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Ïðåîáðàçîâàíèÿ è ðåøåíèÿ ëèíåéíûõ óðàâíåíèéñ ïåðåìåííûìè êîý��èöèåíòàìè∗Î.Â. Êàïöîâ, È.Â. ÊîðîñòåëåâÓ÷ðåæäåíèå �îññèéñêîé àêàäåìèè íàóêÈíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ �ÀÍ, Êðàñíîÿðñê, �îññèÿe-mail: kaptsov�i
m.krasn.ru, ivankor86�bk.ruÂ ðàáîòå ïðåäñòàâëåí ìåòîä ïðåîáðàçîâàíèÿ ñïåöèàëüíûõ ëèíåéíûõ äè��å-ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïðîèçâîëüíûì ÷èñëîì íåçàâè-ñèìûõ ïåðåìåííûõ. Äàííûé ïîäõîä ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ íà÷àëüíî-êðàåâûõçàäà÷ íåêîòîðûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé. �àçâèâàåòñÿ îáîáùåíèå ìåòîäà íàñèñòåìû ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé.Êëþ÷åâûå ñëîâà: ìåòîä Ýéëåðà, ïðåîáðàçîâàíèÿ, íåîäíîðîäíûå ñðåäû.ÂâåäåíèåËþáóþ ñïëîøíóþ ñðåäó ëèøü â íåêîòîðîì ïðèáëèæåíèè ìîæíî ñ÷èòàòü îäíîðîäíîé.Åñëè íåîäíîðîäíîñòüþ íåëüçÿ ïðåíåáðå÷ü, òî ìàòåìàòè÷åñêèå ìîäåëè òàêèõ ñðåä ïðåä-ñòàâëÿþò ñîáîé ëèíåéíûå èëè íåëèíåéíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ ïåðåìåí-íûìè êîý��èöèåíòàìè. Ëèíåéíûå ìîäåëè ïðèìåíÿþòñÿ â àêóñòèêå, òåîðèè óïðóãîñòè,ýëåêòðîäèíàìèêå, êâàíòîâîé ìåõàíèêå [1, 2℄. Àíàëèòè÷åñêîå ðåøåíèå íà÷àëüíî-êðàåâûõçàäà÷ è ïîñòðîåíèå òî÷íûõ ðåøåíèé äëÿ òàêèõ ìîäåëåé ñòàëêèâàþòñÿ ñî çíà÷èòåëüíûìèòðóäíîñòÿìè. Ýòî ñâÿçàíî ñ òåì, ÷òî ìåòîäû, ïðèìåíÿåìûå ê óðàâíåíèÿì ñ ïîñòîÿííû-ìè êîý��èöèåíòàìè, çà÷àñòóþ íå óäàåòñÿ ïåðåíåñòè íà áîëåå ñëîæíûå ìîäåëè.�ðóïïû ïðåîáðàçîâàíèé, äîïóñêàåìûå óðàâíåíèÿìè ñ ïåðåìåííûìè êîý��èöèåíòà-ìè, äîâîëüíî áåäíû [3, 4℄. Ïîýòîìó ïðèâëå÷åíèå ñòàíäàðòíûõ ìåòîäîâ ãðóïïîâîãî àíà-ëèçà â äàííîì ñëó÷àå îêàçûâàåòñÿ íå î÷åíü ý��åêòèâíûì. Â ïîñëåäíåå âðåìÿ ñòàëèïîÿâëÿòüñÿ ñòàòüè [5 � 7℄, â êîòîðûõ äëÿ èíòåãðèðîâàíèÿ óðàâíåíèé ñ ïåðåìåííûìè êî-ý��èöèåíòàìè èñïîëüçóþòñÿ ëèíåéíûå äè��åðåíöèàëüíûå ïîäñòàíîâêè. Òàê, Ñ.Ï. Öà-ðåâ [7℄ ïðåäëîæèë îáîáùåíèå êàñêàäíîãî ìåòîäà Ëàïëàñà äëÿ ñòðîãî ãèïåðáîëè÷åñêèõñèñòåì ïåðâîãî ïîðÿäêà, à â ðàáîòå [6℄ ìåòîä èíòåãðèðîâàíèÿ Ýéëåðà [8℄ áûë ðàñïðî-ñòðàíåí íà íîâûå êëàññû ëèíåéíûõ óðàâíåíèé ñ ïðîèçâîëüíûì ÷èñëîì ïåðåìåííûõ.Äàííàÿ ñòàòüÿ ïîñâÿùåíà ïîñòðîåíèþ ðåøåíèé è ïðåîáðàçîâàíèé ëèíåéíûõ óðàâíå-íèé âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè êîý��èöèåíòàìè. Ñíà÷àëà ïðåäñòàâëÿåòñÿ ìåòîäÝéëåðà è êîíñòðóêòèâíûì îáðàçîì íàõîäèòñÿ ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿóðàâíåíèÿ

utt = uxx +G(x)ux (1)

∗�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäîâàíèé(ãðàíò � 07-01-00489) è ÑÎ �ÀÍ (èíòåãðàöèîííûé ïðîåêò � 103).
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Ïðåîáðàçîâàíèÿ è ðåøåíèÿ ëèíåéíûõ óðàâíåíèé... 29ñ êîý��èöèåíòîì G(x) èç íåêîòîðîãî ñåìåéñòâà �óíêöèé. Óðàâíåíèå (1) îïèñûâàåò, â÷àñòíîñòè, àêóñòè÷åñêèå âîëíû â êàíàëå è ïðîäîëüíûå êîëåáàíèÿ ñòåðæíåé ïåðåìåííîãîñå÷åíèÿ [9, 10℄. Äàëåå ðàññìàòðèâàåòñÿ òðåõìåðíîå óðàâíåíèå
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= 0, (2)îïèñûâàþùåå àêóñòè÷åñêèå âîëíû â íåîäíîðîäíûõ ñðåäàõ [1, 2℄, ïðè ýòîì ρ è c ñ÷è-òàþòñÿ çàäàííûìè �óíêöèÿìè. Óêàçûâàþòñÿ ñëó÷àè, â êîòîðûõ (2) ðåäóöèðóåòñÿ êóðàâíåíèþ �åëüìãîëüöà ñ ïîñòîÿííûì êîý��èöèåíòîì. �àçâèâàåòñÿ îáîáùåíèå ìåòîäàÝéëåðà íà ñïåöèàëüíûå ñèñòåìû ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõïðîèçâîäíûõ ñ ïðîèçâîëüíûì ÷èñëîì íåçàâèñèìûõ ïåðåìåííûõ.1. Ïðèìåíåíèå ìåòîäà Ýéëåðà ê ðåøåíèþíà÷àëüíî-êðàåâîé çàäà÷èÑíà÷àëà ïðåäñòàâèì êðàòêîå îïèñàíèå ìåòîäà Ýéëåðà äëÿ óðàâíåíèé
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bα � �óíêöèè òîëüêî îò t = (t1, . . . , tn). Ñëåäóÿ [6℄, ðàññìîòðèì ïðåîáðàçîâàíèå
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r, (4)çäåñü r � ïðîèçâîëüíàÿ ãëàäêàÿ �óíêöèÿ îò x, h(x) óäîâëåòâîðÿåò îáûêíîâåííîìóäè��åðåíöèàëüíîìó óðàâíåíèþ
F h′′ +Gh′ + (H + c) h = 0, c ∈ R. (5)Â äàëüíåéøåì (4) áóäåì íàçûâàòü äè��åðåíöèàëüíûì ïðåîáðàçîâàíèåì Ýéëåðà,èëè êðàòêî � ïðåîáðàçîâàíèåì Ýéëåðà. Ïðåîáðàçîâàíèå âèäà

z = M(x) (ux + s(x) u)ââåäåíî Ýéëåðîì [8℄ äëÿ èíòåãðèðîâàíèÿ óðàâíåíèé
utt = F (x) uxx +G(x) ux +H(x) u.Ïðåîáðàçîâàíèå Ýéëåðà (4) ïåðåâîäèò ðåøåíèÿ óðàâíåíèÿ (3) â ðåøåíèÿ óðàâíåíèÿ [6℄
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G1 = G+ F ′ + 2F (ln r)′, (6)
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H1 = H +

