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Construction of a recurrent spline approximation algorithm, exact on polynomials

of the third order is investigated. A computational scheme for the recurrent spline

approximation of the third order valid for any depths p at an uniform grid is proposed

and justified in the case of noised data.Â òåîðèè ñïëàéíîâ âàæíóþ ðîëü èãðàþò àïïðîêñèìàöèè, ïîñòðîåííûå íà îñíîâåàïïàðàòà B-ñïëàéíîâ [1℄. Ïóñòü S3(t) � êóáè÷åñêèé ñïëàéí ñ óçëàìè íà ñåòêå ∆: ti =
a + ih, i = 0, 1, ..., N , h = (b− a)/N . Äîïîëíèì ñåòêó ∆ óçëàìè t

−1 = a− h, tN+1 = b + hè çàïèøåì S3(t) ïî ñèñòåìå êóáè÷åñêèõ B-ñïëàéíîâ:
S3(t) =

N+1
∑

j=−1

yjB
j
3(t) =

N+1
∑

j=−1

yjB3

(

t − tj
h

)

, t ∈ [a, b], (1)ãäå
B3(τ) =







2/3 − τ 2 + |τ |3/2, |τ | ≤ 1,
(2 − |τ |)3/6, 1 ≤ |τ | ≤ 2,
0, 2 ≤ |τ |.

(2)Êàê èçâåñòíî [1℄, åñëè ïîëîæèòü yj = f(tj), òî �îðìóëà (1) áóäåò òî÷íà íà ìíîãî-÷ëåíàõ ïåðâîé ñòåïåíè. Ïðè âûáîðå
yj =

1

6
[−f(tj−1) + 8f(tj) − f(tj+1)] (3)�îðìóëà (1) áóäåò òî÷íà íà êóáè÷åñêèõ ìíîãî÷ëåíàõ.Ïóñòü t ∈ [tk, tk+1). Òîãäà ñ ó÷åòîì (2) �îðìóëó (1) ìîæíî ïåðåïèñàòü â âèäå

S3(t) =
1

6
(1 − τ)3yk−1 +

(

2

3
− τ 2 +

1

2
τ 3

)

yk+

[

2

3
− (1 − τ)2 +

1

2
(1 − τ)3

]

yk+1 +
1

6
τ 3yk+2,ãäå τ = (t − tk)/h, èëè

S3(t) =
1

6
(1 − τ)3yk−1 + b(τ)yk + b(1 − τ)yk+1 +

1

6
τ 3yk+2, b(τ) =

2

3
− τ 2 +

1

2
τ 3. (4)
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132 Ý.À. ÝøàðîâÏóñòü çíà÷åíèÿ ñïëàéíà S3 â (4) âû÷èñëÿþòñÿ íà ñåòêå ∆ ñ îøèáêàìè èçìåðåíèÿ ξi.Òîãäà, ñîãëàñíî (4), èçìåðåííûå çíà÷åíèÿ S3,i áóäóò èìåòü âèä
S3,i =

1

6
yi−1 +

2

3
yi +

1

6
yi+1 + ξi ∀i. (5)Â îòëè÷èå îò ñëó÷àåâ èíòåðïîëÿöèîííûõ è ñãëàæèâàþùèõ ñïëàéíîâ âû÷èñëåíèÿïî ÿâíîé �îðìóëå (3) ìîãóò áûòü ëåãêî ðåàëèçîâàíû äëÿ áåñêîíå÷íî ïðîäîëæåííîé âîáå ñòîðîíû ñåòêè. Íà ïðàêòèêå ýòî îêàçûâàåòñÿ âàæíûì ïðè îáðàáîòêå äàííûõ ñëå-âà íàïðàâî â òåìïå ðåàëüíîãî âðåìåíè ïî ìåðå ïîñòóïëåíèÿ èñõîäíîé èí�îðìàöèè. Ñòî÷êè çðåíèÿ òåîðèè èçìåðåíèé �îðìóëû (3), (4) ïðåäñòàâëÿþò ñîáîé ëîêàëüíûé óñðåä-íÿþùèé �èëüòð ñ äèàïàçîíîì âðåìåíè çàïàçäûâàíèÿ [2h, 3h). Â ðÿäå ñëó÷àåâ ëó÷øèåðåçóëüòàòû â ñìûñëå óìåíüøåíèÿ âðåìåíè çàïàçäûâàíèÿ è ïîâûøåíèÿ òî÷íîñòè àï-ïðîêñèìàöèè äàåò ñîâìåñòíîå ïðèìåíåíèå óñðåäíÿþùåãî è ðåêóððåíòíîãî �èëüòðîâ.Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ ïàðàìåòðîâ êóáè÷åñêîãî ñïëàéíà íà áåñêîíå÷íîïðîäîëæåííîé âïðàâî ñåòêå, â îòëè÷èå îò (3), áóäåì èñïîëüçîâàòü ðåêóððåíòíûé àë-ãîðèòì, òðåáóþùèé âû÷èñëåíèÿ î÷åðåäíîãî êîý��èöèåíòà yj ÷åðåç èçâåñòíûå yj−1,

