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.ruÏîëó÷åíà ñèñòåìà íåëèíåéíî-äèñïåðñèîííûõ óðàâíåíèé òèïà óðàâíåíèé Áóñ-ñèíåñêà íà ïîâåðõíîñòè âðàùàþùåéñÿ ïðèòÿãèâàþùåé ñ�åðû. Ïóòåì ïåðåõîäà êëèíåéíîé ñêîðîñòè è ëèíåéíûì êîîðäèíàòàì íà ïîâåðõíîñòè ñ�åðû óñòàíîâëåíàñâÿçü ñ èçâåñòíûìè ìîäåëÿìè Áóññèíåñêà íà ïëîñêîñòè. Ïðèâåäåíà çàïèñü óðàâíå-íèé Áóññèíåñêà â âèäå, óäîáíîì äëÿ êîíñòðóèðîâàíèÿ âû÷èñëèòåëüíîãî àëãîðèòìà.Êëþ÷åâûå ñëîâà: ïîâåðõíîñòíûå âîëíû íà âîäå, óðàâíåíèÿ ìåëêîé âîäû íà ñ�å-ðå, óðàâíåíèÿ Áóññèíåñêà, íåëèíåéíî-äèñïåðñèîííûå óðàâíåíèÿ.ÂâåäåíèåÂ ðàáîòå [1℄ áûëè ïðåäñòàâëåíû ïîëíûå íåëèíåéíî-äèñïåðñèîííûå (ÍËÄ) ìîäåëè íàïîâåðõíîñòè âðàùàþùåéñÿ ïðèòÿãèâàþùåé ñ�åðû, ïðåäíàçíà÷åííûå äëÿ ìàòåìàòè÷å-ñêîãî ìîäåëèðîâàíèÿ ïðîäîëæèòåëüíîãî ïî âðåìåíè ðàñïðîñòðàíåíèÿ òðàíñîêåàíè÷å-ñêèõ âîëí. Õîòÿ ââèäó óìåíüøåíèÿ ðàçìåðíîñòè çàäà÷è ïîëíàÿ ÍËÄ-ìîäåëü ïî ñðàâíå-íèþ ñ òðåõìåðíûìè óðàâíåíèÿìè Ýéëåðà ÿâëÿåòñÿ áîëåå ýêîíîìè÷íîé, äëÿ ïðîâåäåíèÿïðàêòè÷åñêèõ ðàñ÷åòîâ âïîëíå öåëåñîîáðàçíî åå äàëüíåéøåå óïðîùåíèå. Ýòî êàñàåòñÿâîëíîâûõ ïðîöåññîâ âäàëè îò áåðåãà, ãäå òå÷åíèå íå âñåãäà ìîæíî ïîëàãàòü ïîëíîñòüþëèíåéíûì, îäíàêî íåëèíåéíîñòüþ â äèñïåðñèîííûõ ÷ëåíàõ ìîæíî ïðåíåáðå÷ü áåç ïîòå-ðè òî÷íîñòè ìîäåëèðîâàíèÿ. Òàêèå ñëàáî íåëèíåéíûå äèñïåðñèîííûå ìîäåëè íà ïëîñ-êîñòè õîðîøî èçâåñòíû. Ýòî ìîäåëè Ïåðåãðèíà [2℄, Äîð�ìàíà�ßãîâäèêà [3℄, Íâîãó [4℄è äð.Â íàñòîÿùåé ðàáîòå èç ïîëíîé ÍËÄ-ìîäåëè âûâîäèòñÿ ìîäåëü Áóññèíåñêà íà ñ�å-ðå. Ñòðîãî ãîâîðÿ, ýòî ñëàáî íåëèíåéíàÿ ñëàáî äèñïåðñèîííàÿ ìîäåëü, îïèñûâàþùàÿðàñïðîñòðàíåíèå âîëí íà ïîâåðõíîñòè òîíêîãî ñëîÿ æèäêîñòè íà âðàùàþùåéñÿ ïðè-òÿãèâàþùåé ñ�åðå, ïîëó÷åííàÿ èç ïîëíûõ óðàâíåíèé ÍËÄ-ìîäåëè ìåëêîé âîäû [1℄ âïðåäïîëîæåíèè, ÷òî âûïîëíåíî ñîîòíîøåíèå α = O(µ2), ãäå α è µ � ìàëûå ïàðàìåòðû,õàðàêòåðèçóþùèå ìåðó íåëèíåéíîñòè ïðîöåññà è ÷àñòîòíóþ äèñïåðñèþ. Ýòè ïàðàìåòðûïîÿâëÿþòñÿ â ïîëíîé ÍËÄ-ìîäåëè â ïðîöåññå åå âûâîäà ïðè ñîîòâåòñòâóþùåì ìàñøòà-áèðîâàíèè òðåõìåðíûõ óðàâíåíèé Ýéëåðà.Ïóòåì ïåðåõîäà ê ëèíåéíûì ñêîðîñòÿì è ëèíåéíûì êîîðäèíàòàì óñòàíîâëåíà ñâÿçüìåæäó ïîëó÷åííîé ÍËÄ-ìîäåëüþ íà ñ�åðå è ÍËÄ-ìîäåëÿìè íà ïëîñêîñòè, ÷àñòíûìèñëó÷àÿìè êîòîðûõ ÿâëÿþòñÿ ìîäåëè Ïåðåãðèíà è Äîð�ìàíà�ßãîâäèêà. Âûïîëíåíàìîäè�èêàöèÿ ïîëó÷åííîé ìîäåëè ñ öåëüþ ïîñòðîåíèÿ íà åå îñíîâå ý��åêòèâíûõ ÷èñ-
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Óðàâíåíèÿ Áóññèíåñêà íà âðàùàþùåéñÿ ñ�åðå 75ëåííûõ àëãîðèòìîâ, îïûò ðàçðàáîòêè êîòîðûõ áûë ïðèîáðåòåí ïðè ðåøåíèè àíàëîãè÷-íûõ çàäà÷ íà ïëîñêîñòè [5, 6℄.Íàñòîÿùóþ ñòàòüþ ìîæíî ðàññìàòðèâàòü êàê âòîðóþ ÷àñòü ðàáîòû [1℄. Äëÿ óäîáñòâàñîõðàíåíû îñíîâíûå îáîçíà÷åíèÿ.1. Ïîñòàíîâêà çàäà÷è äëÿ óðàâíåíèé Ýéëåðàè èõ îáåçðàçìåðèâàíèåÂâåäåì ñ�åðè÷åñêóþ ñèñòåìó êîîðäèíàò Oλθr ñ íà÷àëîì â öåíòðå Çåìëè, âðàùàþùåéñÿñ ïîñòîÿííîé óãëîâîé ñêîðîñòüþ Ω, âåêòîð êîòîðîé íàïðàâëåí ê Ñåâåðíîìó ïîëþñó; λ �äîëãîòà, îòñ÷èòûâàåìàÿ ê âîñòîêó îò íåêîòîðîãî ìåðèäèàíà (0 ≤ λ < 2π), θ = π/2−ϕ �äîïîëíåíèå äî øèðîòû ϕ (−π/2 < ϕ < π/2). Íà ïîâåðõíîñòè Çåìëè, àïïðîêñèìèðóåìîéñ�åðîé ðàäèóñà R, ðàññìîòðèì ñëîé æèäêîñòè, òîëùèíà êîòîðîãî ïî ñðàâíåíèþ ñ ðàäè-óñîì R ïðåäïîëàãàåòñÿ ìàëîé, ïîýòîìó âåëè÷èíà g = |g|, ãäå g � íàïðàâëåííàÿ ê öåíòðóÇåìëè ñèëà íüþòîíîâñêîãî ïðèòÿæåíèÿ, è ïëîòíîñòü âîäû ρ ïðèíèìàþòñÿ ïîñòîÿííûìèïî âñåìó ñëîþ, ρ ≡ 1.Ââåäåííàÿ ñ�åðè÷åñêàÿ ñèñòåìà êîîðäèíàò ñâÿçàíà ñ íåïîäâèæíîé äåêàðòîâîé ñè-ñòåìîé êîîðäèíàò Ox1x2x3 ñ îñüþ Ox3, ïðîõîäÿùåé ïî îñè âðàùåíèÿ Çåìëè, è êîîð-äèíàòíîé ïëîñêîñòüþ Ox1x2, ñîâïàäàþùåé ñ ýêâàòîðèàëüíîé. Îðèåíòàöèÿ äåêàðòîâîéñèñòåìû òàêîâà, ÷òî Ñåâåðíûé ïîëþñ ñîîòâåòñòâóåò êîîðäèíàòå x3 = R. Ñ�åðè÷åñêèåè äåêàðòîâû êîîðäèíàòû ñâÿçàíû âûðàæåíèÿìè
x1 = r cos(λ+ Ωt) sin θ, x2 = r sin(λ+ Ωt) sin θ, x3 = r cos θ. (1)Îáîçíà÷èì ÷åðåç J = −r2 sin θ ÿêîáèàí ïðåîáðàçîâàíèÿ (1), à ÷åðåç g00, gα0, gαβ (α, β =