(F r′ +Gr)′

r
+ F ′ (lnh)′ + 2F (lnh)′′, (7)çäåñü øòðèõ îçíà÷àåò ïðîèçâîäíóþ ïî x.Ïîêàæåì, êàê ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ýéëåðà ðåøèòü óðàâíåíèå (1) äëÿ íåêîòî-ðîãî ñåìåéñòâà �óíêöèé G(x). Äëÿ òîãî ÷òîáû ïðåîáðàçîâàíèå Ýéëåðà (4) ïåðåâîäèëîðåøåíèÿ óðàâíåíèÿ (1) â ðåøåíèÿ óðàâíåíèÿ

ztt = zxx + (G+ 2(ln r)′)zx, (8)�óíêöèÿ r äîëæíà óäîâëåòâîðÿòü îáûêíîâåííîìó äè��åðåíöèàëüíîìó óðàâíåíèþ
r′′ +Gr′ + (G′ + 2(lnh)′′)r = 0. (9)Ïóñòü G = 0, òîãäà u = f(x+ t)+g(x−t) � îáùåå ðåøåíèå (1), à óðàâíåíèå íà �óíêöèþ

h èìååò âèä
h′′ + c h = 0, c ∈ R. (10)Â çàâèñèìîñòè îò âûáîðà c ïîëó÷àåòñÿ òðè òèïà ðåøåíèé. Åñëè c = 0, òî

h = a1x+ a2, a1, a2 ∈ R.Â ýòîì ñëó÷àå ðåøåíèåì óðàâíåíèÿ (9) ÿâëÿåòñÿ �óíêöèÿ
r =

c1 + c2 (a1x+ a2)
3

(a1x+ a2)
, c1, c2 ∈ R. (11)Çíà÷èò, ïðåîáðàçîâàííîå óðàâíåíèå

ztt = zxx + 2 (ln r)′ zx, (12)ñîãëàñíî �îðìóëå (4), èìååò ðåøåíèå
z =

a1x+ a2

c1 + c2 (a1x+ a2)3

[
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]

.Ïóñòü c < 0, òîãäà, íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü c = −1. Â ýòîì ñëó÷àå
h = a1 sh(x) + a2 ch(x)ÿâëÿåòñÿ îáùèì ðåøåíèåì (10), à

r = c1 −
a1 ch(x) + a2 sh(x)

a1 sh(x) + a2 ch(x)
(c1x+ c2), c1, c2 ∈ R, (13)óäîâëåòâîðÿåò (9). Çíà÷èò, ïðåîáðàçîâàííîå óðàâíåíèå (8) èìååò ðåøåíèå
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1

r
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]

.Íàêîíåö, åñëè c = 1, òî ñîîòâåòñòâóþùèå �óíêöèè h, r è z çàäàþòñÿ �îðìóëàìè
h = a1 sin(x) + a2 cos(x),
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r = c1 +

a2 sin(x) − a1 cos(x)

a1 sin(x) + a2 cos(x)
(c1x+ c2), c1, c2 ∈ R, (14)
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]

.Ïîñëåäîâàòåëüíîå ïðèìåíåíèå ïðåîáðàçîâàíèÿ Ýéëåðà ïîçâîëÿåò ïîëó÷àòü íîâûåèíòåãðèðóåìûå óðàâíåíèÿ è èõ îáùèå ðåøåíèÿ. Â [6℄ ïðèâåäåíî ðåøåíèå
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zx,ãäå hi = ai sh(λix) + bi ch(λix), ai, bi, λi ∈ R, λi 6= λj ïðè i 6= j, u0 = f(x + t) + g(x− t),
W (f1, . . . , fn) � âðîíñêèàí �óíêöèé f1, . . . , fn.Èñïîëüçóÿ ïðåîáðàçîâàíèÿ Ýéëåðà, ìîæíî íàéòè ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷èäëÿ óðàâíåíèÿ (12) ñ �óíêöèåé r, çàäàííîé ëþáîé èç �îðìóë (11), (13), (14). Îñíîâíûåðåçóëüòàòû ïî ðàçðåøèìîñòè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ëèíåéíûõ ãèïåðáîëè÷åñêèõóðàâíåíèé èìåþòñÿ â [11, 12℄. Â äàëüíåéøåì âñå âõîäÿùèå �óíêöèè ñ÷èòàþòñÿ äè��å-ðåíöèðóåìûìè íóæíîå ÷èñëî ðàç.�àññìîòðèì îòðåçîê [x1, x2] è íà÷àëüíûå äàííûå

z(0, x) = ϕ(x), zt(0, x) = ψ(x), x ∈ [x1, x2] . (15)Óðàâíåíèå (12) ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì, ïîýòîìó åãî ðåøåíèå â ëþáîé òî÷êå òðå-óãîëüíèêà
T = {(t, x) : t ≥ 0, x1 + t ≤ x ≤ x2 − t} (16)îäíîçíà÷íî îïðåäåëÿåòñÿ ïî äàííûì (15). Íàéäåì ÿâíîå ïðåäñòàâëåíèå ýòîãî ðåøåíèÿ.�åøåíèÿ óðàâíåíèÿ (12) ïîëó÷àþòñÿ èç ðåøåíèé óðàâíåíèÿ

utt = uxx (17)ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ýéëåðà (4). Íà÷àëüíûå äàííûå
u0(x) = u(0, x) = h(x)

x
∫

a

ϕ(y) r(y)

h(y)
dy, (18)

u1(x) = ut(0, x) = h(x)

x
∫

b

ψ(y) r(y)

h(y)
dy (19)äëÿ óðàâíåíèÿ (17) ïåðåõîäÿò â íà÷àëüíûå äàííûå (15) ïîä äåéñòâèåì òîãî æå ïðåîáðà-çîâàíèÿ (4). Çäåñü a, b � ïðîèçâîëüíûå ïîñòîÿííûå èç îòðåçêà [x1, x2]. Õîðîøî èçâåñòíî,÷òî ðåøåíèå óðàâíåíèÿ (17) ñ íà÷àëüíûìè äàííûìè (18), (19) â òðåóãîëüíèêå T çàäàåòñÿ�îðìóëîé Äàëàìáåðà
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1
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∫

x−t

u1(y) dy



 .



