) +
V() : = +7%04 (k) + 73145 (k) — 2272196 (k) +
' +2719%2247 (k) + (111722 — M2721) @s (k) — |
—271172199 (k)
L, 2
Y mzqio (k) + 2 (711 — i) a3 (k) +
1
Wk : = + (y11v22 +951) g7 (k) + 5722 (21 — m12) gs (k) +
+ (712721 + '7%2711) q9 (k) + va17v22q11 (k) +
+§ (”Y%Q - 7%1) de (k)
ko= (2k +1)%,
K2 <cos V2R + 1) +
28R + kR + k%) — e/ | 2Rk (cos V2R + 25in V2R) +
+8R? (2 + sin \/2R)

o (k) = (2k+ )7

2(32R3 + K (16 R? + 2k R + K?)) ’

K> (cos 2R — 1> +
2R (8R — k) — V2R | +2Rk <2 sin V2R + cos \/ﬁ) +
+8R (sin V2R - 2)
2(32R3 + K (16R? + 2k R + K?)) ’

@k) = (2k+1)n
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V2R <8R cos V2R — ksin v 2R> cosm(2k + 1) — 4R

g5 (k) = m(2k+1) o :

K2 (1 + cos \/ﬁ%) +
e V2R +8R? (2 — sin \/ﬁ%) — + 2 (8R? + Rk + K?)
—2RkK <2 sin V2R — cos 2R>
2 (32R3 + 16R?k + 2Rk? + 7 (2k + 1)°)

g (k) = 2k+ 1w

1 —cosv/ 2R> + 8R? (2 + sin v/ 2R> +
+2Rk (2 sin V2R — cos 2R>
2 (32R3 + 16 R2k + 2Rk? + 76 (2k + 1)°)

7 (
e~ V2R + 2R (8R — K)

gs (k) = (2k+ 17

K sin V2R + 4R cos \/QR) 19R

o—V2R (
des (k) = 27'('(2]{7 -+ 1) 16R2 T l€2 )

- <2R+/€<COS@+1>) —2(R—k)

qr (k) = 2m(2k + 1) (k — 2R) ’
(V2R (1~ V2R) +27(2k + 1)) sin V2R

g (k) = - AR — 9% )
AR+ K (cosm— 1)

@k) = —

21(2k + 1) (k — 2R) ’

K <1 + eV2E cog 2R> + 4ReV?E sin V2R
16 R2 + K2 ’

1+ e~ V2R cog 2V 2R> — 4Re~V?Rgin V2R
(I6R? + K?)

q10 (k) = (21{? + 1)7T

(
qi (k) = (2k+ )7
Appendix V

O1 = 1T + V5T — vy Ts + v, Ty + v3,T5 + Yo1v22 T+
+2v11721 17 + (711722 — Y12721) Ts — 271272270,
Oy = 712°Ty + 7%1T2 + Y21z + ’7222T4 + 7§1T5 — Yoo y21 L6+

+2v1272217 + (’711’722 - 712’)’21) Ts — 2112171y,

1 1
O3 = 5 (V7 — 1) Ts + 5 (V35 — 731) T + 1712110 + Y2122 11 + Y1722 + 112721,
(2R (Rysin2r — Co(1)7% (2k)?) + R (2 (2k)* K (7) + 8T2R cos 27) ) cos 2km

@ =
! 4k (4R? + 7t (2k)")

Y
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2Ms3 + My + M, 2Ms — My — M, My — M,
Tl = ) T2 = ) T3 N e
44/2R 44/2R 2V2R
My — My — 2My My — My — 2My My + Ms
Ty = . Is = ; T = ———r—,
44/2R 44/2R 2vV2R
1 1 Mg My 1
To— Mg+ —— M, Ty— ——2 Ty —— T4 g
T 2vV2R ! ® V2R ? 2V/2R 2 0
T My + M, T M5 — M,
0= Tu= e
w2 k2 (e‘/ﬁ2 cos V2R — 1) + ReV?Esin/2R
My = —k
! i 2 (R? + mtk*) ’
R (1 — V2R o 2R> 1+ 72k2eV2R 5in /2R
My = —
2 = —hT 2 (R? + wik?) ’
eV2R (\/ 2R sin 2km — 2k7r> + 2km
Mo —
s 4m2k2 + 2R ’
m2k? (1 —16m3k3eV2E cos 2R> 1+ Re~V2Rsin 2R
M, —
! 4 (R2 + mikt) ’
m2k2e V2R sin /2R + R (e“/ﬁ cos V2R — 1>
Ms = —kn 2 (R? + kY ’
1 ke sin V2R km (cos 2R — 1) km <1 — e’m>
Mg 2km’ TR —om2k2” 8 R — 2m2k2 ’ 9 R+ 2m2k2
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