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Ìîäåëèðîâàíèå òðåõìåðíîé êîíâåêöèè â ìàíòèèÇåìëè ñ ïðèìåíåíèåì íåÿâíîãî ìåòîäàñëàáîé ñæèìàåìîñòè∗Â.Â. ×åðâîâÓ÷ðåæäåíèå �îññèéñêîé àêàäåìèè íàóêÈíñòèòóò íå�òåãàçîâîé ãåîëîãèè è ãåî�èçèêèèì. À.À. Òðî�èìóêà ÑÎ �ÀÍ, Íîâîñèáèðñê, �îññèÿe-mail: elixirexpo�yandex.ruÏðåäñòàâëåíû ðåçóëüòàòû òðåõìåðíîãî ìîäåëèðîâàíèÿ êîíâåêöèè â ìàíòèè Çåì-ëè. ×èñëåííàÿ ìîäåëü îñíîâàíà íà ïðèìåíåíèè íåÿâíîãî ìåòîäà ñëàáîé ñæèìàå-ìîñòè.Êëþ÷åâûå ñëîâà: òåïëîâàÿ êîíâåêöèÿ â ìàíòèè Çåìëè, ìåòîä èñêóññòâåííîéñæèìàåìîñòè, ÷èñëåííîå ìîäåëèðîâàíèå.ÂâåäåíèåÂ íàñòîÿùåé ðàáîòå ïðîäîëæåíî òåñòèðîâàíèå çàäà÷è êîíâåêöèè, ïðåäëîæåííîé â [1℄.Â ðàáîòàõ [2 � 6℄ ñ èñïîëüçîâàíèåì ïåðåìåííûõ �âåêòîð çàâèõðåííîñòè � âåêòîðíûé ïî-òåíöèàë ìåòîäà äðîáíûõ øàãîâ è ïîñëåäîâàòåëüíîñòè ñåòîê� ïðîäåìîíñòðèðîâàíî õî-ðîøåå ñîãëàñèå ñ ðåçóëüòàòàìè [1℄. Â [7℄ ÷èñëåííîå ðåøåíèå ìîäåëüíîé çàäà÷è òðåõìåð-íîé òåïëîãðàâèòàöèîííîé êîíâåêöèè îñóùåñòâëÿëîñü ñ èñïîëüçîâàíèåì íåÿâíîãî ìåòîäàðàñùåïëåíèÿ ïî �èçè÷åñêèì ïðîöåññàì. Äîñòàòî÷íî õîðîøî èçâåñòíûì ïðè ðåøåíèèçàäà÷ ãèäðîäèíàìèêè íåñæèìàåìûõ æèäêîñòåé ÿâëÿåòñÿ ìåòîä ñëàáîé ñæèìàåìîñòè[8 � 11℄. Â íàñòîÿùåé ðàáîòå ñ ïðèìåíåíèåì ìåòîäà ñëàáîé ñæèìàåìîñòè ïîëó÷åíû ðå-çóëüòàòû, íå óñòóïàþùèå ïî òî÷íîñòè ðåçóëüòàòàì ðàáîò [1 � 7℄.1. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷èÄëÿ îïèñàíèÿ òå÷åíèé â âåðõíåé ìàíòèè Çåìëè ïðèâëåêàåòñÿ õîðîøî èçâåñòíàÿ ìàòå-ìàòè÷åñêàÿ ìîäåëü, âêëþ÷àþùàÿ â ñåáÿ îáåçðàçìåðåííûå óðàâíåíèÿ [12℄:
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�èñ. 1. �ðàíè÷íûå óñëîâèÿ äëÿ âåêòîðà ñêîðîñòè â ïàðàëëåëåïèïåäå: íà âåðòèêàëüíûõ ãðà-íÿõ � óñëîâèÿ ïðîñêàëüçûâàíèÿ; íà ãîðèçîíòàëüíûõ ïëîñêîñòÿõ � óñëîâèÿ ïðèëèïàíèÿÇäåñü p � äàâëåíèå, T � òåìïåðàòóðà, t � âðåìÿ, Ra =
αρgzd