32 Î.Â. Êàïöîâ, È.Â. ÊîðîñòåëåâÑ ó÷åòîì (18), (19), ïîñëåäíåå âûðàæåíèå ïðèîáðåòàåò âèä
u(t, x) =

1
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
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∫
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∫
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+
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∫
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

w
∫
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dy



 dw



 .Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ýéëåðà, ïîëó÷àåì àíàëîã �îðìóëû Äàëàìáåðà äëÿ (12):
z(t, x) =
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2 r(x)
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x+t
∫
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ϕ(y) r(y)

h(y)
dy + h(x− t)

x−t
∫

a

ϕ(y) r(y)

h(y)
dy+

+

x+t
∫

x−t

h(w)

w
∫

b

(

ψ(y) r(y)

h(y)
dy

)

dw







 . (20)�åøåíèå z(t, x) íå çàâèñèò îò êîíñòàíò a, b, õîòÿ îíè �îðìàëüíî ó÷àñòâóþò â åãîçàïèñè (20). Â äàëüíåéøåì óäîáíî ïîëîæèòü a = b = x1.Ïóñòü òåïåðü äëÿ óðàâíåíèÿ (12), êðîìå íà÷àëüíûõ äàííûõ (15), çàäàíû êðàåâûåóñëîâèÿ
z(t, x1) = z(t, x2) = 0. (21)Åñëè äàííûå (15), (21) óäîâëåòâîðÿþò óñëîâèÿì ñîãëàñîâàíèÿ [13℄, òî íà÷àëüíî-êðàåâàÿçàäà÷à èìååò ãëàäêîå ðåøåíèå. Íèæå îïèñûâàåòñÿ êîíñòðóêòèâíîå ïîñòðîåíèå ðåøåíèÿ.Âûðàæåíèå (20) ïðè a = b = x1 ïåðåïèñûâàåòñÿ â âèäå

z(t, x) =
h(x)

2 r(x)

∂

∂x

(

u2(x+ t) + u3(x− t)

h(x)

)

, (22)ãäå �óíêöèè u2, u3 çàäàþòñÿ �îðìóëàìè
u2(x) = h(x)

x
∫
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ϕ(y) r(y)

h(y)
dy +

x
∫
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h(w)

w
∫

x1

(

ψ(y) r(y)

h(y)
dy

)

dw, (23)

u3(x) = h(x)

x
∫

x1

ϕ(y) r(y)

h(y)
dy −

x
∫

x1

h(w)

w
∫

x1

(

ψ(y) r(y)

h(y)
dy

)

dw. (24)Ôóíêöèè u2, u3 îïðåäåëåíû íà [x1, x2], è íåîáõîäèìî äîîïðåäåëèòü u2(x+t), u3(x−t) äëÿâñåõ t ≥ 0, x ∈ [x1, x2]. Ïîäñòàâëÿÿ â êðàåâûå óñëîâèÿ �óíêöèþ z, çàäàííóþ �îðìóëîé(22), ïðèõîäèì ê äâóì îáûêíîâåííûì äè��åðåíöèàëüíûì óðàâíåíèÿì:
u′3(x1 − t) + u′2(x1 + t) − h′(x1)

h(x1)
(u3(x1 − t) + u2(x1 + t)) = 0,

u′3(x2 − t) + u′2(x2 + t) − h′(x2)

h(x2)
(u3(x2 − t) + u2(x2 + t)) = 0.

(25)Ââåäåì íîâûå ïåðåìåííûå τ1 = x1 − t, τ2 = x2 + t. Òîãäà óðàâíåíèÿ (25) çàïèøóòñÿ ââèäå
u′3(τ1) −

h′(x1)

h(x1)
u3(τ1) = −u′2(2x1 − τ1) +

h′(x1)

h(x1)
u2(2x1 − τ1),

u′2(τ2) −
h′(x2)

h(x2)
u2(τ2) = −u′3(2x2 − τ2) +

h′(x2)

h(x2)
u3(2x2 − τ2).

(26)



Ïðåîáðàçîâàíèÿ è ðåøåíèÿ ëèíåéíûõ óðàâíåíèé... 33Ïðàâûå ÷àñòè óðàâíåíèé (26) èçâåñòíû ïðè τ1 ∈ [x1 − l, x1], τ2 ∈ [x2, x2 + l]. Çäåñü l �äëèíà îòðåçêà [x1, x2]. Ñîãëàñíî (23) è (24) äîëæíû âûïîëíÿòüñÿ óñëîâèÿ
u3(x1) = 0, u2(x2) = h(x2)

x2
∫

x1

ϕ(y) r(y)

h(y)
dy −

x2
∫

x1

h(w)

w
∫

x1

(

ψ(y) r(y)

h(y)
dy

)

dw. (27)�åøåíèÿìè óðàâíåíèé (26) ñ íà÷àëüíûìè óñëîâèÿìè (27) ÿâëÿþòñÿ �óíêöèè
u3(τ1) = e

h
′(x1)

h(x1)
τ1

x1
∫

τ1

(

u′2(2 x1 − t) − h′(x1)

h(x1)
u2(2 x1 − t)

)

e
−

h
′(x1)

h(x1)
t
dt, (28)

u2(τ2) = e
h
′(x2)

h(x2)
τ2

(

u2(x2) e
−

h
′(x2)

h(x2)
x2+

+

τ2
∫

x2

(

−u′3(2 x2 − t) +
h′(x2)

h(x2)
u3(2 x2 − t)

)

e
−

h
′(x2)

h(x2)
t
dt



 . (29)Ôîðìóëû (28) è (29) ïîçâîëÿþò äîîïðåäåëèòü �óíêöèè u2(x2+t), u3(x1−t) ïðè t ∈ [0, l].×òîáû îïðåäåëèòü �óíêöèè u2(x2+t), u3(x1−t) ïðè t ∈ [l, 2 l], íåîáõîäèìî ðåøèòü óðàâ-íåíèÿ (26) ñ íà÷àëüíûìè óñëîâèÿìè u3(x1 − l) è u2(x2 + l), çíà÷åíèÿ êîòîðûõ îïðåäå-ëÿþòñÿ ïî �îðìóëàì (28) è (29). Ïîñëåäîâàòåëüíî ïðèìåíÿÿ ýòó ïðîöåäóðó, îïðåäåëèì�óíêöèè u2(x2 + t), u3(x1 − t) íà âñåé ïîëóîñè t ≥ 0.Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ýéëåðà ìîæíî ïîëó÷àòü ðåøåíèÿ íà÷àëüíî-êðàåâûõçàäà÷ áîëåå ñëîæíûõ óðàâíåíèé âèäà (8). Ïðè ýòîì �îðìóëû òèïà (20) áóäóò âêëþ÷àòüâ ñåáÿ äîïîëíèòåëüíûå êâàäðàòóðû.�àññìîòðèì òåïåðü òðåõìåðíîå óðàâíåíèå
∂

∂t

(

1

ρc2
∂p

∂t

)

− div(∇p
ρ

)

= 0, (30)îïèñûâàþùåå ðàñïðîñòðàíåíèå çâóêà â íåïîäâèæíîé íåîäíîðîäíîé è íåñòàöèîíàðíîéñðåäå [2℄. Çäåñü ρ, c � ïëîòíîñòü è ñêîðîñòü çâóêà, ÿâëÿþùèåñÿ çàäàííûìè �óíêöèÿìè,
p � äàâëåíèå. Åñëè äàâëåíèå ïðåäñòàâëÿåòñÿ â âèäå

p = v(x, y, z) cos(ωt+ ϕ), ω, ϕ ∈ R,òî óðàâíåíèå (30) ðåäóöèðóåòñÿ ê ñëåäóþùåìó:
∆v −

(

∇ρ
ρ
,∇v

)

+ k2 v = 0, (31)ãäå k = ω/c. Çàìåíà v =
√
ρ u ïîçâîëÿåò ïðèâåñòè (31) ê óðàâíåíèþ �åëüìãîëüöà

∆u+mu = 0. (32)Ïðè ýòîì �óíêöèÿ m âûðàæàåòñÿ ÷åðåç k è ρ �îðìóëîé
m = k2 +

∆(
√
ρ)

√
ρ

−
(

∇ρ
ρ
,∇(

√
ρ)

)

.



