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In this paper we propose a method for solution of the non-stationary Navier—Stokes

equations describing a viscous incompressible flow. Our method relies on the minimal

residuals method with a multiparametric optimization based on a componentwise min-

imization for the residual norm of the approximate solution.Ââåäåíèå�àññìîòðèì â îáëàñòè G íåñòàöèîíàðíóþ ñèñòåìó óðàâíåíèé Íàâüå�Ñòîêñà, îïèñûâà-þùóþ ïëîñêîå äâèæåíèå âÿçêîé îäíîðîäíîé íåñæèìàåìîé æèäêîñòè. Â áîëüøèíñòâåñëó÷àåâ äàííóþ ñèñòåìó çàïèñûâàþò â ïåðåìåííûõ �óíêöèÿ òîêà � âèõðü è íà êàæ-äîì øàãå ïî âðåìåíè ðåøàþò ñíà÷àëà ëèíåàðèçîâàííîå óðàâíåíèå ïåðåíîñà âèõðÿ äëÿ
ω, çàòåì óðàâíåíèå Ïóàññîíà äëÿ �óíêöèè òîêà ψ [1℄. Ïðåèìóùåñòâî òàêîé ïîñòàíîâêèçàäà÷è � îòíîñèòåëüíàÿ ïðîñòîòà ðåàëèçàöèè ÷èñëåííîãî àëãîðèòìà. Îäíàêî òàêîìóïîäõîäó ïðèñóùè è ñóùåñòâåííûå íåäîñòàòêè: âî-ïåðâûõ, íà êàæäîì âðåìåííîì øàãåïðèõîäèòñÿ ðåøàòü äâà óðàâíåíèÿ, îäíèì èç êîòîðûõ ÿâëÿåòñÿ óðàâíåíèå Ïóàññîíà;âî-âòîðûõ, âîçíèêàþò ïðîáëåìû, ñâÿçàííûå ñ ïîñòàíîâêîé êðàåâûõ óñëîâèé äëÿ âèõ-ðÿ ω. �åøåíèþ ýòèõ ïðîáëåì ïîñâÿùåíî äîñòàòî÷íî áîëüøîå êîëè÷åñòâî ðàáîò (ñì.,íàïðèìåð, îáçîð â [2℄). Ìåíåå ïîïóëÿðíû ìåòîäû ðåøåíèÿ ñèñòåìû óðàâíåíèé Íàâüå�Ñòîêñà, çàïèñàííîé òîëüêî îòíîñèòåëüíî �óíêöèè òîêà ψ [3℄. Ïðåèìóùåñòâîì òàêîãîïîäõîäà ÿâëÿåòñÿ îòñóòñòâèå êàêèõ-ëèáî ñóùåñòâåííûõ ïðîáëåì ïîñòàíîâêè êðàåâûõóñëîâèé äëÿ �óíêöèè òîêà ψ. Îäíàêî â ýòîì ñëó÷àå íà êàæäîì äèñêðåòíîì âðåìåííîìøàãå íåîáõîäèìî ðåøàòü ñèñòåìû ëèíåéíûõ èëè íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèéáîëüøîé ðàçìåðíîñòè.1. Ïîñòàíîâêà çàäà÷èÑèñòåìà óðàâíåíèé Íàâüå�Ñòîêñà, çàïèñàííàÿ â ïîñòàíîâêå ψ − ω, èìååò âèä
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ψ|t=0 = φ(x, y), x, y ∈ G; (3)êðàåâûå óñëîâèÿ

ψ|∂G = ψ1(x, y, t), t ∈ [0;T ], (4)
∂ψ

∂n
|∂G = ψ2(x, y, t), t ∈ [0;T ]. (5)Íàðÿäó ñ òðàäèöèîííîé ïîñòàíîâêîé äè��åðåíöèàëüíîé çàäà÷è áóäåì òàêæå ðàñ-ñìàòðèâàòü ñèñòåìó óðàâíåíèé Íàâüå�Ñòîêñà, çàïèñàííóþ îòíîñèòåëüíî òîëüêî �óíê-öèè òîêà ψ:
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∂
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)

