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MULTIDIMENSIONAL WAVE EQUATION*

A. M. BLOKHIN
Institute of Mathematics SB RAS, Novosibirsk, Russia
D. L. TKACHEV
Nowosibirsk State University, Russia

In the second part of the article (the first one has been published in the previous
issue of journal) there is suggested a new and simple method to obtain the known a
priori estimation of solution from W of the mixed problem for the multidimensional
wave equation in a half plane with boundary conditions of an oblique derivative type.
The method combines elements of the Fourier-Laplace transform technique as well as the
energy integrals technique. For the case of the mixed problem for the multidimensional
wave equation in a coordinate corner, a domain of values of the boundary conditions
parameters is selected out where the a priori estimation of solution from W3 without loss
of generality is valid.

Total list of the literature has been adduced in the first part of the article.

1. Mixed problem for the wave equation
(the real coefficients case)

In this section, the following mixed problem for the wave equation in the domain ¢ > 0,
(z,y,2) € RT? n > 1 is considered:

L(T,6,m,C1y ooy G)U = Uy — Uy — Uyy — Ayu=0, t>0, 2>0, (1.1)
u — auy —buy, — (¢, Cu) =0, =0, (1.2)
u=(x,y,2), uy =V(x,y,z), t=0. (1.3)
Here p p 9
z= (21, -, Zn), T:a, 52%, nza—y,
C=(C, .oy G)T Ckzﬁizk’ k=1,n,

*© A. M. Blokhin, D. L. Tkachev, 1996.

26



A MIXED PROBLEM FOR THE WAVE EQUATION 27
n n @2

Az - (C?C) = ZC}? = Zpu

k=1 k=1

c= (cla R Cn)Ta (C7Cu) = ch%

a,b,cy, k = 1,n are real numbers. Without loss of generality we will assume that ¢, # 0,
Ry = {(x,y,2);x > 0,(y,z) € R"'}.

Remark 1.1. We will assume that for the problem (1.1)-(1.3) the uniform Lopatinski
condition (ULC) holds. Mixed problem (1.1)—(1.3) is said to satisfy ULC on a boundary if:

n

%—i—a\/%Q—l—|*y|2—ibvo—ichvk7éO

k=1

when Re7 > 0, |72 + |7/|*> # 0 (for more details about ULC see [17, 27]).
Here 7 is a complex number.

Y= Y0s715 ---> W)y, P =(1,7),

Yo, = 0,n are real numbers. It can be shown that in the case when ULC fails there exist the
examples of ill-posedness of Hadamard’s type for problem (1.1)—(1.3) or the problems close to
it. In terms of the boundary condition coefficients from (1.2), ULC can be written as (see [27]):

{ a>0, (14)

b+ |c* < 1.

Remark 1.2. By straightfoward manipulations problem (1.1)—(1.3) can be put in a more
simple way. The essence of these manipulations is the following. Let 7" be a real orthogonal
matrix of order (n+1). Then by replacement of the initial differential operators (i.e., by passing
from the initial differential operators to their linear combinations):

Ho

N o (N
p=| =1 (C) (1.5)
[in

we obtain the following relations:

P E =Y G=r )
k=1 a=0

T—ag—bn—chCk:T—af—(T*~(g),u):T—aé—g,uo.

k=1
The latter relation is true since there exists such an orthogonal matrix 7" that

(bycry ooy )T = (0,0, ..., 0),

where b = sign(c,)/0% + [c[>. With the above-mentioned relations taken into account, initial
problem (1.1)—(1.3) can be reduced to the following so called canonical form.
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Problem I. We seek the solution of the wave equation
Uy — Ugy — Uy — Dyu =0, >0, (z,y,2) € R (1.17)
which satisfies at x = 0 the boundary condition
uy — aug —bu, =0, t>0, (y,z) € R", (1.2)

and at ¢ = 0 the initial data (1.3) (while formulating Problem I, we return to the former
notations). The uniform Lopatinski condition for Problem I is formulated as

a>0, b <l (1.4")

The study of Problem I is the matter the present section.
In Problem I we carry out the Fourier transform with respect to the variables z;, k = 1, n.
Then Problem I looks like