34 Î.Â. Êàïöîâ, È.Â. ÊîðîñòåëåâÏðåäïîëîæèì, ÷òî ñðåäà ÿâëÿåòñÿ ñëîèñòî-íåîäíîðîäíîé, ò. å. �óíêöèè ρ, c çàâèñÿòîò îäíîé ïåðåìåííîé, íàïðèìåð, x. Òîãäà �óíêöèÿ m òîæå çàâèñèò òîëüêî îò x. Ïî-ñòðîèì ïðèìåðû óðàâíåíèé (32), ïðèâîäèìûõ ïðåîáðàçîâàíèåì Ýéëåðà ê óðàâíåíèþ�åëüìãîëüöà ñ ïîñòîÿííûì êîý��èöèåíòîì m. Óðàâíåíèå �åëüìãîëüöà ñ ïîñòîÿííûìêîý��èöèåíòîì çàïèøåì â âèäå
uxx = B u, (33)ãäå B u = −uyy − uzz −mu, m ∈ R. Ïîñêîëüêó ïîñëåäíåå óðàâíåíèå èìååò âèä (3), òî êíåìó ìîæíî ïðèìåíÿòü ïðåîáðàçîâàíèå Ýéëåðà. Ïðåîáðàçîâàíèå

u1 = ux −
h′

h
uïåðåâîäèò ðåøåíèÿ óðàâíåíèÿ (33) â ðåøåíèÿ óðàâíåíèÿ

u1
xx + 2 (lnh)′′ u1 = B u1,ïðè ýòîì �óíêöèÿ h(x) äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ
h′′ + c h = 0, c ∈ R.Ïóñòü c = −1, òîãäà h = ch(x) � ÷àñòíîå ðåøåíèå ïîñëåäíåãî óðàâíåíèÿ. Çíà÷èò,�óíêöèÿ u1 óäîâëåòâîðÿåò óðàâíåíèþ �åëüìãîëüöà
u1

xx +
2

ch2x
u1

x = B u1. (34)Äëÿ òîãî ÷òîáû ïðåîáðàçîâàíèå Ýéëåðà
u2 = u1

x −
h′1
h1
u1ïåðåâîäèëî ðåøåíèÿ óðàâíåíèÿ (34) â ðåøåíèÿ óðàâíåíèÿ

u2
xx + 2 (lnhh1)

′′ u2
x = B u2,�óíêöèÿ h1 äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ

h′′1 +
(

2

ch2x
+ c1

)

h1 = 0, c1 ∈ R.Ïðè c1 = −4 ÷àñòíûì ðåøåíèåì ïîñëåäíåãî óðàâíåíèÿ ñëóæèò h1 = ch2x. Â ýòîìñëó÷àå óðàâíåíèå �åëüìãîëüöà èìååò âèä
u2

xx +
6

ch2x
u2

x = B u2.Èíäóêòèâíûå ðàññóæäåíèÿ ïðèâîäÿò ê óðàâíåíèþ �åëüìãîëüöà
un

xx + un
yy + un

zz +

(

m+
n(n+ 1)

ch2x

)

un = 0. (35)Ïðåîáðàçîâàíèå
un =

(

∂

∂x
− h′n−1

hn−1

)

. . .

(

∂

∂x
− h′1
h1

)(

∂

∂x
− h′

h

)

u



Ïðåîáðàçîâàíèÿ è ðåøåíèÿ ëèíåéíûõ óðàâíåíèé... 35ïåðåâîäèò ðåøåíèÿ óðàâíåíèÿ (33) â ðåøåíèÿ óðàâíåíèÿ (35), ïðè ýòîì h = chx, hk =
chk+1x, k = 1, . . . , n− 1.Î÷åâèäíî, ëþáîå óðàâíåíèå �åëüìãîëüöà âèäà

uxx + uyy + uzz +

(

m+
n1(n1 + 1)

ch2x
+
n2(n2 + 1)

ch2y
+
n3(n3 + 1)

ch2z

)

u = 0ïðè n1, n2, n3 ∈ N ìîæíî ïîëó÷èòü 
 ïîìîùüþ ïðåîáðàçîâàíèÿ Ýéëåðà èç óðàâíåíèÿ
∆u+mu = 0.Ïîäîáíîå ïðåîáðàçîâàíèå èñïîëüçîâàë �. Äàðáó [14℄ äëÿ ïîñòðîåíèÿ ðåøåíèé îáûê-íîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé. Èñïîëüçóÿ òåîðåìó 3 èç [6℄, ìîæíî óêàçàòüêëàññ óðàâíåíèé �åëüìãîëüöà, ïîëó÷àåìûé ïðåîáðàçîâàíèåì Ýéëåðà èç óðàâíåíèÿ

∆u+ k2 u = 0, k ∈ R. (36)Èìåííî, ïðåîáðàçîâàíèå
v =

W (u, g1, . . . , gn)

W (g1, . . . , gn)ïåðåâîäèò ðåøåíèÿ óðàâíåíèÿ (36) â ðåøåíèÿ óðàâíåíèÿ
∆v +

[

2 (ln(W (u, g1, . . . , gn)))
′′ + k2

]

v = 0,ãäå gi = ai ch(λix)+bi sh(λix), ai, bi, λi ∈ R, λi 6= λj ïðè i 6= j,W (f1, . . . , fn) � âðîíñêèàíñîîòâåòñòâóþùèõ �óíêöèé.2. Ïðåîáðàçîâàíèÿ ñèñòåì óðàâíåíèé âòîðîãî ïîðÿäêàÂ ýòîì ðàçäåëå ïðåîáðàçîâàíèÿ Ýéëåðà ðàñïðîñòðàíÿþòñÿ íà íåêîòîðûé êëàññ ëèíåé-íûõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. �àññìîòðèì ñèñòå-ìó
F Yxx +GYx +HY = BY. (37)Çäåñü F,G,H � ìàòðèöû ïîðÿäêà n, ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ ãëàäêèå �óíêöèèîò x; Y � âåêòîð èñêîìûõ �óíêöèé y1(x, t), . . . , yn(x, t); B � ëèíåéíûé îïåðàòîð ïîïåðåìåííûì t1, . . . , tn âèäà

B =
K
∑

|α|≥0

bα(t) ∂α
t , (38)ãäå t = (t1, . . . , tn), ∂α

t =
∂|α|

∂α1
t1 ...∂

αn

tn

, α = (α1, . . . , αn) � öåëî÷èñëåííûé ìóëüòèèíäåêñ,
bα(t) � ìàòðèöà ðàçìåðíîñòè n×n, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ ãëàäêèå �óíêöèè îò
t1, . . . , tn.Òåîðåìà 1. Ïóñòü ϕ � ðåøåíèå ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâ-íåíèé

F ϕxx +Gϕx +H ϕ = ϕC, (39)



36 Î.Â. Êàïöîâ, È.Â. Êîðîñòåëåâãäå C � ìàòðèöà ñ ïîñòîÿííûìè êîý��èöèåíòàìè ïîðÿäêà n; R � ïðîèçâîëüíàÿ îá-ðàòèìàÿ ìàòðèöà ïîðÿäêà n, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ ãëàäêèå �óíêöèè îò x.Òîãäà ïðåîáðàçîâàíèå Ýéëåðà âèäà
Z = R−1 (Yx − SY) (40)ñ ìàòðèöåé