3∆T

η0χ
� ÷èñëî �ý-ëåÿ, v = (u, v, w) � âåêòîð ñêîðîñòè, e = (0, 0, 1), gz � óñêîðåíèå ñèëû òÿæåñòè, d �âåðòèêàëüíûé ðàçìåð êîíâåêòèðóþùåé îáëàñòè, ∆T = Tmax − Tmin, χ � êîý��èöèåíòòåìïåðàòóðîïðîâîäíîñòè, α � êîý��èöèåíò òåïëîâîãî ðàñøèðåíèÿ, ρ, η � õàðàêòåðíûåïëîòíîñòü è äèíàìè÷åñêàÿ âÿçêîñòü.�àçìåðíûå çíà÷åíèÿ (â ñèñòåìå ÑÈ), êîòîðûå áûëè èñïîëüçîâàíû â [1℄ è â íàñòîÿùåéðàáîòå, ïðèíèìàëèñü ñëåäóþùèìè: d = 2.7 · 106 ì, ∆T = 3700 ◦C, χ = 10−6 ì2/
,

α = 10−5 ◦C, ρ = 3300 êã/ì3, gz = 10 ì/ñ2.Ïðîñòåéøåé îáëàñòüþ èíòåãðèðîâàíèÿ ÿâëÿåòñÿ ïàðàëëåëåïèïåä [0 : X], [0 : Y ][0 : Z].Äëÿ âåêòîðà ñêîðîñòè íà áîêîâûõ ãðàíÿõ çàäàþòñÿ óñëîâèÿ ïðîñêàëüçûâàíèÿ, à íà íèæ-íåé è âåðõíåé ãðàíÿõ � óñëîâèÿ ïðèëèïàíèÿ (ðèñ. 1):� íà ïîâåðõíîñòÿõ x = 0; x = X (0 ≤ y ≤ Y, 0 ≤ z ≤ 1): u = ∂v/∂x = ∂w/∂x = 0;� íà ïîâåðõíîñòÿõ y = 0; y = Y (0 ≤ x ≤ X, 0 ≤ z ≤ 1): ∂u/∂y = v = ∂w/∂y = 0;� íà ïîâåðõíîñòÿõ z = 0; z = 1 (0 ≤ x ≤ X, 0 ≤ y ≤ Y ): u = v = w = 0.Äëÿ òåìïåðàòóðû, êàê è â [1℄, íà áîêîâûõ ãðàíÿõ ñòàâÿòñÿ óñëîâèÿ òåïëîèçîëÿöèè(àäèàáàòè÷åñêàÿ ñòåíêà), ò. å. ïåðâûå ïðîèçâîäíûå ïî íîðìàëè íà âåðòèêàëüíûõ ñòåíêàõðàâíû íóëþ. Íà âåðõíåé è íèæíåé ãðàíÿõ ñòàâÿòñÿ óñëîâèÿ Äèðèõëå: íóëåâàÿ òåìïåðà-òóðà íà âåðõíåé è íåêîòîðàÿ �èêñèðîâàííàÿ òåìïåðàòóðà (â áåçðàçìåðíûõ óðàâíåíèÿõðàâíàÿ åäèíèöå) íà íèæíåé:� íà ïîâåðõíîñòÿõ x = 0; x = X (0 ≤ y ≤ Y, 0 ≤ z ≤ 1) : ∂T/∂x = 0;� íà ïîâåðõíîñòÿõ y = 0; y = Y (0 ≤ x ≤ X, 0 ≤ z ≤ 1) : ∂T/∂y = 0;� íà ïîâåðõíîñòè z = 0 (0 ≤ x ≤ X, 0 ≤ y ≤ Y ) : T = 1;� íà ïîâåðõíîñòè z = 1 (0 ≤ x ≤ X, 0 ≤ y ≤ Y ) : T = 0.Ñèñòåìà óðàâíåíèé (1)�(3) óñòðîåíà òàê [13℄, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè t = t0çàäàþòñÿ íà÷àëüíûå óñëîâèÿ ëèøü äëÿ òåìïåðàòóðû. Â êà÷åñòâå íà÷àëüíîãî ðàñïðåäå-ëåíèÿ òåìïåðàòóðû, êàê è â [1℄, âûáèðàëîñü ñëåäóþùåå:
T (x, y, z, t) = T0(x, y, z) = (1 − z) + 0.2(cos(πx/X) + cos(πy/Y ))sin(πz).