Qgp — Uy — Ty + 47220 =0, t>0, (2,y) € R, (1.17)
iy — atly, — bii, =0, t>0,ye R x=0, (1.2")
a:¢(xay7£)7 at :ﬁ(%y:f)a (l’,y) € Ra- (13,)
Here
u=u(t,z,y,&) = /G_QM(Z’OU(t,JZ,y,Z)dZ
RTL
is Fourier transform of the function u, £ = (&1, ..., &) € R™, &, ¢ are Fourier transforms of
the functions ¢ and v (see (1.3)).
Following [5, 17, 27|, for the vector
Uy
U=\ u,
ay

we write the symmetric system (its validity on the solutions of (1.1”) is easily verified):

{A()T — Bof — CoT]}U + 471'2’5‘271]? = O, (16)
where
k [ m
. H O
Ay = Lok | =T (Oz H2)T0,
m —in k
l k in
. 0O, —H
By = E 1 m :T0~(_;I 02>T0,
—imn m -l
m —in k
) N -H O
Co = in —m :T0-<O2 HQ)-TO,
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F=| 1 |, Thy=—
. V2l 0o -1
1 0

1
g 1 0 —1 0
0
1
- k — m —l—in 7
—l4+in k+m
O, is the zero matrix of order 2; k, [, m, n are certain real constants. Aq, By, Cy, H are the
Hermitian matrices. System (1.6) can also be rewritten in the form

{A()T — Bof — OOTI}I_J + 471'2’5‘2’15,]:_“ =0. (16/)

Here the bar means the complex conjugation.
Let us multiply system (1.6) scalarly by U and system (1.6") by U and sum up the expres-
sions. Finally we obtain the following identity:

(U, A4U); — (U, ByU), — (U, CU),,+

+4m?|SP{k(1a*): + 1 a)e +m(]al*),} = 0. (1.7)

Here |i|? = @ - 4. Let integrate (1.7) over the domain R2, assuming that
U]? = (U,U) =0, |a]> — 0 asr — oo,

where r = /22 4+ y2. As a consequence, we obtain

—Jl /{ (U, BoU) — 4r*[€21|al?*} _dy=o0. (1.8)

Here

_ / (0, A0U) + 4n2|¢[2k[af*ydudy.

Now let us consider the forms (U, AgU) and (U, BOU)|x=o‘ The form

— (< H O _
= (Vi H-VH+ (VI H- V>0
if H>0,ie k>0,k—m?—12-n?>0. Here

VI
V:TO‘U:(VH>7

VI:L by =y VU:L —l ‘
V2 —a, )] V2 \ g+,

Preparatory to considering the form (U, BoU)’x:ov let us rewrite the boundary conditions
(1.2”) in the way
vi=s.vI 2=, (1.2")
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where
2a 1—-b
S = 1+5b 1+0
1 0

Note that the matrix S is the Hurwitz one if ULC is true (i.e. its eigen-values lie on the left

complex semi-plane).
_ _ 0O, —H
(U, B()U)‘ —0 = V, -V
= —H 02 0

The form
= (VI H. V”)\z:0 — (VI H - VI)}x:O = (VI [S*H + HS]- V!

>‘x:0'
Let
S*H + HS = —G,

where G = G* > 0 is a certain matrix. Then

(U,BU)| _, = (VG- V)| _ >0 (1.9)

r= =0

Remark 1.3. If S is the Hurwitz matrix, then the Lapunov matrix equation
S*H+ HS = -G (1.10)

is uniquely solvable with respect to H for any Hermitian matrix G = G*. As this takes place
(if G > 0), then H = H* > 0 (about the solution of the Lapunov matrix equation see, for
example, [25]).

Presenting (1.10) as

—s51 1 k—m —l—1in n k—m —l—1in —51 —S3 \ _
—s59 0 —l4+in k+m —l+in k+m 1 0 N
_ ( 9 —g2 — 193

. , >0, —¢2— g2 >0,
—go +igs 0 ) g14 9194 — g9 — J3

we easily find that
1+5b

2(1— )

l=—q <0. (1.11)

S

Here s; = 12—1?17’ S9 = %_

+
S

In view of (1.9), (1.11), it follows from (1.8):

%jl(t) < 0. (1.12)
Since
d 12 -
S [akasay t < Joo) (1.13)
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summing up (1.12) and (1.13), we can obtain

%{J](t)+/ ]ﬁ\zdxdy} < Jo(t) < My - {Jl(t)+/ !ﬂIdedy}- (1.14)