S = ϕx ϕ
−1 (41)ïåðåâîäèò ðåøåíèå ñèñòåìû (37) â ðåøåíèå ñèñòåìû

F1 Zxx +G1 Zx +H1 Z = B Z, (42)ãäå �óíêöèè F1, G1, H1 çàäàþòñÿ �îðìóëàìè
F1 = R−1 F R, (43)

G1 = R−1 (G+ Fx + [F, S])R+ 2R−1 F Rx, (44)

H1 = R−1 (H + [G, S] + 2F Sx + Fx S + [F, S]S)R+

+R−1 (F Rx +GR)x +R−1 [F, S]Rx, (45)çäåñü [A,B] = AB − BA � êîììóòàòîð ìàòðèö.Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç AY è A1 Y ëåâûå ÷àñòè ñîîòâåòñòâåííî èñ-õîäíîé è ïðåîáðàçîâàííîé ñèñòåì
AY = BY, A1 Z = B Z. (46)Ïðåîáðàçîâàíèå (40) çàïèøåì â âèäå

Z = LY. (47)Âòîðàÿ ñèñòåìà â (46), ñ ó÷åòîì (47), ïåðåïèñûâàåòñÿ â �îðìå
A1 LY = B LY. (48)Òàê êàê îïåðàòîðû B è L êîììóòèðóþò, òî óðàâíåíèå (48) ìîæíî ïðåîáðàçîâàòü ê âèäó

A1 LY − LAY = 0. (49)�àñïèøåì ñëàãàåìûå â ëåâîé ÷àñòè ñèñòåìû (49):
A1 LY = F1 (R−1 (Yx − SY))xx +G1 (R−1 (Yx − SY))x +H1 (R−1 (Yx − SY)) =

= F1 {R−1
Yxxx + (2 (R−1)x − R−1 S)Yxx + ((R−1)xx − 2 (R−1)x S − 2R−1 Sx)Yx+

+(−(R−1)xx S − 2(R−1)x Sx − R−1 Sxx)Y} + G1 {R−1
Yxx + ((R−1)x −R−1 S)Yx+

(−(R−1)x S − R−1 Sx)Y} +H1 {R−1
Yx −R−1 SY},

LAY = R−1 ((F Yxx +GYx +HY)x − S (F Yxx +GYx +HY)) =

= R−1 (F Yxxx + Fx Yxx +GYxx +Gx Yx +Hx Y +HYx − S F Yxx − S GYx − S H Y).



Ïðåîáðàçîâàíèÿ è ðåøåíèÿ ëèíåéíûõ óðàâíåíèé... 37Ëåâàÿ ÷àñòü ñèñòåìû (49) ÿâëÿåòñÿ ìíîãî÷ëåíîì ïåðâîé ñòåïåíè îòíîñèòåëüíî Yxxx,
Yxx, Yx, Y. Ñëåäîâàòåëüíî, êîý��èöèåíòû ïðè ýòèõ âåëè÷èíàõ äîëæíû áûòü ðàâíûíóëþ.Ñîáèðàÿ êîý��èöèåíòû ïðè Yxxx, ïðèõîäèì ê âûðàæåíèþ

R−1 F = F1R
−1.Îòñþäà ñëåäóåò ïðåäñòàâëåíèå (43) äëÿ ìàòðèöû F1.×ëåíû ïðè Yxx ïðèâîäÿò ê ðàâåíñòâó

R−1 Fx +R−1G− R−1 S F = F1 (2 (R−1)x − R−1 S) +G1R
−1.Ïîäñòàâèâ F1 â ïîñëåäíåå ðàâåíñòâî è âûðàçèâ G1, ïîëó÷àåì âûðàæåíèå (44).Êîý��èöèåíòû ïðè Yx äàþò ñîîòíîøåíèå

R−1Gx +R−1H − R−1 S G = F1 ((R−1)xx − 2 (R−1)x S − R−1 Sx)+

+G1 ((R−1)x − R−1 S) +H1R
−1.Ïîäñòàâèâ F1 è G1 â ïîñëåäíåå ðàâåíñòâî è âûðàçèâ H1, ïîëó÷àåì âûðàæåíèå (45).Ñîáèðàÿ êîý��èöèåíòû ïðè Y, ïðèõîäèì ê ñîîòíîøåíèþ

R−1 (Hx − S H) = F1 ((−R−1)xx S − 2 (R−1)x Sx −R−1 Sxx)+

+G1 (−(R−1)x S − R−1 Sx) −H1R
−1 S.Ïîäñòàâèâ ïîëó÷åííûå âûðàæåíèÿ äëÿ F1, G1 è H1 â ïîñëåäíåå ðàâåíñòâî, èìååì

Hx − S H + F Sxx +GSx + Fx Sx + [F, S]Sx +H S + [G, S]S + 2FSxS + Fx S
2+

+[F, S]S2 +Gx S = −F R (R−1)xx S − 2F R (R−1)x Sx −GR (R−1)x S−
FxR(R−1)xS − [F, S]R(R−1)xS − 2FRx(R

−1)xS − 2FRxR
−1Sx−

−FxRxR
−1 S − F RxxR

−1 S −GRxR
−1 S − [F, S]RxR

−1 S.Ïðÿìûìè âû÷èñëåíèÿìè óáåæäàåìñÿ, ÷òî ïðàâàÿ ÷àñòü äàííîãî ñîîòíîøåíèÿ ðàâíàíóëþ, ëåâóþ æå ÷àñòü ìîæíî ïðåîáðàçîâàòü ê âèäó
−(F Sx +GS +H + F S2)x + S (F Sx +GS +H + F S2)− (F Sx +GS +H + F S2)S = 0.Ïîëàãàÿ ÷òî S = ϕx ϕ

−1, ïîñëåäíåå ñîîòíîøåíèå ïåðåïèøåì â �îðìå
−((F ϕxx +Gϕx +H ϕ)ϕ−1)x + ϕx ϕ

−1 (F ϕxx +Gϕx +H ϕ)ϕ−1−

−(F ϕxx +Gϕx +H ϕ)ϕ−1 ϕx ϕ
−1 = 0.Óìíîæàÿ ýòî âûðàæåíèå íà ϕ ñïðàâà, ïîëó÷àåì

−(F ϕxx +Gϕx +H ϕ)x + ϕx ϕ
−1 (F ϕxx +Gϕx +H ϕ) = 0.Ïîñëåäíåå ðàâåíñòâî ÿâëÿåòñÿ ñëåäñòâèåì (39).