∂x
−
∂

(

∂ψ
∂x

∆ψ
)

∂y
= ν∆∆ψ, (6)íà÷àëüíûå óñëîâèÿ

ψ |t=0 = φ(x, y), x, y ∈ G; (7)êðàåâûå óñëîâèÿ
ψ |∂G = ψ1(x, y, t), t ∈ [0;T ], (8)
∂ψ

∂n
|∂G = ψ2(x, y, t), t ∈ [0;T ]. (9)Â ñèñòåìàõ óðàâíåíèé (1)�(5) è (6)�(9) ν > 0 � êîý��èöèåíò âÿçêîñòè; φ(x, y),

ψ1(x, y, t), ψ2(x, y, t) � çàäàííûå �óíêöèè ñâîèõ àðãóìåíòîâ; G � âûïóêëàÿ îäíîñâÿçíàÿîáëàñòü ðåøåíèÿ; ∂G � ãëàäêàÿ ãðàíèöà îáëàñòè G. Áóäåì ñ÷èòàòü, ÷òî çàäà÷è (1)�(5)è (6)�(9) èìåþò åäèíñòâåííîå ðåøåíèå [4℄.2. ×èñëåííîå ìîäåëèðîâàíèåÂâåäåì â îáëàñòè G íåðàâíîìåðíóþ ïî t, x, y, ñîãëàñîâàííóþ ñ ãðàíèöåé ∂G ñåòêó Gh.Àïïðîêñèìèðóÿ çàäà÷è (1)�(5) è (6)�(9) íà ñåòêå Gh íåêîòîðûìè ðàçíîñòíûìè ñõåìàìè,ïîëó÷èì ðàçíîñòíûå çàäà÷è:
ω
n+1/2
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hx ω

n+1/2
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hy ωnh = f
n+1/2
h ; (10)
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hy ωn+1
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h ; (11)
Λhψ
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h ; (12)
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n
h ; (13)

ψn+1
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h (14)è
Λhψ

n+1
h − Λhψ

n
h

τn
+ Ln+1

h ψn+1
h = fn+1

h ; (15)
Khψ

n+1
h = gn+1

h . (16)Â çàäà÷àõ (10)�(14) è (15), (16) Λh åñòü íåêîòîðàÿ àïïðîêñèìàöèÿ îïåðàòîðà Ëàïëà-ñà; Ln+1
hx , Ln+1

hy è Ln+1
h � íåêîòîðûå àïïðîêñèìàöèè êîíâåêòèâíûõ ñëàãàåìûõ â óðàâíå-íèÿõ äâèæåíèÿ (1) è (6); Mh � êàêîé-ëèáî âàðèàíò óñëîâèé Òîìà [2℄, à óðàâíåíèå (16)



×èñëåííîå ðåøåíèå íåñòàöèîíàðíûõ óðàâíåíèé Íàâüå�Ñòîêñà 37åñòü ðàçíîñòíûé àíàëîã êðàåâûõ óñëîâèé (8) è (9). Çàìåòèì, ÷òî îïåðàòîðû Ln+1
hx , Ln+1

hy è
Ln+1
h ìîãóò áûòü êàê ëèíåéíûìè, òàê è íåëèíåéíûìè â çàâèñèìîñòè îò ñïîñîáà àïïðîê-ñèìàöèè êîíâåêòèâíûõ ñëàãàåìûõ â (1) è (6). Â ñëó÷àå, åñëè äëÿ àïïðîêñèìàöèè ýòèõâåëè÷èí èñïîëüçóþòñÿ çíà÷åíèÿ íà âåðõíåì âðåìåííîì ñëîå, òî óêàçàííûå îïåðàòîðûÿâëÿþòñÿ íåëèíåéíûìè, â ñëó÷àå æå èñïîëüçîâàíèÿ äëÿ àïïðîêñèìàöèè êîíâåêòèâíûõñëàãàåìûõ çíà÷åíèé ñ íèæíåãî âðåìåííîãî ñëîÿ äàííûå îïåðàòîðû ñòàíóò ëèíåéíûìèè ìû ïîëó÷èì ëèíåàðèçîâàííûå ðàçíîñòíûå ñõåìû.3. Ìåòîä ðåøåíèÿÍåçàâèñèìî îò ñïîñîáà àïïðîêñèìàöèè êîíâåêòèâíûõ ñëàãàåìûõ ðàçíîñòíûå çàäà÷è(10)�(14) è (15), (16) äëÿ êàæäîãî äèñêðåòíîãî ìîìåíòà âðåìåíè ìîæíî çàïèñàòü êàêñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé âèäà