1, 2, 3) � êîâàðèàíòíûå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà ýòîãî ïðåîáðàçîâàíèÿ:
g00 = 1 + Ω2r2 sin2 θ, g10 = Ωr2 sin2 θ, g20 = g30 = 0, (2)

g11 = r2 sin2 θ, g22 = r2, g33 = 1, gαβ = 0 ïðè α 6= β. (3)Òîãäà óðàâíåíèÿ, îïèñûâàþùèå òå÷åíèå èäåàëüíîé íåñæèìàåìîé æèäêîñòè, ìîæíî çà-ïèñàòü â ñëåäóþùåì âèäå [1℄:
(Jv1)λ + (Jv2)θ + (Jw)r = 0, (4)

vt + (u · ∇)v + w vr +∇p = r, (5)
wt + u · ∇w + wwr + pr = −g + r3, (6)ãäå w � ðàäèàëüíàÿ, èëè �âåðòèêàëüíàÿ�, ñîñòàâëÿþùàÿ ñêîðîñòè v3, u = (v1, v2)T �âåêòîð �ãîðèçîíòàëüíîé� ñîñòàâëÿþùåé ñêîðîñòè, ∇ = (∂/∂λ, ∂/∂θ), r = (r1, r2)

T ,
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, (7)
v = (v1, v2)

T . Ïðè ýòîì êîâàðèàíòíûå êîìïîíåíòû ñêîðîñòè vγ (γ = 1, 2, 3) âûðàæàþòñÿ÷åðåç êîíòðàâàðèàíòíûå ïî �îðìóëàì
vγ = gγ0 + gγβv

β,



76 Ç.È. Ôåäîòîâà, �.Ñ. Õàêèìçÿíîâêîòîðûå ñ ó÷åòîì ðàâåíñòâ (2), (3) ïðèâîäÿò ê âûðàæåíèÿì
v1 = g10 + g11v