Here
Jolt) = / / (JUP + (4n2Je? + 1)[a[*}dudy,
RQ

+

1
Mlzmax{l, }
kE— 12 +m?+ n?

Jo(t) < My My Jy(0)eMt, ¢ >0, (1.15)

(1.14) yields:

where My = max {1, k++/[? + m? + n?. In view of the Parceval equality, we obtain the desired
a priori estimate for the solutions of Problem I at last:

/jo(t)d§: /{u2(t,x,y,z)+u§(t,x,y,z)+

R™ R:L_+2
+uy(t, @,y 2) + i (t 2,9, 2) + [Cu(t, @, y, 2)|* dadydz <

S M1M2€Mlt / {902(377 y7Z) + 903:(337 y,Z)—F
RT?
+0*(x,y,2) + 0Lt 2, y,2) + [Co(e, y, 2)|*}dedydz, ¢ >0

or

< MIMZQMM{HM@V%(RTQ) + ||¢||§2(Ri+2)}, t>0 (1.16)

Here W, is the Sobolev space (see [5]).

Remark 1.4. Replacement (1.5) and Fourier transform are just an auxiliary expedient.
Therefore estimate (1.16) also holds true for initial problem (1.1)—(1.3) provided that ULC
(1.4) is fulfilled.

2. Mixed problem for the wave equation
the complex coefficients case

Let in boundary condition (1.2) the coefficients a,b,c;, ..., ¢, be complex numbers: a =
a +ia", b=V +il", ¢, = ¢}, +ic], k =1,n. Without loss of generality, we will assume that
cl # 0. In terms of coefficients of boundary condition (1.2) ULC can be formulated in rather
sophisticated way (see [27]), and this situation is not discussed here.

Once again we will try to simplify initial problem (1.1)-(1.3) by a replacement of operators.
To this end, first we turn the vector (b”,¢f, ..., ) to make all its components, except for
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the first one, equal to zero and then turn the vector (¢}, ..., &,) (its components are defined

below). As a consequence, problem (1.1)—(1.3) can be reduced to the following canonical form.
Problem II. We seek the solution of the wave equation

Uy — Uy — Uy — Dyu =0, t>0, (v,y,2) € R, (1.1)
which satisfy at x = 0 the boundary condition
u — aug — bu, — éuz, =0, t>0, (y,2) € R™, (2.1)
and at ¢ = 0 the initial data (1.3'). Here b = b/ + 40", and

~ 5 by 1A
b — sign() /@R P, B = L)

b//
c=(,....,d) c=(,. ..., d),
& =sign(@)|e|, &=, ..., &),
R P
6/ — sign C/l n—1-n n—1-n
) T @
n n
Ch-1 22 (6567) = Gy 7k(C§')2
& = J - nj ., k=1,n-1,
@r 3
j=k—1 j=k

(co = b). In what follows we will again denote b, ¢; by b and ¢;. Note that u, p, ¥ are

complex-valued functions.
Remark 2.1. Following [27], we formulate ULC for Problem II as the requirement of the
positive definiteness for the matrix made up from the coefficients of boundary condition (2.1):

a 0 —Re(ab) —d'c
0 a’ ib" 0
_ > 0,
—Re(ab) —ib” a 0
—d'c; 0 0 a
le.
a >0,
(a")? — (b")? — (Re(ab))? > 0, (2.2)

(1= cDl(@)? = (")°] — (Re(ad))* > 0.

It follows from (2.2), for example, that ¢? < 1.
Remark 2.2. In Problem IT we make the following replacement of operators 7, (;:

]' / ! ]' / !
T = {T + CIC1}7 Cl = {ClT + C1}7
V1-a V1-a

7_/ — ;{7— — ClCl}a C{ = ;{Cl - C17—}7

2

or
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Then the relations

- - —Zék— ) =& = -3 &
k=2

T—af—bn—clclzwl—cl —a& —bn

are valid. With these relations taken into account, Problem II can be formulated as

(T2 =& -7 —(Q])? ch}u—o

{r' —a€ — bn}u =0,

t>0, (z,y,2) € RTz,

t>0, =0, (
Here

y,z) € R"*. (2.1
. a - b
@=—F— b=—.