88 Â.Â. ×åðâîâ2. ×èñëåííàÿ ìîäåëü òðåõìåðíûõ òå÷åíèé â åñòåñòâåííûõïåðåìåííûõ, îñíîâàííàÿ íà ìåòîäå ñëàáîé ñæèìàåìîñòèÊàê óæå îòìå÷àëîñü âûøå, õîðîøî èçâåñòíûì ïîäõîäîì ê ðåøåíèþ çàäà÷ ãèäðîäèíà-ìèêè âÿçêîé íåñæèìàåìîé æèäêîñòè ÿâëÿåòñÿ ìåòîä èñêóññòâåííîé ñæèìàåìîñòè. Äëÿïîñòðîåíèÿ ÷èñëåííîé ìîäåëè â ñëó÷àå åñòåñòâåííûõ ïåðåìåííûõ ïðèìåíÿëñÿ ìåòîäóñòàíîâëåíèÿ ñ èñïîëüçîâàíèåì íåÿâíîé ñõåìû èñêóññòâåííîé ñæèìàåìîñòè [8�11, 14℄ èìåòîäà äðîáíûõ øàãîâ [14℄:
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= ∇2T. (6)Ïàðàìåòð τ ÿâëÿåòñÿ îáùèì èòåðàöèîííûì ïàðàìåòðîì äëÿ óðàâíåíèé (4) è (5); c2è τ èãðàþò ðîëü ðåëàêñàöèîííûõ ïàðàìåòðîâ. Ïàðàìåòðû c è τ âûáèðàëèñü èç óñëîâèÿóñòîé÷èâîñòè, ïðåäëîæåííîãî â [15℄: τ < min(∆x, ∆y, ∆z)/c.Äëÿ çàäà÷è òåñòèðîâàíèÿ ñ ïåðåìåííîé âÿçêîñòüþ ðåçóëüòàòû ïîëó÷åíû ïðè
c2 = 219.×èñëåííàÿ ðåàëèçàöèÿ (4)�(6) âêëþ÷àåò â ñåáÿ ñëåäóþùèå ýòàïû.

1. Â èññëåäóåìîé îáëàñòè çàäàåòñÿ íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû, óäîâëå-òâîðÿþùåå ãðàíè÷íûì óñëîâèÿì. Êîìïîíåíòû ñêîðîñòè ïîëàãàþòñÿ íóëåâûìè.
2. Èç âåêòîðíîãî óðàâíåíèÿ (5) íàõîäèòñÿ ïîëå ñêîðîñòè v

n+1; ïðè ýòîì pn+1 îïðå-äåëÿåòñÿ èç (4) è ïîäñòàâëÿåòñÿ â (5).
3. Ïîñëå âû÷èñëåíèÿ âñåõ êîìïîíåíò ñêîðîñòè ñëåäóåò ðàñ÷åò äàâëåíèÿ èç (4):

pn+1 = pn − τc2(L1u
n+1 + L2v

n+1 + L3w
n+1). (7)

4. Ïóòåì ðåøåíèÿ (6) âû÷èñëÿåòñÿ ïîëå òåìïåðàòóðû.Ïðîöåññ ïîâòîðÿåòñÿ äî íåêîòîðîãî çíà÷åíèÿ
tN = N · ∆t.Äëÿ ðåàëèçàöèè (5) èñïîëüçîâàëàñü ñõåìà ñòàáèëèçèðóþùåé ïîïðàâêè. Äëÿ âåêòîðàñêîðîñòè, íà ïðèìåðå õ -êîìïîíåíòû u, ñõåìà âûãëÿäèò òàê:
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�èñ. 2. Äâóìåðíàÿ ðàçíåñåííàÿ ñåòêà

�èñ. 3. Ñåòî÷íûé øàáëîí: â öåíòðå ÿ÷åéêè, êðîìå äàâëåíèÿ è òåìïåðàòóðû, âû÷èñëÿåòñÿ èâÿçêîñòü η
I,J,K