1, v2 = g22v
2, v3 = v3 = w. (8)Ñèñòåìà óðàâíåíèé (4)�(6) äîïîëíÿåòñÿ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè. Íå ðàñ-ñìàòðèâàÿ ïîñòàíîâêó ýòèõ óñëîâèé [1℄, îòìåòèì ëèøü, ÷òî ïîñêîëüêó áûëî ñäåëàíîïðåäïîëîæåíèå î øàðîîáðàçíîé �îðìå Çåìëè, òî åñòåñòâåííûì ñëåäñòâèåì ýòîãî ÿâëÿ-åòñÿ óñëîâèå ñ�åðè÷íîñòè ïîâåðõíîñòè âîäû â ñîñòîÿíèè ïîêîÿ. Äèíàìè÷åñêîå óñëîâèå

p = 0 íà òàêîé ïîâåðõíîñòè îçíà÷àåò, ÷òî âåêòîð ∇p äîëæåí èìåòü òîëüêî ðàäèàëü-íóþ ñîñòàâëÿþùóþ. Îòñþäà ñëåäóåò, ÷òî öåíòðîáåæíîé ñèëîé ìîæíî ïðåíåáðå÷ü, ÷òîè áûëî ñäåëàíî â [1℄. Ïðè òàêîì äîïóùåíèè ïåðâàÿ �îðìóëà â (2) ïðèìåò âèä g00 = 1.Äëÿ âûâîäà óðàâíåíèé ìåëêîé âîäû íà ñ�åðå ââåäåì õàðàêòåðíûå ìàñøòàáû è âóðàâíåíèÿõ (4)�(6) ïåðåéäåì ê áåçðàçìåðíûì âåëè÷èíàì. Ïóñòü L è h0 � õàðàêòåð-íûå ìàñøòàáû â ãîðèçîíòàëüíîì è âåðòèêàëüíîì íàïðàâëåíèÿõ ñîîòâåòñòâåííî, a0 �õàðàêòåðíàÿ àìïëèòóäà âîëíû, α = a0/h0. Ñ âåëè÷èíîé L ñâÿæåì õàðàêòåðíûé ãîðè-çîíòàëüíûé ìàñøòàá λ0, èçìåðåííûé â ðàäèàíàõ:
λ0 =

L

R
=

ε

µ
,ãäå ε = h0/R ≪ 1, µ = h0/L. Ìàñøòàá âðåìåíè t0 îïðåäåëèì êàê

t0 =
L√
gh0

.Òîãäà õàðàêòåðíûé ìàñøòàá óãëîâîé ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëíû áóäåò îïðåäå-ëÿòüñÿ �îðìóëîé
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,à çà ìàñøòàá �ãîðèçîíòàëüíîé� óãëîâîé ñêîðîñòè ÷àñòèö æèäêîñòè â âîëíå åñòåñòâåííîïðèíÿòü âåëè÷èíó αω0.Â ñîîòâåòñòâèè ñ ââåäåííûìè ìàñøòàáàìè îïðåäåëèì áåçðàçìåðíûå ïåðåìåííûå:
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.Ñ ïîìîùüþ ââåäåííîãî ñåìåéñòâà áåçðàçìåðíûõ ïàðàìåòðîâ ε, α, µ ìîæíî îõàðàê-òåðèçîâàòü âèä òå÷åíèÿ. Ïðåäïîëîæåíèå î ìàëîñòè çíà÷åíèé ýòèõ ïàðàìåòðîâ è èõ âîç-ìîæíîé âçàèìîñâÿçè ïîçâîëÿåò ïîëó÷àòü òå èëè èíûå êëàññû ïðèáëèæåííûõ óðàâíåíèéãèäðîäèíàìèêè.2. Ïîëíàÿ ÍËÄ-ìîäåëü íà âðàùàþùåéñÿ ñ�åðåÄëÿ âûâîäà óðàâíåíèé ìåëêîé âîäû îïðåäåëèì èñêîìûå âåëè÷èíû: H = η+h � ïîëíàÿãëóáèíà ñëîÿ æèäêîñòè è c = c(λ, θ, t) � âåêòîð ñêîðîñòè â ïðèáëèæåííîé ìîäåëè.Çäåñü, êàê è â ðàáîòå [1℄, c = u, ãäå êîìïîíåíòû âåêòîðà u ñîãëàñíî óñëîâèÿì âûâîäàìîäåëè íå çàâèñÿò îò ðàäèàëüíîé êîîðäèíàòû.



Óðàâíåíèÿ Áóññèíåñêà íà âðàùàþùåéñÿ ñ�åðå 77Îñíîâíîå ïðåäïîëîæåíèå, èñïîëüçóåìîå â [1℄ ïðè âûâîäå ÍËÄ-óðàâíåíèé ìåëêîéâîäû íà ñ�åðå, ñîñòîèò â òîì, ÷òî â òîíêîì ïî ñðàâíåíèþ ñ ðàäèóñîì Çåìëè ñëîå âîäûèçìåíåíèåì êîìïîíåíò ìåòðè÷åñêîãî òåíçîðà ïî ãëóáèíå ìîæíî ïðåíåáðå÷ü è â �îðìó-ëàõ (5), (6) èñïîëüçîâàòü ïðèáëèæåííûå âåëè÷èíû
g10 = ΩR2 sin2 θ, g11 = R2 sin2 θ, g22 = R2. (9)Òîãäà è äëÿ ÿêîáèàíà ìîæíî áðàòü åãî ïðèáëèæåííîå çíà÷åíèå

J = −R2 sin θ. (10)Äîïîëíèòåëüíîå èññëåäîâàíèå, ïðîâåäåííîå àâòîðàìè, ïîêàçûâàåò, ÷òî òàêîå óïðîùå-íèå ïðèâîäèò ê èñ÷åçíîâåíèþ èç óðàâíåíèé Ýéëåðà ñëàãàåìûõ ïîðÿäêà ε. Âûâîä ÍËÄ-óðàâíåíèé îñóùåñòâëÿåòñÿ ïî ñõåìå, ïðèìåíåííîé â [1℄, ñ òîé ëèøü ðàçíèöåé, ÷òî óðàâ-íåíèÿ Ýéëåðà èñïîëüçîâàíû â îáåçðàçìåðåííîì âèäå è, ñëåäîâàòåëüíî, ïðè íåêîòîðûõñëàãàåìûõ ïîÿâëÿþòñÿ êîý��èöèåíòû, çàâèñÿùèå îò ïàðàìåòðîâ α è µ. Ñ ó÷åòîì ýòîéïîïðàâêè ïîëó÷åííàÿ ÍËÄ-ìîäåëü íà âðàùàþùåéñÿ ñ�åðå ïðèìåò ñëåäóþùèé âèä (äëÿóïðîùåíèÿ ÷åðòî÷êè íàä áåçðàçìåðíûìè ïåðåìåííûìè îïóùåíû):
Ht + α∇ · (Hc) = 0, (11)