A(u, u) = f, (17)ãäå u, f � âåêòîðû ðàçìåðíîñòè m (÷èñëî óçëîâ ñåòêè); A(u, v) = A1(u, v)+A2v, A2 �ëèíåéíûé îïåðàòîð, A1 � áèëèíåéíîå îòîáðàæåíèå, îáëàäàþùåå ñëåäóþùèì ñâîéñòâîì:
A1(ξ1u

(1) + ξ2u
(2), η1v

(1) + η2v
(2)) = ξ1η1A1(u

(1), v(1))+

+ξ1η2A1(u
(1), v(2)) + ξ2η1A1(u

(2), v(1)) + ξ2η2A1(u
(2), v(2)), (18)

u(i), v(i) � ïðîèçâîëüíûå âåêòîðû ðàçìåðíîñòè m; ξi, ηi � ïðîèçâîëüíûå ïîñòîÿííûå,
i = 1, 2.Îòìåòèì, ÷òî â ñëó÷àå ëèíåàðèçîâàííûõ ðàçíîñòíûõ ñõåì íà êàæäîì øàãå ïî âðåìå-íè ìû èìååì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (A1 ≡ 0), ìàòðèöà êîòîðîé,îäíàêî, çàâèñèò îò âðåìåííîãî ñëîÿ. Ïðè ýòîì äîñòàòî÷íî ñëîæíî óñòàíîâèòü íåêîòîðûåñâîéñòâà ìàòðèöû ïîëó÷èâøåéñÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (íàïðè-ìåð, íåîñîáåííîñòü è çíàêîîïðåäåëåííîñòü), êîòîðûå ïîçâîëèëè áû ïðèìåíÿòü áîãàòûéàðñåíàë ìåòîäîâ äëÿ åå ðåøåíèÿ [5℄. Â ñëó÷àå æå íåëèíåéíîé (áèëèíåéíîé) ñèñòåìûàëãåáðàè÷åñêèõ óðàâíåíèé (A1 6= 0) äàííàÿ ïðîáëåìà åùå áîëåå îáîñòðÿåòñÿ. Î÷åâèäíî,÷òî äëÿ ðåøåíèÿ ñèñòåìû (17) íåîáõîäèìî èñïîëüçîâàòü òàêèå ìåòîäû, êîòîðûå ïîçâî-ëÿëè áû ïîëó÷àòü åå ðåøåíèå ñ èñïîëüçîâàíèåì ìèíèìàëüíîé èí�îðìàöèè î ñâîéñòâàõîïåðàòîðà A.Íåçàâèñèìî îò òîãî, ÿâëÿåòñÿ ëè ñèñòåìà (17) ëèíåéíîé èëè íåëèíåéíîé, äëÿ ååðåøåíèÿ ïîñòðîèì åäèíîîáðàçíûé èòåðàöèîííûé ïðîöåññ [6℄

un+1/2 = un − τn+1[A(un, un) − f ]; (19)
un+1 = un+1/2 + αn+1x

n, n = 1, 2 . . . , (20)ãäå xn � íåêîòîðûé âåêòîð ðàçìåðíîñòè m; u0 � ïðîèçâîëüíîå íà÷àëüíîå ïðèáëèæåíèåèç îáëàñòè îïðåäåëåíèÿ îïåðàòîðà À; τn+1, αn+1 � èòåðàöèîííûå ïàðàìåòðû.Ïóñòü αn+1 � êâàäðàòíàÿ ìàòðèöà ñ m íåíóëåâûìè ýëåìåíòàìè αn+1
kij