38 Î.Â. Êàïöîâ, È.Â. ÊîðîñòåëåâÏðèìåð. Ïîñòðîèì ðåøåíèÿ ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìèïðîèçâîäíûìè ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ýéëåðà. �àññìîòðèì ïðîñòåéøóþ ñèñòåìóäâóõ âîëíîâûõ óðàâíåíèé
Yxx = Ytt, Y =

(

y1

y2

)

.�åøåíèå ýòîé ñèñòåìû âûðàæàåòñÿ ÷åðåç ÷åòûðå ïðîèçâîëüíûå �óíêöèè
Y

∗ =

(

f1(x+ t) + g1(x− t)
f2(x+ t) + g2(x− t)

)

.Ñîãëàñíî òåîðåìå 1, ïî èñõîäíîé ñèñòåìå ìîæíî ïîñòðîèòü ðåøåíèÿ äðóãîé ñèñòåìû ñïîìîùüþ ïðåîáðàçîâàíèÿ
Z = Yx − ϕxϕ

−1
Y.Â äàííîì ñëó÷àå ìàòðèöà ϕ(x) äîëæíà óäîâëåòâîðÿòü ñèñòåìå óðàâíåíèé ñ ïîñòîÿííû-ìè êîý��èöèåíòàìè

ϕxx = ϕC.Åñëè ìàòðèöà C � íóëåâàÿ, òîãäà îáùåå ðåøåíèå ïðåäûäóùåé ñèñòåìû èìååò âèä
ϕ(x) =

(

b1 + b2x b3 + b4x
b5 + b6x b7 + b8x

)

.Íåîáõîäèìî âûáðàòü êîíñòàíòû bi òàêèìè, ÷òîáû ìàòðèöà ϕ(x) áûëà îáðàòèìà. Íàïðè-ìåð, ìîæíî âçÿòü ϕ(x) ðàâíîé
ϕ(x) =

(

x+ 1 1
1 x− 1

)

.Ñîîòâåòñòâóþùåå ïðåîáðàçîâàíèå Ýéëåðà çàäàåòñÿ �îðìóëîé
Z = Yx +

1

x2 − 2

(

x− 1 −1
−1 x+ 1

)

Y.Ïî òåîðåìå 1 ýòî ïðåîáðàçîâàíèå ïåðåâîäèò ðåøåíèÿ èñõîäíîé ñèñòåìû â ðåøåíèÿ ñè-ñòåìû
F1 Zxx +G1 Zx +H1 Z = Ztt,ãäå F1 = E � åäèíè÷íàÿ ìàòðèöà, G1 � íóëåâàÿ, à

H1 =
2

(x2 − 2)2

(

−x2 + 2 x− 2 2 x
2 x −x2 − 2 x− 2

)

.Çíà÷èò, ïðåîáðàçîâàííàÿ ñèñòåìà èìååò âèä
Zxx +

2

(x2 − 2)2

(

−x2 + 2 x− 2 2 x
2 x −x2 − 2 x− 2

)

Z = Ztt.Åå îáùåå ðåøåíèå îïðåäåëÿåòñÿ ïî �îðìóëå ïðåîáðàçîâàíèÿ
Z = Y

∗
x +

1

x2 − 2

(

x− 1 −1
−1 x+ 1

)

Y
∗.



Ïðåîáðàçîâàíèÿ è ðåøåíèÿ ëèíåéíûõ óðàâíåíèé... 39Ïåðåéäåì òåïåðü ê ïîñòðîåíèþ �îáðàòíîãî� ïðåîáðàçîâàíèÿ [6℄, ò. å. ïðåîáðàçîâàíèÿÝéëåðà, ïåðåâîäÿùåãî ðåøåíèÿ ñèñòåìû (42) â ðåøåíèÿ ñèñòåìû (37).Òåîðåìà 2. Ïóñòü çàäàíî ïðåîáðàçîâàíèå Ýéëåðà
Z = R−1(Yx − SY),ïåðåâîäÿùåå ðåøåíèÿ ñèñòåìû (37)

F Yxx +GYx +HY = BYâ ðåøåíèÿ ñèñòåìû (42)
F1 Zxx +G1 Zx +H1 Z = B Z.Òîãäà ïðåîáðàçîâàíèå Ýéëåðà

Y = R−1
1 (Zx − S1 Z) (50)ïåðåâîäèò ðåøåíèÿ ñèñòåìû (42) â ðåøåíèÿ ñèñòåìû (37), åñëè

R1 = R−1 F−1, S1 = −R−1 (F−1G+ S +RxR
−1)R. (51)Ïðè÷åì S è S1 çàäàþòñÿ ñëåäóþùèìè �îðìóëàìè:

S = ϕx ϕ
−1, S1 = ϕ1x ϕ

−1
1 ,ãäå ϕ è ϕ1 ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåì

F ϕxx +Gϕx +H ϕ = ϕC,

F1 ϕ1xx +G1 ϕ1x +H1 ϕ1 = ϕ1C1,à ìàòðèöû C è C1 ïðîïîðöèîíàëüíû åäèíè÷íîé E:
C = C1 = λE.Äîêàçàòåëüñòâî. Äëÿ òîãî ÷òîáû ïðåîáðàçîâàíèÿ (40) è (50) áûëè âçàèìîîáðàò-íû, êîý��èöèåíòû â óðàâíåíèÿõ (37) è (42) äîëæíû áûòü ñâÿçàíû ñëåäóþùèìè ñîîò-íîøåíèÿìè:
F1 = R−1 F R, (52)

F = R−1
1 F1R1; (53)

G1 = R−1 (G+ Fx + [F, S])R+ 2R−1 F Rx, (54)

G = R−1
1 (G1 + F1x + [F1, S1])R1 + 2R−1

1 F1R1x; (55)

H1 = R−1 (H + [G, S] + 2F Sx + Fx S + [F, S]S)R+

+R−1 (F Rx +GR)x +R−1 [F, S]Rx, (56)

H = R−1
1 (H1 + [G1, S1] + 2F1 S1x + F1x S1 + [F1, S1]S1)R1+

+R−1
1 (F1R1x +G1R1)x +R−1

1 [F1, S1]R1x. (57)Èñêëþ÷àÿ èç (52) è (53) F1, ïðèõîäèì ê ñîîòíîøåíèþ
F = R−1

1 R−1 F RR1.



40 Î.Â. Êàïöîâ, È.Â. ÊîðîñòåëåâÏîñëåäíåìó âûðàæåíèþ óäîâëåòâîðÿåò R1 = R−1 F−1.Èñêëþ÷àÿ èç (54) è (55) F1 è G1, ïîëó÷àåì
G = R−1

1 R−1 (G+ Fx + [F, S] + 2R−1 F Rx)RR1 +R−1
1 ((R−1)x F R+R−1 FxR+

+R−1 F Rx)R1 +R−1
1 [R−1 F R, S1]R1 + 2R−1

1 R−1 F RR1x.Ïîäñòàâëÿÿ âûðàæåíèå äëÿ R1 â ïîñëåäíåå ðàâåíñòâî, èìååì
G = F GF−1 + 2F Fx F

−1 + F [F, S]F−1 + 3F 2RxR
−1 F−1 + F R (R−1)x+

+F 2RS1R
−1 F−1 − F RS1R

−1 + 2F 2R (R−1)x F
−1 + 2F 2 (F−1)x.Äîìíîæèâ ïîñëåäíåå âûðàæåíèå íà F−1 ñëåâà è íà F ñïðàâà, ïðèõîäèì ê ýêâèâàëåíò-íûì âûðàæåíèÿì

F−1GF = G+ F S − S F + F RxR
−1 −RxRF + F RS1R

−1 − RS1R
−1 F,

F (F−1G+ S +RxR
−1 +RS1R

−1) = (F−1G+ S +RxR
−1 +RS1R

−1)F.Åñëè S1 âûðàæàåòñÿ �îðìóëîé
S1 = −R−1 (F−1G+ S +RxR

−1)R,òî ïîñëåäíåå ðàâåíñòâî ïðåâðàùàåòñÿ â òîæäåñòâî.Ìû ïîëó÷èëè âûðàæåíèÿ äëÿ S1 è R1, òåïåðü íóæíî ïðîâåðèòü, óäîâëåòâîðÿþò ëèîíè ñîîòíîøåíèÿì (56) è (57). Ïóñòü S1 çàäàåòñÿ �îðìóëîé
S1 = ϕ1x ϕ