vt + α(c · ∇)v +∇η − r = µ2

[
1

H
∇

(
H3

3
R1 +

H2

2
R2

)
−∇h

(
H

2
R1 +R2

)]
. (12)Çäåñü

H = αη + h, c = (c1, c2)T , v = (v1, v2)
T , v1 =

(
Ω + c1

)
sin2 θ, v2 = c2,

r = (r1, r2)
T , r1 ≡ 0, r2 = α

ε

µ

(
2Ω + c1

)
c1 sin θ cos θ,

∇ · c = c1λ +
(J0c

2)θ
J0

, J0 = − sin θ,

R1 = D (∇ · c)− α (∇ · c)2 , R2 =
1

α
D2h, D =

∂

∂t
+ αc · ∇,àðãóìåíò θ â òðèãîíîìåòðè÷åñêèõ �óíêöèÿõ íå ìàñøòàáèðîâàí. Ñèñòåìà óðàâíåíèé(11), (12) ñëóæèò äëÿ îïðåäåëåíèÿ ïîëíîé ãëóáèíû H è êîíòðâàðèàíòíûõ êîìïîíåíò cβ

(β = 1, 2) âåêòîðà ñêîðîñòè c.Ìîäåëü ãèäðîäèíàìèêè ïîâåðõíîñòíûõ âîëí, îïèñûâàåìàÿ ñèñòåìîé óðàâíåíèé (11),(12), ïðèíàäëåæèò ê êëàññó òàê íàçûâàåìûõ ïîëíûõ ÍËÄ-ìîäåëåé âòîðîãî ãèäðîäè-íàìè÷åñêîãî ïðèáëèæåíèÿ. Èç íåå ïóòåì òåõ èëè èíûõ óïðîùåíèé ìîãóò áûòü ïîëó÷å-íû ìíîãî÷èñëåííûå âàðèàíòû ïðîìåæóòî÷íûõ ÍËÄ-ìîäåëåé, �ðàñïîëîæåííûõ� ìåæäóïîëó÷åííîé ïîëíîé ÍËÄ-ìîäåëüþ è êëàññè÷åñêîé ìîäåëüþ ìåëêîé âîäû ïåðâîãî ïðè-áëèæåíèÿ.3. Ôîðìàëüíûé âûâîä óðàâíåíèé ÁóññèíåñêàÂ êëàññè÷åñêîé òåîðèè Áóññèíåñêà ïðåäïîëàãàåòñÿ α = O(µ2). Ýòî îçíà÷àåò, ÷òî îñòàâà-ÿñü â ïðåäåëàõ òî÷íîñòè ÍËÄ-ìîäåëè, ÷ëåíàìè ïîðÿäêà αµ2 ìîæíî ïðåíåáðå÷ü. Òàêàÿïðîöåäóðà ñóùåñòâåííî óïðîùàåò óðàâíåíèÿ ÍËÄ-ìîäåëè.
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R1 = (∇ · c)t +O(α). (13)Îáðàòèâ âíèìàíèå íà òî, ÷òî èç óðàâíåíèÿ íåðàçðûâíîñòè (11) âûòåêàåò ñîîòíîøåíèå

ht = O(α), (14)ïîëó÷èì ñëåäóþùåå âûðàæåíèå äëÿ R2:
R2 =

1

α
htt + ct · ∇h+O(α). (15)Ïðèìåíÿÿ ýòè ïîäñòàíîâêè, äè��åðåíöèðîâàíèå è ïðèâåäåíèå ïîäîáíûõ, ïîëó÷èì

Q =
h

2
∇ (∇ · hct)−

h2

6
∇ (∇ · c)t +

h

2α
∇htt +O(α). (16)Òàêèì îáðàçîì, îòáðàñûâàÿ ÷ëåíû ïîðÿäêà O(αµ2) è âîçâðàùàÿñü ê ðàçìåðíûì ïå-ðåìåííûì, óðàâíåíèÿ ÍËÄ-ìîäåëè â ïðèáëèæåíèè Áóññèíåñêà, âûòåêàþùèå èç (11),(12), (16), ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

Ht +∇ · (Hc) = 0, (17)
vt + (c · ∇)v + g∇η − r =

h

2
∇ (∇ · hct)−

h2

6
∇ (∇ · c)t +

h

2
∇htt, (18)ãäå

c = (c1, c2)T , v = (v1, v2)
T , v1 =

(
Ω+ c1

)
R2 sin2 θ, v2 = R2c2, (19)

r = (r1, r2)
T , r1 ≡ 0, r2 =

(
2Ω + c1

)
c1R2 sin θ cos θ. (20)Äàëåå áóäåò óñòàíîâëåíà ñâÿçü ñ èçâåñòíûìè ìîäåëÿìè íà ïëîñêîñòè.4. Óðàâíåíèÿ Áóññèíåñêà äëÿ ëèíåéíîé ñêîðîñòèÏðè ÷èñëåííîì ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ î ðàñïðîñòðàíåíèè âîëí íà ïîâåðõíîñòèñ�åðû óäîáíåå èñïîëüçîâàòü ëèíåéíûå êîìïîíåíòû u è v âåêòîðà c:

u = Rc1 sin θ, v = Rc2. (21)Èç �îðìóë (17), (18) ñëåäóåò, ÷òî äëÿ çàâèñèìûõ ïåðåìåííûõ H , u, v óðàâíåíèÿ ÍËÄ-ìîäåëè áóäóò âûãëÿäåòü êàê
Ht +