V1—¢c? V1i—¢

In Problem II we carry out the Fourier transform with respect to the variables z;, k =
Then we obtain the problem

, .
{(7)? =& = = (q)* +47°|¢'P}a = 0, (1.17)

t > 07 (xayWZl) S szﬂ
{r' —ag —bn}i =0,

t>0,2=0, (y,21) € R? (2.17)
U= @(I y7217§)7 ﬂt :1;(‘%7:% Z17§/)7 (.Z‘,y,Z) € Ri (13//)
Here
i=iltry )= [ e 0y n. )
Rn—l
are Fourier transform of the function u, ' = (&2, ..., &), 2" = (292, ..., Zu), &, 1 are Fourier
transforms of the functions ¢ and ¢ (see (1.3))
Following [5, 17, 27|, for the vector

we write the corresponding symmetric system (by direct calculations one can easily obtain the
validity of this system on the solutions (1.1))

{A7' — B¢ — Oy — CLCYU + 4x?|€')2aF = 0 (2.3)
or
{Ar — B¢ — Cn — C1G YU + 473 €aF = 0 (2.3")
where ) 5 c

ol 0|0 _ 0] 0 _ o] O

(o) 2 (o) o= (5=R)

0
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~ [ O3|F [ F\
Cl_(F* 0)7 f_(())v

the matrices Ay, By, Cy, the vector F are described above (see the section 1).

1 -~
A= {6101+A}>0ifH>0,
V1-¢}
le, k>0,k*—01—m?>—n*>>0(c <1l);
01 = {CIA + 01}
— 2
System (2.3') can also be rewritten as follows:
{Ar — B¢ — Cn — C1¢ YU + 472 ¢)*aF = 0, (2.3")

Multiply system (2.3') scalarly by U and system (2.3") by U and sum up the expressions:

(U, AU), — (U, BU), — (U,CU), — (U,C,U),, +

k kc . . "
i P —= (P — (P + ) (i)} =0 @4)
VA 1—¢f
We integrate (2.4) over the domain R?, assuming that |U]? = (U,U) — 0, |a|> = 0 as r — oo
where 7 = /22 + y? 4+ 22. In the end, we obtain
d 5 2
%]1 { U, BU) — 4x*[¢'P1|al*}| _ dydz = 0. (2.5)
Here 2
/{ (U, AU) + 47r2|§| la|*Ydrdydz.

The form (U, AU) > 0, if H > 0. The form

(0, BU)|_, = (0, BV _y — 1],
where
T'U
U= ¢a
nu

And the form
(U, BU)| _, =—(V",[S"H+ HS]V'")|_

=0’
where .
_ 2aA _1—13 e /
S: 1_|_b 1+b 5 V: VII :TOU
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Note that if ULC (2.2) is true, the matrix S is the Hurwitz one. Hence the Lyapunov matrix
equation
S*H+ HS = -G (2.6)
is uniquely solvable with respect to H for any Hermitian matrix G = G* > 0, and H = H* > 0.
Then
(U, BU")| _, = —(V".agv')>0. (2.7)

Remark 2.3. As in the section 1, we can show that [ > 0. Let

hi h
-1 _ [ "1 he
= ().

Then equation (2.6) can be rewritten as

H'S*+SH'= -H'GH™.

Since ( )
—2h1Res; — 2Re(ha52) hy — sihe — soh
H-1g* gl — 1hesy - 252 1 1hg — S2h3
SrS ( hy — 510y — Sahs hy + by 0
2 1—b , . . .

where s; = =, Sg = ~, the inequality 2Rehs < 0 is true. It is easy to show that

1+b 1+0
Reh, = l ie. [ <0.

k2_l2_m2_n2’

In view of (2.7) and Remark 2.3, (2.5) yields

d -
—Ji(t) <0. 2.8
S < (28)
Further reasonings are analogous to that presented at the end of section 1. That leads us to
estimate (1.16) again. Remark 1.4 from section 1 remains also true.