, i, j = 1...m,
k � ïðîèçâîëüíîå öåëîå ÷èñëî îò 1 äî m. Ïåðåïèøåì (20) â âèäå

un+1 = y
n+1/2
p−1 +

m
∑

i=p

αn+1
kij

eki, p, j = 1, 2 . . .m, (21)
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p−1 = un+1/2 + αn+1

kij
ek1 + ... + αn+1

kp−1j
ekp−1 , yn+1/2

0 = un+1/2, eki � âåêòîð ñ îäíîéíåíóëåâîé ki-é êîìïîíåíòîé.Ââåäåì îáîçíà÷åíèå:
r
n+1/2
(i) = A

[

y
n+1/2
i−1 + αn+1

kij
eki, y

n+1/2
i−1 + αn+1

kij
eki

]

− f, i = 1, 2 . . .m. (22)Î÷åâèäíî, ÷òî rn+1 = r
n+1/2
m = A(un+1, un+1)− f è rn+1/2

0 = rn = A(un, un)− f � íåâÿçêèñõåìû (20). Ïåðåïèñûâàÿ (21) îòíîñèòåëüíî íîðìû íåâÿçêè è âûáèðàÿ αn+1
kij

èç óñëîâèÿìèíèìóìà ∥

∥ri
n+1/2

∥

∥

2 [6℄, ìîæíî ïîëó÷èòü
∥

∥ri
n+1/2

∥

∥ ≤
∥

∥

∥
r
n+1/2
i−1

∥

∥

∥
, i = 1, 2 . . .m, n = 1, 2 . . . (23)Íåðàâåíñòâî (23) îçíà÷àåò, ÷òî íà êàæäîì èòåðàöèîííîì øàãå íîðìà âåêòîðà íåâÿç-êè íå âîçðàñòàåò. Íåîáõîäèìî îòìåòèòü, ÷òî â ñëó÷àå ëèíåéíîé ñèñòåìû óðàâíåíèé

(A1 ≡ 0) ìîæíî ïîêàçàòü [7℄, ÷òî ‖rn‖ → 0, ïðè n → ∞, ò. å. èòåðàöèîííûé ïðîöåññ(19), (20) ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè.Ïðèâåäåííûé àëãîðèòì îçíà÷àåò, ÷òî ýëåìåíòû ìàòðèöû αn+1 âûáèðàþòñÿ ïîñëå-äîâàòåëüíî, èñõîäÿ èç óñëîâèÿ ìèíèìóìà ñîîòâåòñòâóþùåé íåâÿçêè. Â ðÿäå ñëó÷àåâóäàåòñÿ èñïîëüçîâàòü íå ïîñëåäîâàòåëüíóþ, à ìíîãîïàðàìåòðè÷åñêóþ îïòèìèçàöèþ [7℄.Â ýòîì ñëó÷àå
u
n+1/2
i = u

n+1/2
i−1 + αn+1

k1
znk1 + ...+ αn+1

kl
znkl
, (24)