1

R sin θ

[
(Hu)λ + (Hv sin θ)θ

]
= 0, (22)

ut +
uuλ

R sin θ
+

vuθ

R
+

gηλ
R sin θ

= −ctg θ

R
(2ΩR sin θ + u) v+

+
h

2R sin θ

(
(∇ · hct)λ −

h

3
(∇ · c)tλ + httλ

)
, (23)
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vt +

uvλ
R sin θ

+
vvθ
R

+
gηθ
R

=
ctg θ

R
(2ΩR sin θ + u)u+

+
h

2R

(
(∇ · hct)θ −

h

3
(∇ · c)tθ + httθ

)
, (24)ãäå

∇ · hct =
1

R sin θ

(
(hut)λ + (hvt sin θ)θ

)
, ∇ · c =

1

R sin θ

(
uλ + (v sin θ)θ

)
.Îòáðàñûâàÿ â ýòèõ óðàâíåíèÿõ ñëàãàåìûå, îïèñûâàþùèå âêëàä äèñïåðñèè (ñîäåðæàùèåòðåòüè ïðîèçâîäíûå èëè ÷ëåíû ïîðÿäêà O(µ2) â îáåçðàçìåðåííûõ óðàâíåíèÿõ), ïîëó÷èìêëàññè÷åñêóþ ìîäåëü ìåëêîé âîäû ïåðâîãî ïðèáëèæåíèÿ. Îáû÷íî åå çàïèñûâàþò â âèäå

Ht +
1

R sin θ

[
(Hu)λ + (Hv sin θ)θ

]
= 0,

ut +
uuλ

R sin θ
+

vuθ

R
+

gηλ
R sin θ

= −uv ctg θ

R
− fv,

vt +
uvλ

R sin θ
+

vvθ
R

+
gηθ
R

=
u2 ctg θ

R
+ fu,ãäå f = 2Ω cos θ.Íàêîíåö, ïðåíåáðåãàÿ íàðÿäó ñ äèñïåðñèîííûìè ÷ëåíàìè òàêæå è íåëèíåéíûìè,ïîëó÷èì ïðîñòåéøóþ ëèíåéíóþ ìîäåëü ìåëêîé âîäû íà âðàùàþùåéñÿ ñ�åðå:

ηt +
1

R sin θ

[
(hu)λ + (hv sin θ)θ

]
= −ht,

ut +
gηλ

R sin θ
= −fv,

vt +
gηθ
R

= fu.5. Ìîäåëü Áóññèíåñêà äëÿ ëèíåéíûõ êîîðäèíàò×òîáû óñòàíîâèòü ñâÿçü ìåæäó ïîëó÷åííûìè óðàâíåíèÿìè Áóññèíåñêà íà âðàùàþùåé-ñÿ ñ�åðå è èçâåñòíûìè ñëàáî íåëèíåéíûìè äèñïåðñèîííûìè ìîäåëÿìè íà ïëîñêîñòè,ïåðåéäåì ê êîîðäèíàòàì íà ïîâåðõíîñòè Çåìëè. Äëÿ ýòîãî â íåêîòîðîé îêðåñòíîñòèòî÷êè (λ0, θ0) ðàññìîòðèì ïðåîáðàçîâàíèå êîîðäèíàò:
x = R sin θ0 (λ− λ0) , y = −R (θ − θ0) . (25)Äëÿ êîìïîíåíò ñêîðîñòè, îñòàâèâ äëÿ íèõ òå æå îáîçíà÷åíèÿ, ÷òî è â ïðåäûäóùåìðàçäåëå, ïîëó÷èì ñëåäóþùèå âûðàæåíèÿ:

u = ẋ = Rc1 sin θ0, v = ẏ = −Rc2. (26)Èç �îðìóë (25), (26) ñëåäóåò, ÷òî
c1 =

u

R sin θ0
, c2 = − v

R
,

∂

∂λ
= R sin θ0

∂

∂x
,

∂

∂θ
= −R

∂

∂y
,

∇ · c = ∇ ·U− v ctg θ

R
, ∇ ·U =

∂u

∂x
+

∂v

∂y
, U = (u, v).
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(∇ · c)tx = (∇ ·U)tx −

vtx ctg θ

R
, (∇ · hct)x = (∇ · hUt)x −

(hvt)x ctg θ

R
,

(∇ · c)ty = (∇ ·U)ty −
vty ctg θ

R
− vt

R2 sin2 θ
,

(∇ · hct)y = (∇ · hUt)y −
(hvt)y ctg θ

R
− hvt

R2 sin2 θ
.Ïåðåõîäÿ â ñèñòåìå óðàâíåíèé Áóññèíåñêà (17), (18) ê ïðîèçâîäíûì ïî x, y è ñêîðî-ñòè ñ êîìïîíåíòàìè (26) è ó÷èòûâàÿ ïðèâåäåííûå âûøå âûðàæåíèÿ äëÿ äèñïåðñèîííûõ÷ëåíîâ, ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:

Ht + (Hu)x + (Hv)y =
Hv ctg θ

R
, (27)

Du+ σ2 gηx = σfv +
2uv ctg θ

R
+

+σ2
h

2

[
(∇ · hUt)x −

h

3
(∇ ·U)tx + httx −

(hvt)x ctg θ

R
+

hvtx ctg θ

3R

]
, (28)