In fact, since

(U, AU) = (W, AW),

where
1 0 0 —C1
u-rw, r=1| 0 40 0 1
d 0 0 d O
—C1 0 0 1
TU
w=| | d=\i-e A=rar
nu
G
then o ) o
)\mln(A>(W7W) S (UvAU) S )\max<A)(W7W)- (29)

~

Here )\min(fl), Amax(A) are minimal and maximal eigen-values of matrix A. Since

%{ / / |a|2dxdydz1} < Jo(t), (2.10)
R}
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summing up (2.8) and (2.10), in view of (2.9), we finally obtain

d (. " .
— < <
S0+ [[[ apasagan} < g <
Ry
gMg{jl(t)Jr// |ﬁ|2dxdydzl}.
Ry

Here

Jolt) = / / (IWP + (42l + 1)]af }dedydey,
RS

Ms = max{l, > 1(/1)}

It follows from (2.11): A A
Jo(t) < MsMyJo(0)e™™*, ¢ >0,

(2.11)

(2.12)

where M, = max {1, )\max(A)}. Regarding the Parceval equality, from (2.12) we obtain the

desired a priori estimate for the solutions of Problem II in the form of (1.6).
Remark 2.4. The matrix A looks like

k [ m —l;:cl
; l kE in 0 -k no .
A - 7 k = = n—= = A
—kCl 0 0 k
Then R B R B
)\min(A) =k — Qa AInax(fl) =k + Q7
where

o +1/¢; — 472k2c2 -
= 0 ! q0:m2+ﬁ2+l2+k‘2c%.

= 5 ,

3. Mixed problem for the wave equation
in a domain with a corner
In this section, the mixed problem for the wave equation in the domain

t>0, (v,y,2)€R? n>1

is studied (the case n = 0 has been considered in [4, 5]):

Ut — Uz — Uyy — Ayu=0at ¢t >0, z>0, y >0,

up — auy, — buy, — (¢, Cu) =0 at z =0,

u — auy — fu, — (d,Cu) =0at y =0,
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uw=p(r,y,2z), u =v(r,y,z)att=0. (3.4)
Here d = (dy, ..., dn)T; a,b,cp, 0, B,dg, k = 1,n are real numbers. Without loss of generality,
we will assume ¢, # 0; R71? = {(z,y,2) : 2 > 0,y > 0,z € R"}.

Following the idea of section 1, we simplify problem (3.1)—(3.4) by an appropriate replace-
ment of the initial differential operators. For this purpose let us first turn the vector ¢, making
all its components equal to zero except for the first one. Then we make the analogous turn of the
vector (cz2, o Jn) (the components of this vector will be defined below). As a consequence,
the problem (3.1)—(3.4) can be put in the following canonical form.

Problem III. We seck the solution of the wave equation

Uy — Ugy — Uyy — Dyu =0, t>0,(x,y,2) € R, (3.1)
satisfying at * = 0 and y = 0 the boundary conditions
U — auy — buy, — Guy, =0, >0, (y,z) € R, (3.2)

up — oty — By — diuy, —dau,, =0, t>0, (y,2) € R (3.3")
and at ¢ = 0 the initial data (3.1). Here

~ . 7 . c7 d 7 . dncn— - dn_ Cn
= sign(cn)lel, di =sign(e,) G d, = sign(e) M =0
n—1 n

Cl—1 Z(dej) — dk—l Z C?
Czk = =k =k s k= 2,7’L — 1,
VSRR

j=k j=k—1

dy = sign(d,)|d|, & = (do. ..., d,).

In the subsequent discussion ¢4, Jl, 52 will be again denoted as ¢y, d;,ds. In addition, we will
assume dy # 0.
Remark 3.1. ULC on the boundary x = 0 for Problem III can be written as (see (1.4)):

a>0, b+ <1, (3.5)
and for the boundary y = 0 as follows:
a>0, F4+di+d;<l (3.6)

Remark 3.2. In Problem IIT we make the following replacement of the operators 7, (; o:

/

T T
<1 =T <{ )
Ca G

where T' = (tx;), k,j = 1,3 is the matrix of real coefficients ¢;;. We will assume that the
following relations hold:

G- G =)= () = (@)
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T—0c1G =17 =1,
T —di1G — doGo = 7" — 1oy,

where 7,715 are certain constants which will be defined below. Then for the coefficients of
matrix 7" and the quantities r,r; » we obtain the following system:

t?l - t%l - tgl =1,

t%Q - t%z - t§2 =1
t%:a - t%3 - tgs = -1
ti1t12 — tartae — taitze = 0,
ti1t1s — tartas — taitss = 0,
l12l13 — toataz — taatsz = 0,
i —cto =,
lig — citag = —11,

13 — c1ta3 = 0,
t11 — dytey — datz =,
t1g — ditoy — dalzy = —7y,
t1g — ditaz — datsz = 0.