yj−2, . . . , yj−p ñ ó÷åòîì íàáëþäåíèé, ïîñòóïèâøèõ â îêðåñòíîñòè j-ãî ýòàïà. Ïðè ýòîì j-ÿãðóïïà íàáëþäåíèé íå âëèÿåò íà çíà÷åíèÿ ïàðàìåòðîâ y
−1, y0, . . . , yj−1, âû÷èñëåííûõðàíåå. Íà÷àëüíûå çíà÷åíèÿ yj, j = −1, . . . , p − 2, îïðåäåëÿþòñÿ ïî èçìåðåííûì çíà÷å-íèÿì f(t) íà íà÷àëüíûõ îòðåçêàõ, íàïðèìåð, ïî ñïîñîáó íàèìåíüøèõ êâàäðàòîâ. Òàêîéàëãîðèòì ìîæíî îïðåäåëèòü ñîãëàñíî ñîîòíîøåíèþ

yj =

p
∑

q=1

λqyj−q +

m
∑

i=0

αif(tj−k+i), j = p − 1, p, . . . , (6)ãäå ïðîèçâîëüíîå p � ãëóáèíà ðåêóðñèè; m � øèðèíà øàáëîíà óñðåäíåíèÿ; k � ñäâèãøàáëîíà óñðåäíåíèÿ; êîý��èöèåíòû λq, αi � ñâîáîäíûå ïàðàìåòðû ðåêóððåíòíîãîóñðåäíÿþùåãî àëãîðèòìà. Èçâåñòíû ïðèìåðû âû÷èñëåíèÿ ïàðàìåòðîâ èç óñëîâèé íàè-ìåíüøèõ êâàäðàòîâ, ìèíèìóìà îñòàòî÷íîé äèñïåðñèè [2℄ ëèáî ìèíèìóìà ðåãóëÿðèçóþ-ùåãî �óíêöèîíàëà [3℄. Óñëîâèå óñòîé÷èâîñòè ïîëó÷åííûõ âû÷èñëèòåëüíûõ ñõåì êàæ-äûé ðàç ïðîâåðÿåòñÿ äîïîëíèòåëüíî, ïðè ýòîì òî÷íîñòü íà ìíîãî÷ëåíàõ òðåòüåé ñòåïåíèíå ãàðàíòèðîâàíà, ÷òî ìîæåò ïðèâåñòè ê ñíèæåíèþ ïðåäåëüíîé òî÷íîñòè àïïðîêñèìà-öèè ñïëàéíàìè òðåòüåé ñòåïåíè. Â îòëè÷èå îò ðàíåå èçâåñòíûõ ïîäõîäîâ ìû ïðåäëàãàåìñðàçó çàêëàäûâàòü â âû÷èñëèòåëüíóþ ñõåìó äàííîå óñëîâèå.Òåîðåìà 1. Ïóñòü ïàðàìåòðû λq, αi àëãîðèòìà (6) óäîâëåòâîðÿþò óñëîâèÿì
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∑
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∑
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∑
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∑
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(
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∑
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|λq| < 1. (8)



�åêóððåíòíàÿ ñïëàéí-àïïðîêñèìàöèÿ òðåòüåé ñòåïåíè... 133Òîãäà êîý��èöèåíòû ñïëàéíà yj âû÷èñëÿþòñÿ óñòîé÷èâûì îáðàçîì. Ñïëàéí, ïîñòðî-åííûé â óñëîâèÿõ òåîðåìû, îáåñïå÷èâàåò òî÷íîñòü íà ìíîãî÷ëåíàõ òðåòüåé ñòåïåíè.Äîêàçàòåëüñòâî. Ïðîâåðèì óñëîâèÿ òî÷íîñòè íà ìíîãî÷ëåíàõ òðåòüåé ñòåïåíè [4℄.Äëÿ òîãî ÷òîáû ñïëàéí ñîâïàäàë òîæäåñòâåííî ñ f(t) äëÿ ëþáûõ f(t) èç ïðîñòðàíñòâàìíîãî÷ëåíîâ íå âûøå òðåòüåé ñòåïåíè, íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ ðàâåíñòâ
m
∑

i=0

αi +

p
∑
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m
∑
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∑
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m
∑
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∑
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,
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∑

i=0

αit
3
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p
∑
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t3j − 3t2jq + 3tjq
2 − q3 − tjh