−1
1 , (58)ãäå ϕ1 óäîâëåòâîðÿåò ñèñòåìå

F1 ϕ1xx +G1 ϕ1x +H1 ϕ1 = ϕ1C1. (59)Ñ ó÷åòîì (58) è (59) ñïðàâåäëèâî ñîîòíîøåíèå
F1 S1x +G1 S1 +H1 + F1 S

2
1 = ϕ1C1 ϕ

−1
1 .Ó÷èòûâàÿ ýòî âûðàæåíèå, ïåðåïèøåì (57), îáîçíà÷èâ äëÿ êðàòêîñòè åãî ïðàâóþ ÷àñòü÷åðåç A1,

H = R−1
1 A1R1 +R−1

1 (F1 S1R1)x − R−1
1 S1G1R1 − R−1

1 S1 F1 S1R1+

+R−1
1 (F1R1x +G1R1)x − R−1

1 S1 F1R1x = R−1
1 A1R1+

+R−1
1 (F1 S1R1 + F1R1x +G1R1)x −R−1

1 S1(F1 S1R1 + F1R1x +G1R1).Çàìåòèì, ÷òî ñ ó÷åòîì ïðåäñòàâëåíèé äëÿ F1, G1, R1 è S1 âûïîëíÿåòñÿ ñîîòíîøåíèå
F−1G+ S +RxR

−1 +RS1R
−1 = −R−1 S.Òîãäà ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

H = R−1
1 A1R1 +R−1

1 (−R−1 S)x −R−1
1 S1(−R−1 S) =
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= F RA1R

−1 F−1 − F R (R−1)x S − F Sx − F (F−1G+ S +RxR
−1)S,

H + F Sx +GS + F S2 = F RA1R
−1 F−1,

ϕC ϕ−1 F R = F Rϕ1C1 ϕ
−1
1 . (60)Ïðîâåðèì òåïåðü ñïðàâåäëèâîñòü âûðàæåíèÿ (59). Ïîäñòàâèì â íåãî ïðåäñòàâëåíèÿ äëÿ

F1, G1 è H1:
R−1 F Rϕ1xx + (R−1 (G+ Fx + [F, S])R + 2R−1 F Rx)ϕ1x+

+(R−1 (H+[G, S]+2F Sx+Fx S+[F, S]S)R+R−1 (F Rx+GR)x+R
−1 [F, S]Rx)ϕ1 = ϕ1C1.Èñïîëüçóÿ (51) è (58), íàéäåì

ϕ1xx = −(R−1 (F−1G+ S +RxR
−1)R)x ϕ1 − (R−1 (F−1G+ S +RxR

−1)R)ϕ1x.Ïîäñòàâèâ ïîñëåäíåå âûðàæåíèå â (59), ïîëó÷èì
(F Rx + FxR− S F R)ϕ1x + (ϕC ϕ−1R− S GR + (F S R)x − S F S R + (F Rx +GR)x−

−S F Rx − F R (R−1 (F−1G+ S +RxR
−1)R)x)ϕ1 = Rϕ1C1.Äîìíîæàÿ ýòî ñîîòíîøåíèå íà ϕ−1

1 ñïðàâà, ïðåîáðàçóåì åãî ê âèäó
−(F Rx +FxR−S F R)R−1 (F−1G+S+RxR

−1)R+ϕC ϕ−1R−S (F S R+F Rx +GR)+

+(F S R + F Rx +GR)x − F R (R−1(F−1G+ S +RxR
−1)R)x = Rϕ1C1 ϕ

−1
1 .Ïðèâåäÿ ïîäîáíûå, ïîëó÷àåì

ϕC ϕ−1R = Rϕ1C1 ϕ
−1
1 . (61)Ïîëàãàÿ C = C1 = λE, óáåæäàåìñÿ, ÷òî óñëîâèÿ (60) è (61) ñòàíîâÿòñÿ òîæäåñòâàìè.Çàìå÷àíèå. Êàê ñëåäóåò èç äîêàçàòåëüñòâà òåîðåìû, äëÿ ñóùåñòâîâàíèÿ �îáðàòíî-ãî� ïðåîáðàçîâàíèÿ Ýéëåðà íåîáõîäèìî âûïîëíåíèå óñëîâèé (60) è (61).3. Ïîñòðîåíèå ïðåîáðàçîâàíèé Ýéëåðà âûñøèõ ïîðÿäêîâ�àññìîòðèì ïðåîáðàçîâàíèå Ýéëåðà âèäà

Z = Yx − SY (62)ñ ìàòðèöåé
S = ϕx ϕ

−1,ãäå ϕ � ðåøåíèå ñèñòåìû
F ϕxx +Gϕx +H ϕ = ϕC. (63)Ñîãëàñíî òåîðåìå 1, îíî ïåðåâîäèò ðåøåíèå ñèñòåìû
F Yxx +GYx +HY = BY (64)â ðåøåíèå ñèñòåìû
F Zxx +G1 Zx +H1 Z = B Z, (65)



42 Î.Â. Êàïöîâ, È.Â. Êîðîñòåëåâãäå �óíêöèè G1, H1 çàäàþòñÿ �îðìóëàìè
G1 = G+ Fx + [F, S], (66)

H1 = H +Gx + [G, S] + 2F Sx + Fx S + [F, S]S. (67)Ïåðåéäåì òåïåðü ê ïîñòðîåíèþ ïðåîáðàçîâàíèé Ýéëåðà âûñøèõ ïîðÿäêîâ. Äëÿ ýòîãîâîñïîëüçóåìñÿ ïîíÿòèåì êâàçèäåòåðìèíàíòà [15℄, íàïîìíèâ åãî îïðåäåëåíèå.Îáîçíà÷èì ÷åðåç Q àëãåáðó ìàòðèö ïîðÿäêà d íàä ïîëåì R. Ïóñòü X = (xij) �ìàòðèöà ïîðÿäêà n íàä Q; X ij � ïîäìàòðèöà, ïîëó÷åííàÿ óäàëåíèåì i-ãî ðÿäà è j-ãîñòîëáöà èç X; rj
i � ïîäìàòðèöà, ïîëó÷åííàÿ èç i-ãî ðÿäà X óäàëåíèåì ýëåìåíòà xij ; cij �ïîäìàòðèöà, ïîëó÷åííàÿ èç j-ãî ñòîëáöà X óäàëåíèåì ýëåìåíòà xij.Êâàçèäåòåðìèíàíòîì áóäåì íàçûâàòü ñëåäóþùåå âûðàæåíèå:

|X|ij = xij − rj
i (X ij)−1 cij. (68)Ñóùåñòâîâàíèå êâàçèäåòåðìèíàíòà îáóñëîâëåíî îáðàòèìîñòüþ X ij. Êâàçèäåòåðìèíàíòìîæåò áûòü âû÷èñëåí ñëåäóþùèì îáðàçîì [15℄:

|X|ij = xij −
∑

k 6=i

∑

l 6=j

(xik (|X ij|lk)−1 xlj). (69)Òåîðåìà 3. Ïóñòü ϕ1, . . . , ϕk � ðåøåíèÿ ñèñòåìû (63), ñîîòâåòñòâóþùèå ðàçëè÷-íûì ìàòðèöàì C1, . . . , Ck. Åñëè ñóùåñòâóåò îïåðàòîð Mk, äåéñòâèå êîòîðîãî çàäà-åòñÿ �îðìóëîé
Mk Y = |W (ϕ1, . . . , ϕk,Y)|k+1,k+1, (70)ãäå W (ϕ1, . . . , ϕk,Y) � àíàëîã ìàòðèöû Âðîíñêîãî

W (ϕ1, . . . , ϕk,Y) =













ϕ1 . . . ϕk Y

ϕ′
1 . . . ϕ′

k Y
′

. . . . . . . . . . . .