r
n+1/2
i = A(u

n+1/2
i , u

n+1/2
i ) − f, i = 1, 2 . . . , (25)è èòåðàöèîííûå ïàðàìåòðû αn+1

k1
. . . αn+1

kl
, ñîñòàâëÿþùèå ãðóïïó, âûáèðàþòñÿ èç óñëîâèÿãëîáàëüíîãî ìèíèìóìà íîðìû âåêòîðà rn+1/2
i . Äëÿ èõ îïðåäåëåíèÿ íà êàæäîì èòåðà-öèîííîì øàãå íåîáõîäèìî ðåøèòü ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé (ëèíåéíûõ èëèíåëèíåéíûõ â çàâèñèìîñòè îò èñõîäíîãî îïåðàòîðà), ðàçìåðíîñòü êîòîðîé ðàâíà ÷èñëóèòåðàöèîííûõ ïàðàìåòðîâ â ãðóïïå. Íàïðèìåð, åñëè îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì,òî ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ èòåðàöèîííûõ ïàðà-ìåòðîâ α(n+1)
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. . . α
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×èñëåííîå ðåøåíèå íåñòàöèîíàðíûõ óðàâíåíèé Íàâüå�Ñòîêñà 39Îòìåòèì, ÷òî â áîëüøèíñòâå ñëó÷àåâ ìàòðèöà èñõîäíîãî îïåðàòîðà èìååò áëî÷íî-äèàãîíàëüíóþ ñòðóêòóðó. Íàïðèìåð, ïðè ðåøåíèè ðàçíîñòíîé çàäà÷è Äèðèõëå äëÿóðàâíåíèÿ Ïóàññîíà ìàòðèöà îïåðàòîðà èìååò âèä
A =


















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
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1,1 a
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1,6 0 0 . . .
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2,7 0 . . .

0 a
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3,4 0 0 0 a

(n)
3,8 . . .
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, (27)
ïîýòîìó, åñëè èòåðàöèîííûå ïàðàìåòðû ñãðóïïèðîâàòü ñëåäóþùèì îáðàçîì:

{αn+1
1 , αn+1

4 , αn+1
12 , αn+1

15 , . . .}, {αn+1
2 , αn+1

5 , αn+1
13 , αn+1

16 , . . .},
{αn+1

3 , αn+1
6 , αn+1

14 , αn+1
17 , . . .}, {αn+1

7 , αn+1
10 , αn+1

18 , αn+1
21 , . . .},

{αn+1
8 , αn+1

11 , αn+1
19 , αn+1

22 , . . .}, {αn+1
9 , αn+1

12 , αn+1
20 , αn+1

23 , . . .},
(28)òî ìàòðèöû ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ èõ îïðåäåëåíèÿ áóäóòèìåòü äèàãîíàëüíûé âèä è ðåøåíèå òàêèõ ñèñòåì íå ïðåäñòàâëÿåò òðóäíîñòåé.Îñîáî îòìåòèì ñëó÷àé, êîãäà îïòèìèçàöèÿ ïðîâîäèòñÿ ïî âñåì èòåðàöèîííûì ïàðà-ìåòðàì αn+1

1 . . . αn+1
m îäíîâðåìåííî. Äëÿ îïðåäåëåíèÿ äàííûõ ïàðàìåòðîâ íåîáõîäèìîðåøèòü ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé, ðàçìåðíîñòü êîòîðîé ñîâïàäàåò ñ ðàçìåð-íîñòüþ èñõîäíîé ñèñòåìû. Íàïðèìåð, â ëèíåéíîì ñëó÷àå ñèñòåìà óðàâíåíèé äëÿ îïðå-äåëåíèÿ αn+1

1 . . . αn+1
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
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(Az

n
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...
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
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. (29)Â îáùåì ñëó÷àå ðåøåíèå ñèñòåìû ïðåäñòàâëÿåò íå ìåíüøå òðóäíîñòåé, ÷åì ðåøåíèåèñõîäíîé ñèñòåìû óðàâíåíèé. Îäíàêî, åñëè âûáðàòü âåêòîðû z−1 , z
−