Dv + gηy = −1

σ
fu− 1

σ2

u2 ctg θ

R
+

+
h

2

[
(∇ · hUt)y −

h

3
(∇ ·U)ty + htty +

hvty ctg θ

3R
− (hvt)y ctg θ

R
− 2hvt

3R2 sin2 θ

]
, (29)ãäå

σ =
sin θ0
sin θ

, D =
∂

∂t
+ u

∂

∂x
+ v

∂

∂y
.Ïðåäïîëàãàÿ, ÷òî âåëè÷èíà δ = θ−θ0 ìàëà, ïîëó÷èì σ = 1+O(δ). Ïîñêîëüêó ðàññìàòðè-âàåìûå ÍËÄ-óðàâíåíèÿ ïðåäíàçíà÷åíû äëÿ ìîäåëèðîâàíèÿ âîëí öóíàìè, òî íàìåðåííîèñêëþ÷èì èç ðàññìîòðåíèÿ ïðèïîëÿðíûå îáëàñòè Çåìëè, ÷òî ãàðàíòèðóåò îãðàíè÷åí-íîñòü �óíêöèè ctg θ. Áóäåì òàêæå ïðåäïîëàãàòü îãðàíè÷åííîñòü �óíêöèé u, v, H è èõïðîèçâîäíûõ. Â ñèëó ýòèõ óñëîâèé, ïðåíåáðåãàÿ â óðàâíåíèÿõ (27)�(29) ÷ëåíàìè, èìå-þùèìè ïîðÿäîê O(δ) èëè O (1/R), ïîëó÷èì ïëàíîâûå ÍËÄ-óðàâíåíèÿ íà ïëîñêîñòè.Ïðåíåáðåãàÿ ñèëîé Êîðèîëèñà, çàïèøåì èõ â âèäå

Ht +∇ ·HU = 0, (30)
Ut + (U · ∇)U+ g∇η =

h

2
∇ (∇ · hUt)−

h2

6
∇ (∇ ·U)t +

h

2
∇htt. (31)Äàííûå óðàâíåíèÿ ëåãêî âûâîäÿòñÿ èç ÍËÄ-ìîäåëè íà ïëîñêîñòè [7℄, åñëè ê ïîëó÷åííîéâ ýòîé ðàáîòå ïîëíîé ïëàíîâîé ìîäåëè ïðèìåíèòü ïðîöåäóðó ïåðåõîäà ê ñëàáî íåëè-íåéíîé ìîäåëè òèïà ìîäåëè Áóññèíåñêà ïî àíàëîãèè ñ íàñòîÿùåé ðàáîòîé. Îòìåòèì,÷òî â ñëó÷àå íåïîäâèæíîãî äíà óðàâíåíèÿ (30), (31) ïåðåõîäÿò â èçâåñòíóþ ìîäåëüÏåðåãðèíà [2℄:

Ht +∇ ·HU = 0,

Ut + (U · ∇)U + g∇η =
h

2

∂

∂t
∇

[
(∇ · hU)− h

3
(∇ ·U)

]
.Êðîìå òîãî, åñëè ïðåäïîëîæèòü, ÷òî �îðìà äîííîé ïîâåðõíîñòè îïèñûâàåòñÿ �îðìóëîé

h(õ, ó, t) = h0(õ, ó) + αh̃(õ, ó, t), òî èç óðàâíåíèé (30), (31) ñëåäóåò îäíà èç ìîäåëåé,îïèñàííûõ â ðàáîòå [3℄.



Óðàâíåíèÿ Áóññèíåñêà íà âðàùàþùåéñÿ ñ�åðå 816. Ìîäè�èöèðîâàííûå óðàâíåíèÿ ÁóññèíåñêàÏðåäëàãàåìûé ÷èñëåííûé àëãîðèòì îñíîâàí íà ìîäè�èöèðîâàííîé ñèñòåìå óðàâíåíèéÁóññèíåñêà, êîòîðàÿ ëåãêî ðàñùåïëÿåòñÿ íà äâå ñèñòåìû, îäíà èç êîòîðûõ ñîäåðæèòóðàâíåíèÿ ïåðâîãî ïîðÿäêà, äðóãàÿ � óðàâíåíèÿ âòîðîãî ïîðÿäêà ýëëèïòè÷åñêîãî òèïà.Ìîäè�èêàöèè ïîäâåðãàåòñÿ óðàâíåíèå äâèæåíèÿ (18). Ó÷èòûâàÿ ðàâåíñòâà α = O(µ2)è (13)�(15), ïîëó÷èì, ÷òî â óðàâíåíèè (12)
Q =

h

2
∇h (∇ · ct) +

h2

3
∇ (∇ · ct) +

h

2
∇ (ct · ∇h) +

h

2

∇htt

α
+O(µ2). (32)Ïðåîáðàçóåì ïåðâûå òðè ñëàãàåìûõ â ïðàâîé ÷àñòè (32). Èç óðàâíåíèé äâèæåíèÿ (12)ñëåäóþò ðàâåíñòâà

v1,t + ηλ = O(µ2), v2,t + ηθ = O(µ2). (33)Èç íèõ ïîñëå ïåðåêðåñòíîãî äè��åðåíöèðîâàíèÿ è âû÷èòàíèÿ ïîëó÷àþòñÿ ñîîòíîøåíèå
v1,tθ − v2,tλ = O(µ2) (34)è ðàâåíñòâà

c1t =
v1,t
J2

0

= − ηλ
J2

0

+O(µ2), c2t = v2,t = −ηθ +O(µ2). (35)Ñëåäîâàòåëüíî, äëÿ ïåðâîãî ÷ëåíà ïðàâîé ÷àñòè (32) èìååì âûðàæåíèå
h

2
∇h (∇ · ct) =

h

2
∇h

(
c1tλ +

(J0c
2

t )θ
J0

)
= −h

2
∇h ∇2η +O(µ2), (36)ãäå ÷åðåç ∇2 îáîçíà÷åí îïåðàòîð Ëàïëàñà

∇2η =
ηλλ
J2

0

+
(J0ηθ)θ

J0

. (37)Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (32) ñ ó÷åòîì ðàâåíñòâ (35) ïðèìåò âèä
h