90 Â.Â. ×åðâîâÄëÿ v è w êîíå÷íî-ðàçíîñòíîå ïðåäñòàâëåíèå àíàëîãè÷íî (8)�(10).Â çàäà÷å èñïîëüçîâàëèñü êàê ðàçíåñåííàÿ, òàê è íåðàçíåñåííàÿ ñåòêè. Íà ðàçíå-ñåííîé ñåòêå äàâëåíèå, âÿçêîñòü è òåìïåðàòóðà îïðåäåëÿëèñü â öåíòðå ýëåìåíòàðíîãîîáúåìà, êîìïîíåíòû âåêòîðà ñêîðîñòè � â öåíòðàõ ïëîñêîñòåé ÿ÷ååê: u � â öåíòðåïëîñêîñòè y0z, v � â öåíòðå ïëîñêîñòè x0z, w � â öåíòðå ïëîñêîñòè x0y. Íà ðèñ. 2 äëÿïðîñòîòû è íàãëÿäíîñòè èçîáðàæåíà äâóìåðíàÿ ðàçíåñåííàÿ ñåòêà, ñåòî÷íûé òðåõìåð-íûé øàáëîí ïðåäñòàâëåí íà ðèñ. 3.3. �åçóëüòàòû ðàñ÷åòîâÒåñòèðîâàíèå ÷èñëåííîé ìîäåëè îñóùåñòâëÿëîñü ðåøåíèåì ìîäåëüíîé çàäà÷è [1℄. �å-øåíèå äëÿ ïåðåìåííîé âÿçêîñòè îòûñêèâàëîñü â åäèíè÷íîì êóáå (X = Y = Z = 1).Ïðè ýòîì çàäàâàëèñü ñëåäóþùèå ïàðàìåòðû: ìàñøòàáíûé ìíîæèòåëü ïðè âÿçêîñòè
η0 = 1.20165 · 1024; η(T ) = exp[θ/(T + Θ) − θ/(0.5 + Θ)]; θ = 225/ ln(r) − 0.25 ln(r);
Θ = 15/ ln(r) − 0.5; r = η |T=0 /η |T=1= 20; Ra = 20 000.Äëÿ ðåøåíèÿ çàäà÷è ââîäèëàñü ðàâíîìåðíàÿ â êàæäîì íàïðàâëåíèè ñåòêà. Âû÷èñ-ëÿëèñü ñëåäóþùèå ïàðàìåòðû:(i) ñðåäíåêâàäðàòè÷íàÿ ñêîðîñòü:
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dxdy,ãäå Stop � âåðõíÿÿ ïîâåðõíîñòü ïàðàëëåëåïèïåäà;(iii) çíà÷åíèå âåðòèêàëüíîé êîìïîíåíòû ñêîðîñòè w è òåìïåðàòóðû T â óãëîâûõòî÷êàõ ñðåäíåãî ñå÷åíèÿ êîíâåêòèâíîãî ñëîÿ;(iv) ñðåäíÿÿ òåìïåðàòóðà:

Tm =

∫∫

Stop

Tdxdy,âû÷èñëÿåìàÿ íà ãîðèçîíòàëüíûõ ñå÷åíèÿõ îáëàñòè Sz=0.75 è Sz=0.50, íà ãëóáèíàõ z = 0.75è z = 0.50;(v) çíà÷åíèÿ z1 � îòêëîíåíèÿ ñâîáîäíîé ïîâåðõíîñòè Çåìëè îò ãåîèäà â óãëîâûõòî÷êàõ âåðõíåé ïîâåðõíîñòè êóáà.Èíòåãðàëû âû÷èñëÿëèñü ñ ïðèìåíåíèåì êâàäðàòóðíîé �îðìóëû òðàïåöèé.�åçóëüòàòû ðàñ÷åòîâ àâòîðà (Che) ñîïîñòàâëåíû ñ äàííûìè Ó. Êðèñòåíñåíà (Chr)êàê íàèáîëåå ïîëíûìè èç èìåþùèõñÿ â ñòàòüå [1℄ è ïðåäñòàâëåíû â òàáë. 1 è 2. Ñîãëàñèåäîñòàòî÷íî õîðîøåå. Èçëîæåííûé âûøå àëãîðèòì áûë ñ óñïåõîì ïðèìåíåí ê ðåøåíèþìîäåëüíîé çàäà÷è î ïðîòåêàíèè ìàíòèéíîé æèäêîñòè [7℄.