Solving this system, we find:

1 c1—d
tig = citag, tg3 = plas, t33=—, A=1—-cl+p’ p= —
A ds
cr 1+ p? crp 9 A
12 A0 r NS A r 14 2
gp g
tor =0, lgg=——2— tg =
21 ) 22 1 + p27 32 1 + ,027
c1pg r2—n 2 2
The matrix 7! looks like
1 c1 c1p
r r(14+p%)  r(1+p?)
-1 _ _p 1
T 0 g g
c1 1 p
Due to all the above stated, Problem III can be reformulated as
(7= - = (- (&) - X Gru=0, t>0, (,9,2)€ R (3.17)

k=3
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{rr' —af—bm—rCu=0, t>0, =0, (y,2z)€ R (3.2")
{rr' —a&—pn—riu=0, t>0, y=0, (v,2z)€ R (3.3")

We carry out the Fourier transform with respect to the variables z;, k = 3, n in Problem III.
Then we obtain

{(T,)Q - 52 - 7]2 - (G)z - (Cé)2 + 47T2|§”|2}ﬂ =0, t>0, (l’, Y, 21, ZQ) S Ri—l—; (3'1/”)

{rr' —a —bn—ri(}a=0, t>0, =0, (y,21,%) <€ R3; (3.2
{r/ —an—pBn—r(}a=0, t>0, y=0, (x,21,22) € R3. (3.3")
U= 95(%%3172275”)7 at :12)(35:%2172275”)7 (%%21722) € Ri+ (34/)
Here
U= ’ll(t, T, Y, %21, %2, 5//) = 6_27r7;(z”’£”)u(t7 T, Y, 21,22, Z”)dZ”
Rn—Z
is Fourier transform of the function u, " = (&, ..., &), 2" = (23, ..., 2n).
For the vector
T'U
&u
U= | nu
G
Gl

we write down the following symmetric system (its validity can be easily verified by the straight-
forward calculations):

{Ar' — BE — Cn — C1¢) — Co}U + Ax?|€"|PaF = 0, (3.7)

or

{AT — B¢ — O — C1(y — Co6YU + 4An?|¢"2aF = 0, (3.7

A= (). o= (o) o= ().
(2ef2). a=(25). 7= (5).

where

D
[
S

k'l m n I kK 0 O
l k 00 kK Il m n
A=t o0 kol Plom = ol
n 0 0 k 0 n 0 -l
m 0 k£ O n 0 0 k
0O —-m [ 0 0 —n 0o I
Co = k I m n |’ Do = 0 0 —mn m |’
0 0 n m k I m n
k
l 1~ o
F = A=-A
m ’ r +At23027
n
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1 ~ pN Clp ~ p ~
"0t ) g(]l + At2302’ Cy "1+ ) + 01 + A7 23(]2,

k,l,m,n, are real constants. Note that the matrix A > 0 if & > 0, k* — [?
—m*—n?*>0and r =, /ﬁ, r > 0. Rewrite system (3.7') as
{AT - Bg - O’f] - C’1§1 - Cg(g}fj + 47T2|§//|27§,f = 0. (37//)
Multiply scalarly system (3.7") by U, and system (3.7”) by U, and sum up the expressions:

(Ij? AU)t - ([_L BU)90 - (ﬁa OU)y - (ﬁa OlU)Zl - (I_Jv OQU)22+

g P{F (i = 5P - 15255 1aP)., ) +
ALY+ m(aP)y + 5 (o) + ()] =0 (3.8)

Integrate (3.8) over the domain RY_, assuming that [U]*> — 0, |a]* — 0 at 7 — oo, where
7= /124 y2 + 2} + 2Z. In the end, we obtain

—J1 // {(U, BU) — 4x*|¢"Pl|a|*}|, _ dydzdzs+

+ /R / / {(0,C0) - 42" Pmlaf?}|,_ dadzdz = 0. (3.9)

Here
] k
Ji(t) = / {(0, AU) + Zan?("Plaf }|,_dedydzrdz.
. _

4
Ry,

The form (U, AU) > 0 if k > 0, k2 — 12 — m? —n? > 0. The form

(U, BU)|,_, = (U, BoU)|,_, — IIchal?|, .

z=0

Analogously, the form
U)| o= (U, COU)\ O—m|g2a|2\y:0.