2
∇ (ct · ∇h) = −h

2
∇

(
ηλhλ

J2

0

+ ηθhθ

)
+O(µ2). (38)�àññìîòðèì, íàêîíåö, âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ðàâåíñòâà (32):

h2

3
∇ (∇ · ct) =

h2

3
∇

(
c1tλ +

(J0c
2

t )θ
J0

)
=

h2

3
∇

(
v1,tλ
J2

0

+
(J0v2,t)θ

J0

)
.Ñ ó÷åòîì âûðàæåíèé (34) è (35) ïîëó÷èì ñëåäóþùèå öåïî÷êè ðàâåíñòâ:

(∇ · ct)λ =
v1,tλλ
J2

0

+
(J0v2,tλ)θ

J0

=
v1,tλλ
J2

0

+
(J0v1,tθ)θ

J0

+O(µ2) = ∇2v1,t +O(µ2),

(∇ · ct)θ =
(
v1,tλ
J2

0

)

θ

+

(
(J0v2,t)θ

J0

)

θ

= ∇2v2,t − ηθ

(
J0,θ

J0

)

θ

− ηλλ

(
1

J2

0

)

θ

+O(µ2).Òàêèì îáðàçîì,
∇ (∇ · ct) =

(
∇2(v − v0)

)
t
− ζ +O(µ2), (39)
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ζ = (ζ1, ζ2)

T , ζ1 ≡ 0, ζ2 = ηθ

(
J0,θ

J0

)

θ

+ ηλλ

(
1

J2

0

)

θ

, v0 =

(
Ω sin2 θ

0

)
. (40)Ñ ó÷åòîì ðàâåíñòâ (14), (36), (38), (39) ïåðåïèøåì âûðàæåíèå (32):

Q =

(
h2

3
∇2(v − v0)

)

t

+ q+O(µ2),ãäå
q = −h

2
∇h ∇2η − h2

3
ζ − h

2
∇

(
ηλhλ

J2

0

+ ηθhθ

)
+

h

2

∇htt

α
+O(µ2).Ïîýòîìó óðàâíåíèå äâèæåíèÿ (12) ïåðåõîäèò â ñëåäóþùåå ìîäè�èöèðîâàííîå óðàâíå-íèå ìîäåëè Áóññèíåñêà:

vt + α(c · ∇)v +∇η − r = µ2

(
h2

3
∇2(v − v0)

)

t

+ µ2q+O(µ4). (41)Îòáðàñûâàÿ â íåì ÷ëåíû ïîðÿäêà O(µ4) è ïåðåõîäÿ ê ðàçìåðíûì âåëè÷èíàì, ïîëó÷èììîäè�èöèðîâàííóþ ìîäåëü Áóññèíåñêà, ó êîòîðîé óðàâíåíèå íåðàçðûâíîñòè ïî-ïðåæ-íåìó èìååò âèä (17), à óðàâíåíèÿ äâèæåíèÿ çàïèñûâàþòñÿ â âèäå
vt + (c · ∇)v + g∇η − r =

(
h2

3
∇2(v − v0)

)

t

+ q, (42)ãäå
q = (q1, q2)

T = −g
h

2
∇h∇2η − g

h

2
∇

(
ηλhλ

R2 sin2 θ
+

ηθhθ

R2

)
− g

h2

3
ζ +

h

2
∇htt,

ζ = (ζ1, ζ2)
T , ζ1 ≡ 0, ζ2 = − 1

R2 sin2 θ
(2ηλλ ctg θ + ηθ) , v0 =

(
ΩR2 sin2 θ

0

)
,

∇2 � îïåðàòîð Ëàïëàñà (37) â ðàçìåðíûõ ïåðåìåííûõ
∇2η =

ηλλ
R2 sin2 θ

+
(ηθ sin θ)θ
R2 sin θ

. (43)Îñòàëüíûå âåëè÷èíû â (42) îïðåäåëÿþòñÿ ñîãëàñíî �îðìóëàì (19), (20).Òàêèì îáðàçîì, óðàâíåíèÿ (17), (42) ïðåäñòàâëÿþò íîâûé âàðèàíò óðàâíåíèé Áóñ-ñèíåñêà íà ñ�åðå. Îòìåòèì, ÷òî ïðåîáðàçîâàíèÿ âûïîëíåíû íà îñíîâå ñëåäñòâèé èçÍËÄ-óðàâíåíèé áåç ïðèâëå÷åíèÿ êàêèõ áû òî íè áûëî äîïîëíèòåëüíûõ îãðàíè÷åíèéíà õàðàêòåð òå÷åíèÿ.Ïåðåõîäÿ â óðàâíåíèÿõ (17), (42) ê ëèíåéíîé ñêîðîñòè ñ êîìïîíåíòàìè u, v (21),ïîëó÷èì ñëåäóþùèé âèä óðàâíåíèé:
(HR sin θ)t + (Hu)λ + (Hv sin θ)θ = 0, (44)

R sin θ ut + uuλ + vuθ sin θ + gηλ = − (2ΩR sin θ + u) v cos θ +
∂

∂t

(
h2

3
∇2 (uR sin θ)

)
+ q1,

R sin θ vt+uvλ+vvθ sin θ+gηθ sin θ = (2ΩR sin θ + u)u cos θ+
∂

∂t

(
h2 R sin θ

3
∇2v

)
+q2 sin θ.
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Ut = −uuλ − vuθ sin θ − gηλ − (2ΩR sin θ + u) v cos θ + q1, (45)

Vt = −uvλ − vvθ sin θ − gηθ sin θ + (2ΩR sin θ + u)u cos θ + q2 sin θ, (46)
uR sin θ − h2