Ìîäåëèðîâàíèå òðåõìåðíîé êîíâåêöèè â ìàíòèè Çåìëè ñ ïðèìåíåíèåì. . . 91Ò à á ë è ö à 1. Ïåðåìåííàÿ âÿçêîñòü. �àçíåñåííàÿ ñåòêà. Åñòåñòâåííûå ïåðåìåííûå. Èñêóñ-ñòâåííàÿ ñæèìàåìîñòü� Ïàðàìåòð Ñåòêà 32 × 32 × 64 Err, %ï/ï Chr Che1 Nu 3.03927 2.99409 1.512 vrms 35.132 35.159 0.083 w(0, 0, 1/2) 165.91 165.967 0.044 w(0, Y, 1/2) −26.72 −26.977 0.955 w(X,Y, 1/2) −58.23 −58.755 0.896 T (0, 0, 1/2) 0.90529 0.9052 0.017 T (0, Y, 1/2) 0.49565 0.4955 0.028 T (X,Y, 1/2) 0.23925 0.2388 0.209 Tm(3/4) 0.56593 0.5654 0.0910 Tm(1/2) 0.58158 0.5890 1.2611 z1(0, 0, 1/2) 10869.0 10389.0 4.6212 z1(0, Y, 1/2) −4145.00 −4271.0 2.9513 z1(X,Y, 1/2) −12811.0 −12761.6 0.39Ò à á ë è ö à 2. Ïåðåìåííàÿ âÿçêîñòü. Íåðàçíåñåííàÿ ñåòêà. Åñòåñòâåííûå ïåðåìåííûå. Èñ-êóññòâåííàÿ ñæèìàåìîñòü� Ïàðàìåòð Ñåòêà 32 × 32 × 64 Err, %ï/ï Chr Che1 Nu 3.03927 3.04469 0.182 vrms 35.132 35.0888 0.123 w(0, 0, 1/2) 165.91 165.170 0.444 w(0, Y, 1/2) −26.72 −26.601 0.455 w(X,Y, 1/2) −58.23 −58.523 0.506 T (0, 0, 1/2) 0.90529 0.9062 0.117 T (0, Y, 1/2) 0.49565 0.4996 0.808 T (X,Y, 1/2) 0.23925 0.2409 0.709 Tm(3/4) 0.56593 0.5649 0.1710 Tm(1/2) 0.58158 0.5831 0.2611 z1(0,0,1/2) 10869.0 11070.8 1.8212 z1(0,Y,1/2) −4145.00 −4230.92 2.0313 z1(X,Y,1/2) −12811.0 −13035.0 1.72Îòíîñèòåëüíàÿ îøèáêà âû÷èñëÿëàñü ïî �îðìóëå:
Err =

∣
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∣

∣

Che − Chr
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∣

∣

∣

∣

· 100 %.Çàêëþ÷åíèåÎñíîâíûå ðåçóëüòàòû ðàáîòû ñâîäÿòñÿ ê ñëåäóþùåìó. Ïîñòðîåíà òðåõìåðíàÿ ÷èñëåí-íàÿ ìîäåëü êîíâåêöèè â ìàíòèè Çåìëè, îñíîâàííàÿ íà ìåòîäå ñëàáîé ñæèìàåìîñòè.Ïðîäåìîíñòðèðîâàíà åå äîñòàòî÷íî âûñîêàÿ ý��åêòèâíîñòü.Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðî�åññîðó, ä-ðó �èç.-ìàò. íàóê �åííàäèþ �åîðãè-åâè÷ó ×åðíûõ çà ïîìîùü ïðè ïîñòàíîâêå çàäà÷è è ïîñòîÿííîå âíèìàíèå ê ðàáîòå.
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