2 + qh2
)

= t3j − tjh
2.Çäåñü tj−k+i = tj + (i − k)h. Èç ïåðâîãî ðàâåíñòâà ïîëó÷èì m

∑

i=0

αi = 1 −
p
∑

q=1

λq. Äàëåå,èç âòîðîãî ðàâåíñòâà ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé çàïèøåì m
∑

i=0

αi(i− k)h =
p
∑

q=1

qλq.Ïåðåéäåì ê òðåòüåìó ðàâåíñòâó ñèñòåìû è, ïîäñòàâëÿÿ (tj + (i − k)h)2 âìåñòî t2j−k+i,ïîëó÷èì
t2j
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m
∑
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p
∑
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+

+
m
∑
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αi(i − k)2h2 +

p
∑

q=1

λq

(

q2 −
h2

3

)

+
h2

3
= 0.Â ñèëó ïåðâûõ äâóõ ðàâåíñòâ âûðàæåíèÿ â ñêîáêàõ ðàâíû íóëþ. Ñëåäîâàòåëüíî, ïîëó-÷àåì òðåòüå èç äîêàçûâàåìûõ óñëîâèé (7):

m
∑

i=0

αi(i − k)2h2 = −

p
∑

q=1

λq

(

q2 −
h2

3

)

−
h2

3
.Àíàëîãè÷íî, ðàññìàòðèâàÿ ÷åòâåðòîå ðàâåíñòâî ñèñòåìû, ïîëó÷àåì ïîñëåäíåå èç ñîîò-íîøåíèé (7):

m
∑

i=0

αi(i − k)3h3 =

p
∑

q=1

λq(qh
2 − q3).Óñëîâèÿ (7) òåîðåìû äîêàçàíû.Ââåäåì îáîçíà÷åíèå

ỹj =

m
∑

i=0

αif(tj−k+i). (9)Èñïîëüçóÿ îáîçíà÷åíèå (9), óðàâíåíèå (6) ìîæíî ïåðåïèñàòü â âèäå
yj =

p
∑

q=1

λqyj−q + ỹj, (10)



134 Ý.À. Ýøàðîâèëè ñ ó÷åòîì ïðåäûäóùåãî çàìå÷àíèÿ î ñïîñîáå çàäàíèÿ íà÷àëüíûõ óñëîâèé � â âèäåáåñêîíå÷íîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
Qy = B, (11)ãäå

B = [y
−1, y0, . . . , yp−2,−

m
∑

i=0

αif(ti+p−1−k), . . .]
T ,

Q =























1 0 . . . 0 0 0 . . .
0 1 . . . 0 0 0 . . .... ... . . . ... ... ... ...
0 0 . . . 1 0 0 . . .
λ1 λ2 . . . λp −1 0 . . .
0 λ1 . . . λp−1 λp −1 . . .... ... ... ... ... ... . . .























.

Çäåñü Q � ëåíòî÷íàÿ ìàòðèöà, êîòîðàÿ ïðè âûïîëíåíèè óñëîâèÿ (8) îáëàäàåò äèà-ãîíàëüíûì ïðåîáëàäàíèåì. Ñëåäîâàòåëüíî, ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî ðàçíîñò-íîãî óðàâíåíèÿ (10) óñòîé÷èâî ê âëèÿíèþ íà÷àëüíûõ äàííûõ [5℄.Òåîðåìà äîêàçàíà. �Ïîëó÷åííûå çíà÷åíèÿ êîý��èöèåíòîâ ñïëàéíà yj ∀j ïðåäñòàâëÿþò ñîáîé ñòàòèñòè-÷åñêèå îöåíêè ŷj èñòèííûõ çíà÷åíèé êîý��èöèåíòîâ, äëÿ êîòîðûõ ñîãëàñíî (10) ñïðà-âåäëèâû óðàâíåíèÿ
ŷj =

p
∑

q=1

λqŷj−q + ỹj. (12)Ñëåäóþùàÿ òåîðåìà äîêàçûâàåò àñèìïòîòè÷åñêóþ ñõîäèìîñòü ðåêóððåíòíîãî àëãîðèò-ìà (6) ïî êîý��èöèåíòàì.Òåîðåìà 2. Áóäåì ïðåäïîëàãàòü, ÷òî ξi ∀i � ñëó÷àéíûå âåëè÷èíû ñ íóëåâûì ñðåä-íèì. Òîãäà â óñëîâèÿõ Òåîðåìû 1 îöåíêè êîý��èöèåíòîâ ñïëàéíà yj àñèìïòîòè÷åñêèíåñìåùåííûå ïðè j → ∞.Äîêàçàòåëüñòâî. Ñ ó÷åòîì (7) ïîëó÷àåì
ỹj = yj −