3
∇2 (uR sin θ) = U, v R sin θ − h2 R sin θ

3
∇2v = V. (47)�åøåíèå ñèñòåìû (44)�(47) ìîæíî ïîëó÷èòü ñ ïîìîùüþ äâóõñëîéíîé ðàçíîñòíîé ñõåìû,ñîñòîÿùåé èç äâóõ øàãîâ: ñíà÷àëà íà êàæäîì âðåìåííîì ñëîå ðåøàþòñÿ óðàâíåíèÿïåðâîãî ïîðÿäêà (44)�(46) è íàõîäÿòñÿ âåëè÷èíû H , U , V , à çàòåì äëÿ îïðåäåëåíèÿêîìïîíåíò ñêîðîñòè u, v èñïîëüçóþòñÿ ýëëèïòè÷åñêèå óðàâíåíèÿ (47) ñ âû÷èñëåííûìèíà ïåðâîì øàãå ïðàâûìè ÷àñòÿìè.Çàêëþ÷åíèåÂ íàñòîÿùåé ðàáîòå ïîëó÷åíû óðàâíåíèÿ Áóññèíåñêà íà âðàùàþùåéñÿ ïðèòÿãèâàþùåéñ�åðå è âûïîëíåíà èõ ìîäè�èêàöèÿ ñ îðèåíòàöèåé íà ñîçäàíèå âû÷èñëèòåëüíûõ àëãî-ðèòìîâ, êîòîðûå ìîæíî áûëî áû ïðèìåíèòü äëÿ ìîäåëèðîâàíèÿ ðàñïðîñòðàíåíèÿ âîëíöóíàìè. Ïðåîáðàçîâàíèå ìîäåëè áûëî âûïîëíåíî áëàãîäàðÿ ñîîòíîøåíèÿì (14), (34),(35). Ýòî ïîçâîëèëî ïîëó÷èòü ïðè ðàñùåïëåíèè óðàâíåíèé äâèæåíèÿ îïåðàòîð Ëàïëà-ñà, âûïîëíÿþùèé ðîëü ðåãóëÿðèçàòîðà ÷èñëåííîãî ðåøåíèÿ [5, 6℄. Îòìåòèì, ÷òî êàêïðè âûâîäå ìîäåëè, òàê è ïðè åå ìîäè�èêàöèè íå ââîäèëîñü ïðåäïîëîæåíèå î ïîòåíöè-àëüíîñòè òå÷åíèÿ.�åçóëüòàòû äàëüíåéøåãî èçó÷åíèÿ è ðàçâèòèÿ ïîëó÷åííîé ìîäåëè è ïîñòðîåíèå ÷èñ-ëåííîãî àëãîðèòìà ïðåäïîëàãàåòñÿ èçëîæèòü â ñëåäóþùåé ñòàòüå. Áóäåò âûïîëíåíîèññëåäîâàíèå âçàèìîñâÿçè ìåæäó ñõåìíîé äèñïåðñèåé, äèñïåðñèåé ìîäåëè è äèñïåðñè-îííûì ñîîòíîøåíèåì ïîëíîé ìîäåëè òðåõìåðíîãî òå÷åíèÿ. Ïëàíèðóåòñÿ òàêæå óäåëèòüâíèìàíèå ðåàëèçàöèè íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé è ïðèâåñòè ïðèìåðû ÷èñëåííûõýêñïåðèìåíòîâ.Ñïèñîê ëèòåðàòóðû[1℄ Ôåäîòîâà Ç.È., Õàêèìçÿíîâ �.Ñ. Íåëèíåéíî-äèñïåðñèîííûå óðàâíåíèÿ ìåëêîé âîäûíà âðàùàþùåéñÿ ñ�åðå // Âû÷èñë. òåõíîëîãèè. 2010. Ò. 15, � 3. C. 135�145.[2℄ Peregrine D.H. Long waves on a bea
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h. 1967. Vol. 27, pt. 4. P. 815�827.[3℄ Äîð�ìàí À.À., ßãîâäèê �.È.Óðàâíåíèÿ ïðèáëèæåííîé íåëèíåéíî-äèñïåðñèîííîé òåî-ðèè äëèííûõ ãðàâèòàöèîííûõ âîëí, âîçáóæäàåìûõ ïåðåìåùåíèÿìè äíà è ðàñïðîñòðàíÿ-þùèõñÿ â áàññåéíå ïåðåìåííîé ãëóáèíû // ×èñëåííûå ìåòîäû ìåõàíèêè ñïëîøíîé ñðåäû.1977. Ò. 8, � 1. C. 36�48.[4℄ Nwogu O. Alternative form of Boussinesq equations for near shore wave propagation // J.Waterway, Port, Coastal and O
ean Engng. 1993. Vol. 119. P. 618�638.[5℄ Fedotova Z.I., Pashkova V.Yu. Methods of 
onstru
tion and the analysis of di�eren
es
hemes for nonlinear dispersive models of wave hydrodynami
s // Russ. J. Numer. Anal.Math. Modelling. 1997. Vol. 12, No. 2. P. 127�149.



84 Ç.È. Ôåäîòîâà, �.Ñ. Õàêèìçÿíîâ[6℄ Chubarov L.B., Fedotova Z.I., Shkuropatskii D.A. Investigation of 
omputationalmodels of long surfa
e waves in the problem of intera
tion of a solitary wave with a 
oni
island // Ibid. 1998. Vol. 13, No. 4. P. 289�306.[7℄ Ôåäîòîâà Ç.È., Õàêèìçÿíîâ �.Ñ. Íåëèíåéíî-äèñïåðñèîííûå óðàâíåíèÿ ìåëêîé âîäûíà íåñòàöèîíàðíîì äíå // Âû÷èñë. òåõíîëîãèè. 2008. Ò. 13, � 4. C. 114�126.Ïîñòóïèëà â ðåäàêöèþ 17 ìàðòà 2011 ã.