Here

U/ — gﬁ

In view of (3.2"), (3.3"), the conditions

(U, BU)|_ >0,

z=0

(U, CU)|,_, >0
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can be reformulated as the requirement of the positive definiteness for the following matrices:

2ka +1(a®+1) bla+k)+m éla+k)+n

~

bla+k)+m  —I(1—1?) 1bé >0
é(la+k)+n lbe —I(1—¢?)
a=2 b=2 o=T,
T r r
—m(1 — ) B(mé + k) +1 m3y
B(ma+k)+1 2ka+m(é*+1) 4(ma+k)+n | >0
mpGy y(ma+k)+n  —m(l—4?)
o = ga B = éa :)/ = E
r r T

Besides, we require
k>0, m<0, 1<0, k®—m?>—-0"—-n*>>0.
Then with regard to (3.10), (3.11), (3.12) it follows from (3.9) that

d -~
Z I <o.
dt i) <

Further reasonings are analogous to that at the end of the sections 1, 2. Actually, since

(U, AU) = (W, AW),

where X
U=TW, A=T"AT,
1 00 - “ . ap
r r(l+p%)  r(l+p?)
0 10 0 0
1
r— 0 0 2 ? ’
0 00 — —
g g
C1 1 P
— 00
Atos Atos ANZYS
U
&
W=1 nu [,
G
Gt
then o B o
Amin(A)(W, W) < (U, AU) < Apax(A) (W, W).
Since

%{ / |a|2dmdydzld@} 0

4
Ry,

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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summing up (3.13), (3.15) and using (3.14), we finally obtain

d| - .

4
Ry

§M5{j1(t)+ / |ﬁ|2dxdydzld22}. (3.16)

4
Ry,

Here

Jo(t) = / {IW + 4=2|a)?|€"|? + |a|* }dzdydz dza,

Ri,
1
M5 = Imax {1, — =, ﬁ}
)\min(A) r
From (3.16) it follows that
Jo(t) < MsMgJy(0)e™st, >0, (3.17)

where Mg = max {1, Anax(A), %} Regarding the Parceval equality, from (3.17) we obtain in
the end the desired a priori estimate for the solutions of Problem III from (1.16). Remark 1.4
from section 1 remains true.

Remark 3.3. A priori estimate (3.17) was obtained under conditions that matrices (3.10),
(3.11) are positive definite and unequalities (3.12) hold. It has not been shown yet that ULC
(3.5), (3.6) are sufficient for the existance of such real numbers k, I, m, n that (3.12) is true and
the matrices (3.10), (3.11) are positive definite. The special examples have been considered in
the diploma thesis of A. A. Beljaev, a student of the Novosibirsk University.

4. Mixed problem for the vector wave equation

In this section, the mixed problem for the wave equation in the domain ¢ > 0, (z,y,z) € RTQ,
n > 1 is briefly discussed (the case n = 0 has been considered in [18]):

5(7'76777(17 ey Cn)U:Utt_U:E.t_Uyy_AzU:Oatt>0, 37>O, (41)
JlUt — AlUw — BlUy = 0, at x = O, (42)
U=®(z,y,2), U =¥(r,y,2z) at t = 0. (4.3)

Here J;, Ay, B are the constant complex matrices of order N.

Remark 4.1. We will assume that for problem (4.1)-(4.3) ULC holds. In terms of the
coefficients of boundary conditions (4.2) ULC can be written as follows (see [18]):

a) the matrix J; + B is not degenerate,

b) all the eigen-values of the matrix

(=5 | -5,
s-(Tor)
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lie strictly in the left semi-plane, i.e.
ReX;(S) <0, i=1,2N.

Here S; = 2(J; + B1)™'Ay, Sy = (J1 + B1)"'(J1 — By). Note that the characteristic equation
for S
det(S — )\IQN) =0

can be written as

det(/\2IN + )\Sl + SQ) = 0.