p
∑

q=1

λqyj−q +
m
∑

i=0

αiξj−k+i. (13)Ñ ó÷åòîì (13) âûðàæåíèå (12) ïðèíèìàåò âèä
ŷj − yj =

p
∑

q=1

λq(ŷj−q − yj−q) +

m
∑

i=0

αiξj−k+i. (14)Ïðèìåíèì ê �îðìóëå (14) îïåðàöèþ âû÷èñëåíèÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ. Òîãäà
M {ŷj − yj} =

p
∑

q=1

λqM {ŷj−q − yj−q} +

m
∑

i=0

αiM {ξj−k+i} . (15)



�åêóððåíòíàÿ ñïëàéí-àïïðîêñèìàöèÿ òðåòüåé ñòåïåíè... 135Â âûðàæåíèè (15) M {ξj−k+i} = 0 ñîãëàñíî ïîñòàíîâêå çàäà÷è. Òàêèì îáðàçîì, âû-ðàæåíèå (15) ïðèíèìàåò îêîí÷àòåëüíûé âèä
M {ŷj − yj} =

p
∑

q=1

λqM {ŷj−q − yj−q} ∀j. (16)�àâåíñòâà (16) ïðåäñòàâëÿþò ñîáîé îäíîðîäíóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõóðàâíåíèé âèäà (11) ñ íóëåâîé ïðàâîé ÷àñòüþ. Ìàòðèöà Q â ñèëó íåâûðîæäåííîñòè èìå-åò òîëüêî òðèâèàëüíîå ðåøåíèå M {ŷj − yj} → 0, j → ∞, ò. å. íåñìåùåííîñòü ðåøåíèÿ
yj ñëåäóåò èç åãî óñòîé÷èâîñòè.Òåîðåìà 2 äîêàçàíà. ��àññìîòðèì ïðèìåðû äëÿ ðåêóððåíòíîé ñïëàéí-àïïðîêñèìàöèè òðåòüåé ñòåïåíè ãëó-áèíû p = 0 (ðåêóðñèâíîå ñëàãàåìîå îòñóòñòâóåò) è p = 1.Ñëó÷àé 1. Ïóñòü p = 0, m = 3, k = 2, h = 1. Â ðåçóëüòàòå èìååì ÷åòûðå íåèçâåñò-íûõ çíà÷åíèÿ � α0, α1, α2, α3, äëÿ îïðåäåëåíèÿ êîòîðûõ òðåáóåòñÿ ðåøèòü ñèñòåìóëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé âèäà















α0 + α1 + α2 + α3 = 1,
2α0 + α1 − α3 = 0,
4α0 + α1 + α3 = −1/3,
8α0 + α1 − α3 = 0.Äåòåðìèíàíò ìàòðèöû ñèñòåìû ðàâåí 12, ïîýòîìó ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

α0 = 0, α1 = −1/6, α2 = 4/3, α3 = −1/6, è îíî ñîâïàäàåò ñ ëîêàëüíîé àïïðîêñèìàöè-åé (3).Ñëó÷àé 2. Ïóñòü p = 1, m = 2, k = 1, h = 1. Â ðåçóëüòàòå èìååì ÷åòûðå íåèçâåñò-íûõ çíà÷åíèÿ � λ1, α0, α1, α2, äëÿ îïðåäåëåíèÿ êîòîðûõ òðåáóåòñÿ ðåøèòü ñèñòåìóëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé














α0 + α1 + α2 + λ1 = 1,
α0 − α2 + λ1 = 0,

α0 + α2 − 2λ1/ 3 = 1/3,
8α0 − α2 = 0.Äåòåðìèíàíò ìàòðèöû ñèñòåìû ðàâåí 22/3, ïîýòîìó ñóùåñòâóåò åäèíñòâåííîå ðåøå-íèå α0 = 1/22, α1 = 19/11, α2 = 4/11, λ1 = 7/22. Ïîëó÷åííîå çíà÷åíèå λ1 = 7/22 ïîìîäóëþ ìåíüøå 1, ò. å. ðåøåíèå óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû. Ïðè ýòîì äèàïàçîíçàïàçäûâàíèÿ ñîñòàâëÿåò [h, 2h), ÷òî ñóùåñòâåííî ìåíüøå ñëó÷àÿ ëîêàëüíîé àïïðîêñè-ìàöèè.Ñëó÷àé 3. Ïóñòü òåïåðü p = 1, m = 2, k = 2, h = 1. Â ðåçóëüòàòå èìååì ÷åòûðåíåèçâåñòíûõ çíà÷åíèÿ � λ1, α0, α1, α2, äëÿ îïðåäåëåíèÿ êîòîðûõ òðåáóåòñÿ ðåøèòüñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé















α0 + α1 + α2 + λ1 = 1,
2α0 + α1 + λ1 = 0,

4α0 + α1 − 2λ1/ 3 = 1/3,
8α0 + α1 = 0.Äåòåðìèíàíò ìàòðèöû ñèñòåìû ðàâåí −8. Åäèíñòâåííîå ðåøåíèå ñèñòåìû ñóùåñòâó-åò: α0 = −1/24, α1 = 1/3, α2 = 23/24, λ1 = −1/4. Ïîëó÷åííîå çíà÷åíèå λ1 = −1/4 ïî
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�ðà�èêè êîý��èöèåíòîâ â çàâèñèìîñòè îò λ1 ïðè |λ1| < 1:1 � α0 = −
2λ1

3
−

1

6
; 2 � α1 = −

17λ1

6
+

2

3
; 3 � α2 = −

14λ1

3
−

5

6
; 4 � α3 = −

3λ1

2
+

4

3ìîäóëþ ìåíüøå 1, ò. å. îíî òàêæå óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû. Ïðè ýòîì çàïàçäû-âàíèå íå ïðåâûøàåò âåëè÷èíû øàãà h.Ñëó÷àé 4. Ïóñòü òåïåðü p = 1, m = 3, k = 3, h = 1. Â ðåçóëüòàòå èìååì ïÿòüíåèçâåñòíûõ çíà÷åíèé � λ1, α0, α1, α2, α3, äëÿ îïðåäåëåíèÿ êîòîðûõ òðåáóåòñÿ ðåøèòüíåäîîïðåäåëåííóþ ñèñòåìó ÷åòûðåõ ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé














α0 + α1 + α2 + α3 = 1 − λ1,
3α0 + 2α1 + α2 = −λ1,
9α0 + 4α1 + α2 = 1/3 + 2λ1/3,

27α0 + 8α1 + α2 = 0.Äåòåðìèíàíò ìàòðèöû ñèñòåìû ðàâåí 12, ïîýòîìó ñóùåñòâóåò îáùåå ðåøåíèå, çàâè-ñÿùåå îò ïàðàìåòðà λ1:
α0 = −2λ1/3 − 1/6, α1 = 17λ1/6 + 2/3, α2 = −14λ1/3 − 5/6, α3 = 3λ1/2 + 4/3.�ðà�èêè ïîëó÷åííûõ çíà÷åíèé êîý��èöèåíòîâ â çàâèñèìîñòè îò λ1 ïðè |λ1| < 1 ïðåä-ñòàâëåíû íà ðèñóíêå.Òàêèì îáðàçîì, ïîëó÷åí êëàññ ðåêóððåíòíûõ âû÷èñëèòåëüíûõ ïðîöåññîâ, óäîâëåòâî-ðÿþùèõ óñëîâèþ óñòîé÷èâîñòè |λ1| < 1, îöåíêè êîý��èöèåíòîâ ŷj ýêñïåðèìåíòàëüíîéçàâèñèìîñòè, ïðåäñòàâëåííîé â âèäå ñïëàéíà òðåòüåé ñòåïåíè. Ýòî äîïóñêàåò ïðîâåäå-íèå äîïîëíèòåëüíîé îïòèìèçàöèè ïî λ1 (íàïðèìåð, ñîãëàñíî êðèòåðèþ ìèíèìóìà ïî-ãðåøíîñòè àïïðîêñèìàöèè íà ìíîãî÷ëåíàõ ÷åòâåðòîé ñòåïåíè). Ïðè ýòîì ìèíèìàëüíîåçàïàçäûâàíèå [−h, 0] îáåñïå÷èâàåòñÿ ïðè α3 = 0 (ñîîòâåòñòâåííî, λ1 = −2/3), ÷òî ïðåä-ñòàâëÿåò âîçìîæíîñòü óñòîé÷èâîãî ïðîãíîçèðîâàíèÿ èçìåðåííûõ ñåòî÷íûõ çíà÷åíèé íàøàã âïåðåä.Àâòîð áëàãîäàðèò íàó÷íîãî ðóêîâîäèòåëÿ ïðî�., ä.�.-ì.í. Á.Ì. Øóìèëîâà.
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