ϕ
(k)
1 . . . ϕ

(k)
k Y

(k)













,òî ïðåîáðàçîâàíèå Ýéëåðà ïîðÿäêà k
Z = Mk Y (71)ïåðåâîäèò ðåøåíèå ñèñòåìû (64)

F Yxx +GYx +HY = BYâ ðåøåíèå ñèñòåìû
F Zxx + Gk Zx +Hk Z = B Z. (72)Ïðè ýòîì Gk è Hk èìåþò âèä

Gk = G+ k Fx + [F,−|U |k,k |W |−1
k,k], (73)

Hk = H + k Gx +
k(k − 1)

2
Fxx − 2F (|U |k,k |W |−1

k,k)x −Fx |U |k,k |W |−1
k,k + [G,−|U |k,k |W |−1

k,k]+
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+

k
∑

i=1







F,
i−1
∑

j=1

Sj





x

+ (i− 1) [Fx, Si] +







F,
i−1
∑

j=1

Sj



 , Si



+ [F, Si]Si



 , (74)ãäå
Si = (|W (ϕ1, . . . , ϕi)|i,i)x (W (ϕ1, . . . , ϕi)

−1,

W = W (ϕ1, . . . , ϕk),

U = U(ϕ1, . . . , ϕk) =













ϕ1 ϕ2 . . . ϕk

. . . . . . . . . . . .

ϕ
(k−2)
1 ϕ

(k−2)
2 . . . ϕ

(k−2)
k

ϕ
(k)
1 ϕ

(k)
2 . . . ϕ

(k)
k













.Äîêàçàòåëüñòâî. Ñíà÷àëà óáåäèìñÿ, ÷òî îïåðàòîð Mk âèäà (70) äåéñòâèòåëüíîçàäàåò ïðåîáðàçîâàíèå Ýéëåðà ïîðÿäêà k. Îáîçíà÷èì ÷åðåç Lϕ îïåðàòîð Ýéëåðà âèäà
Lϕ = (∂x − ϕx ϕ

−1).Ïîñòðîèì ïîñëåäîâàòåëüíîñòü �óíêöèé è îïåðàòîðîâ
p1 = ϕ1, p2 = Lp1 ϕ2, . . . , pn = Lpn−1 . . . Lp1 ϕn,

M1 = Lp1 , M2 = Lp2 M1, . . . , Mn = Lpn
Mn−1.

(75)Äåéñòâèå îïåðàòîðà Mk íà ïðîèçâîëüíûé âåêòîð �óíêöèé ñîîòâåòñòâóþùåãî ðàçìåðàìîæíî çàïèñàòü â �îðìå
Mk Y = Y

(k) + ak Y
(k−1) + . . .+ a1 Y,èëè

Mk Y = Y
(k) +

(

a1 a2 . . . ak

)













Y

Y
′...

Y
(k−1)













. (76)Èç ïîñòðîåíèÿ îïåðàòîðîâ âèäíî, ÷òî �óíêöèè ϕ1, . . . , ϕk óäîâëåòâîðÿþò ñèñòåìå
Mk ϕ = 0. (77)Íàéäåì âåêòîð ìàòðèö (a1 a2 . . . ak), èñïîëüçóÿ óñëîâèå (77):

(a1 a2 . . . ak)













ϕ1 ϕ2 . . . ϕk

ϕ′
1 ϕ′

2 . . . ϕ′
k

. . . . . . . . . . . .

ϕ
(k−1)
1 ϕ

(k−1)
2 . . . ϕ

(k−1)
k













= −
(

ϕ
(k)
1 . . . ϕ

(k)
k

)

,

(a1 a2 . . . ak) = −
(

ϕ
(k)
1 . . . ϕ

(k)
k

)













ϕ1 ϕ2 . . . ϕk

ϕ′
1 ϕ′

2 . . . ϕ′
k

. . . . . . . . . . . .

ϕ
(k−1)
1 ϕ

(k−1)
2 . . . ϕ

(k−1)
k













−1

.



44 Î.Â. Êàïöîâ, È.Â. ÊîðîñòåëåâÏîäñòàâèâ ïîñëåäíåå âûðàæåíèå â (76), ïîëó÷èì
Mk Y = Y

(k) −
(

ϕ
(k)
1 . . . ϕ

(k)
k

)













ϕ1 . . . ϕk

ϕ′
1 . . . ϕ′

k

. . . . . . . . .

ϕ
(k−1)
1 . . . ϕ

(k−1)
k













−1











Y

Y
′...

Y
(k−1)













.Ñëåäîâàòåëüíî, îïåðàòîð Mk äåéñòâèòåëüíî çàäàåò ïðåîáðàçîâàíèå Ýéëåðà ïîðÿäêà k.Âûðàæåíèÿ äëÿ Gk è Hk íàõîäÿòñÿ ïî èíäóêöèè ïîñëåäîâàòåëüíûì ïðèìåíåíèåì�îðìóë (66) è (67) è èìåþò âèä
Gk = G+ k Fx + [F, S1 + S2 + . . .+ Sk],

Hk = H + k Gx +
k(k − 1)

2
Fxx + 2F (S1 + S2 + . . .+ Sk)x+

+Fx (S1 + S2 + . . .+ Sk) + [G, S1 + S2 + . . .+ Sk]+

+
k
∑

i=1







F,
i−1
∑

j=1

sj





x

+ (i− 1) [Fx, si] +







F,
i−1
∑

j=1

Sj



 , Si



+ [F, Si]Si



 .Íåîáõîäèìî íàéòè êîý��èöèåíòû Si è ñóììó S1 + S2 + . . . + Sk. Òàê êàê ïðåîáðàçî-âàíèå Ýéëåðà ïîðÿäêà i ÿâëÿåòñÿ ñóïåðïîçèöèåé ïðåîáðàçîâàíèé íèçøèõ ïîðÿäêîâ, òîñïðàâåäëèâî ñëåäóþùåå âûðàæåíèå:
pi+1 = pix − Si pi,ãäå

Si = (|W (ϕ1, . . . , ϕi)|i,i)x (|W (ϕ1, . . . , ϕi)|i,i)−1.Èç ïîñòðîåíèÿ îïåðàòîðà Mk ñëåäóåò
Mk = Lpn

Mk−1 = (∂x + Sk) . . . (∂x + S1) =

= ∂k
x + (S1 + S2 + . . .+ Sk)∂

k−1
x + . . .Âèäíî, ÷òî ñóììà S1 + S2 + . . . + Sk ðàâíà ak â âûðàæåíèè (76). Ýòîò êîý��èöèåíòíàõîäèòñÿ èç óñëîâèÿ (77) è ðàâåí

ak = −|U |k,k |W |−1
k,k,ãäå

U = U(ϕ1, . . . , ϕk) =
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




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,

W = W (ϕ1, . . . , ϕk) =













ϕ1 ϕ2 . . . ϕk

. . . . . . . . . . . .
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.
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