In problem (4.1)—(4.3) we make the Fourier transform with respect to the variables z,
k =1,n. In the end, we obtain:

Uy —U,, — U, +472cPU =0, t>0, (z,y) € R?, (4.1')
LU, — AU, —BU,=0, t>0,yeR", z=0, (4.2))
U=o(z,y,8), Uy =¥(z,,6), (v,y)€ R (4.3)
For the vector R
U,
wW=| U,
Uy
we write the symmetric system
{AoT — Bo& — Con}W + 472|¢PFU = 0. (4.4)
Here
K L M
Ay = L K N :Tg'<OH O]?{N)’TO;
M —iN K 2N
L K N
By = K L M :TJ-(C_)ZY 5H)TO,
—iN M —L 2N
M —iN K
Co = | N -M L | =1 (5H OéN)-TO,
K L M 2N
K IN ON _]N
F=| L Ty= | Ov —Iv Ow
Y ) 0 \/5 ON _[N ON )

IN ON IN

H— K—M —L—iN
-\ —L+iN K+ M ’

K,L,M,N are some arbitrary for the present Hermitian matrices of order N. System (4.4)
can also be written in the form

{Ag7 — Byt — ConyW + 472[¢PFU = 0. (4.4')
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Let multiply scalarly system (4.4) by W and system (4.4') by W. Sum up the expressions
obtained. In the end, we have:
(W, 4W); — (W, ByW), — (W, CoW),+

+472¢[*{(U, KU), + (U, LU), + (U, MU),} = 0. (4.5)

Integrate (4.5) over R2, assuming that [W|2 = (W, W) — 0, |[U|2 — 0 as r — oo where
r = /2% + y2. Thus, we obtain

d A~ — Y A
Zh(0) + /{(W, ByW) — 4x?[¢[*(U, LU)} =0 (4.6)
Rl

Here

Ji(t) = / / {(W, AyW) + 472|¢|2(U, KU) }dady.

Now we consider the forms (W, A;W) and (W, ByW)| o~ The form

Tr=

wamn=(v (o, %))+

=(VLH-VHY+ (VT H.- VT >0,

1
V:TO-W:( v )

if H > 0. Here

VH

1 (U,-U 1 -U
VI:_ t,\ y , VII:_ . z )
\/§< -U, ) v2\ U, +1,

We rewrite boundary conditions (4.2') as:

Vi=s. VI z=0, (4.2")
The form
wswWl, = (V- (% o0 ) V) L -
=—(VLH- V| _ -V H- VY ==V I[SH+HS]- V)| .
Let

S*H+ HS = -G,

where G = G* > 0 is a certain matrix. Then

(W, BW)| _ = V".G- Vv _ >0 (4.7)

=0

Now we assume that
L <0. (4.8)
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Then from (4.6), in view of (4.7), (4.8), we obtain

d .
(1) <0, (4.9)

%{ / / (ﬁ,ﬁ)d:cdy} < Jul). (4.10)

summing up (4.9) and (4.10), in the end we obtain

%{ //|U| dxdy} < Jo(t) < Ms - {J1 //|U|2dxdy} (4.11)

= [[ WP+ (xl¢P + 1)[OF ydody,
R2

Since

Here

1 1
M, = 1 .
! e { , /\min(AO) ’ )\min(K) }

Jo(t) < Mz Mg Jo(0)eM™, ¢ >0, (4.12)

where Mg = max {1, Amax(Ao)}. With regard to the Parceval equality, from (4.12) we obtain
the desired a priori estimate for the solutions of problem (4.1)—(4.3):

(4.11) yields:

1ot )le (R1+2) + ||Ut(t)”iz(31+2) <

< M7 M, 6M7t{||‘I>||W1 Rtz T H\Ift||§2(Ri+2)}, t>0.

Now we discuss the question of validity of equality (4.8). By virtue of the Lapunov theorem
(see [25]), ULC being true (see the Remark 4.1), the matrix equation

S*H+HS =-G (4.13)
has the unique solution H = H* > 0 for any right-hand side G = G* > 0. Here
[ Gi Gy _( Hi H
G_<G§ Gg>’ H—(H; H, )
Gl’g = Gi?) > O, H173 = HT,S > O,

and ]
K = K* = S (Hy + Hy),

1
M: ]\4>|< - §<H3 _Hl)7

1
L=L"=—3(Hy+ Hj),
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N =N* = 2 (H; ~ ).
Rewrite the matrix equation (4.13) as
H,S, + S{H, = Gy + Hy + Hj,

H3S; + S5Hy = G,
H3 — H1S; — STHy = —Go,

On the whole, the question of validity of (4.8) remains open. However, it is possible to point
out such boundary conditions (4.2) for which this question can be easily solved. Indeed, let
B; = Op. Then Sy = Iy, and second subsystem (4.13") can be written as

H;+H2 = Gg,

1.e.

1 1
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