2 . . . z
−

m òàê, ÷òîáû
(Az−i , Az

−

j ) = 0, i 6= j, òî ìàòðèöà ñèñòåìû óðàâíåíèé äëÿ îïðåäåëåíèÿ αn+1
1 . . . αn+1

máóäåò èìåòü äèàãîíàëüíûé âèä è îïðåäåëåíèå òî÷íîãî ðåøåíèÿ äàííîé ñèñòåìû óæå íåïðåäñòàâëÿåò òðóäà. Áîëåå òîãî, ìîæíî ïîêàçàòü [7℄, ÷òî â ëèíåéíîì ñëó÷àå ïðè òàêîìâûáîðå èòåðàöèîííûõ ïàðàìåòðîâ ñõåìà (19), (20) áóäåò ñõîäèòüñÿ ê òî÷íîìó ðåøåíèþçà îäíó èòåðàöèþ.Àëãîðèòì ãðóïïîâîé îïòèìèçàöèè ïî âñåì ïàðàìåòðàì îäíîâðåìåííî îêàçûâàåòñÿâåñüìà ïîëåçíûì ïðè ïðîâåäåíèè ñåðèéíûõ ðàñ÷åòîâ íåñòàöèîíàðíûõ çàäà÷ â ëèíåé-íîì ñëó÷àå. Íàïðèìåð, åñëè èñïîëüçîâàòü ðàçíîñòíóþ ñõåìó (10)�(14) äëÿ ðåøåíèÿíåñòàöèîíàðíîé ñèñòåìû óðàâíåíèé Íàâüå�Ñòîêñà, òî ìîæíî çàìåòèòü, ÷òî íà êàæäîìäèñêðåòíîì âðåìåííîì øàãå âîçíèêàåò íåîáõîäèìîñòü â ðåøåíèè ðàçíîñòíîãî óðàâíå-íèÿ Ïóàññîíà, ãäå ðàçíîñòíûé îïåðàòîð íå çàâèñèò îò âðåìåííîãî øàãà. Ïîýòîìó äëÿðåøåíèÿ äàííîé çàäà÷è ìîæíî èñïîëüçîâàòü àëãîðèòì ñ ïîëíîé ãðóïïîâîé îïòèìèçà-öèåé, çàòðàòèâ íà ïåðâîì äèñêðåòíîì âðåìåííîì øàãå íåêîòîðîå âðåìÿ íà ïîñòðîåíèå



40 Ê.Ñ. Èâàíîâóêàçàííîé âûøå ñèñòåìû âåêòîðîâ z−1 , z−2 . . . z−m. Íà êàæäîì ïîñëåäóþùåì âðåìåííîìøàãå, èñïîëüçóÿ äàííóþ ñèñòåìó âåêòîðîâ, ïîëó÷èì ñõåìó, ñõîäÿùóþñÿ çà îäíó èòåðà-öèþ ê òî÷íîìó ðåøåíèþ. Òàêæå ïðè ïðîâåäåíèè íîâûõ ðàñ÷åòîâ ìîæíî èñïîëüçîâàòüóæå ïîëó÷åííóþ îäíàæäû ñèñòåìó âåêòîðîâ z−1 , z−2 . . . z−m, åñëè, êîíå÷íî, ïðè ýòîì íåèçìåíÿåòñÿ ñòðóêòóðà ðàçíîñòíîãî îïåðàòîðà (íàïðèìåð, ðàñ÷åòû ïðè ðàçëè÷íûõ êî-ý��èöèåíòàõ âÿçêîñòè).Åñëè ñèñòåìà (17) íåëèíåéíàÿ, òî â ñëó÷àå ïëîõîé ñõîäèìîñòè ñõåìû (19), (20) äëÿíåå àíàëîãè÷íî ëèíåéíîìó ñëó÷àþ [8℄ ìîæíî ïîñòðîèòü ïðîöåäóðó óñêîðåíèÿ ñõîäèìî-ñòè, ñóòü êîòîðîé çàêëþ÷àåòñÿ â êîìáèíàöèè ïðèáëèæåíèé ñõåìû (19), (20) íà n-ì è
(n+ 2)-ì èòåðàöèîííûõ øàãàõ:

xn+2 = (1 + ωn)u
n+2 − ωnu

n, (30)ãäå un+2, un � ïðèáëèæåíèÿ ñõåìû (19), (20), à ωn âûáèðàåòñÿ èç óñëîâèÿ [7℄
min || rn+2 || = min ||A(xn+2, xn+2) − f ||. (31)Çàêëþ÷åíèåÄëÿ îöåíêè ïðåäëîæåííîãî ìåòîäà ðåøåíèÿ çàäà÷ (1)�(5) è (6)�(9) ïðîâåäåíû ÷èñëåí-íûå ðàñ÷åòû êëàññè÷åñêîé ìîäåëüíîé çàäà÷è î òå÷åíèè âÿçêîé îäíîðîäíîé íåñæèìà-åìîé æèäêîñòè â êâàäðàòíîé êàâåðíå ñ íåðàâíîìåðíî äâèæóùåéñÿ âåðõíåé êðûøêîéè çàäà÷è îá îáòåêàíèè âÿçêîé îäíîðîäíîé íåñæèìàåìîé æèäêîñòüþ îáðàòíîãî óñòóïà.�àñ÷åòû ïðîâîäèëèñü ïðè ðàçëè÷íûõ çíà÷åíèÿõ êîý��èöèåíòà âÿçêîñòè è ïðè ðàçëè÷-íûõ �óíêöèÿõ ñêîðîñòè äâèæåíèÿ êðûøêè è âõîäíîãî ïîòîêà. Ïðîâåäåííûå ðàñ÷åòûïîêàçàëè ý��åêòèâíîñòü ïðåäëîæåííûõ àëãîðèòìîâ. Ïðè äîñòàòî÷íî áîëüøèõ çíà÷å-íèÿõ øàãà ïî âðåìåíè ïîëó÷åíû óñòîé÷èâûå ðåçóëüòàòû. Òàêæå îáíàðóæåíû íåñòàöè-îíàðíûå ðåøåíèÿ äàííûõ çàäà÷ ïðè ñòàöèîíàðíûõ êðàåâûõ óñëîâèÿõ.Ñïèñîê ëèòåðàòóðû[1℄ Ëîéöÿíñêèé Ë.�. Ìåõàíèêà æèäêîñòè è ãàçà. Ì.: Íàóêà, 1987. 840 ñ.[2℄ �îó÷ Ï. Âû÷èñëèòåëüíàÿ ãèäðîäèíàìèêà: Ïåð ñ àíãë. Ì.: Ìèð, 1980. 616 ñ.[3℄ Beam R.M. Newton's methods for the Navier�Stokes equations // Comput. Me
h. 1988. Vol.2. P. 51.II.1�51.II.4.[4℄ Ëàäûæåíñêàÿ À.Î.Ìàòåìàòè÷åñêèå âîïðîñû äèíàìèêè âÿçêîé íåñæèìàåìîé æèäêîñòè.Ì.: Íàóêà, 1970. 340 ñ.[5℄ Ñàìàðñêèé À.À., Íèêîëàåâ Å.Ñ. Ìåòîäû ðåøåíèÿ ñåòî÷íûõ óðàâíåíèé: Ó÷åáíèê äëÿâóçîâ Ì.: Íàóêà, 1978. 592 ñ.[6℄ Çàõàðîâ Þ.Í., Åãîðîâà Å.Ô., Òîëñòûõ Ì.À., Øîêèí Þ.È. Ìåòîä ìèíèìàëüíûõíåâÿçîê ðåøåíèÿ îäíîãî êëàññà íåëèíåéíûõ óðàâíåíèé. Êðàñíîÿðñê, 1991 (Ïðåïð. � 9).[7℄ Çàõàðîâ Þ.Í. �ðàäèåíòíûå èòåðàöèîííûå ìåòîäû ðåøåíèÿ çàäà÷ ãèäðîäèíàìèêè. Íî-âîñèáèðñê: Íàóêà, 2004. 238 ñ.[8℄ Íèêîëàåâ Å.Ñ. Íåëèíåéíîå óñêîðåíèå äâóõñëîéíûõ èòåðàöèîííûõ ìåòîäîâ âàðèàöèîí-íîãî òèïà // Æóðí. âû÷èñë. ìàòåìàòèêè è ìàò. �èçèêè. 1976. � 6. Ñ. 1387.Ïîñòóïèëà â ðåäàêöèþ 20 �åâðàëÿ 2008 ã.


