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)

+ ∇

(

−2µ/3O7P K	LNM V
)

,

∂

∂t
ρE + K	LNM [V(ρE + p)] = K	LNM

( χγO7P
Pr

∇T
)

+ K	LNM
[

2µO7P VṠ +
−2µ/3O7PQK	LNM V

]

,

|�aC~

p = ρT.
|dh4~

8'2 (4^ ���/,�2F�Z(4+4�HO.2F�TO.����2 � EK�-& �%RD@ 2 (4E4(�����B��-G�f1@ (ZGPB/���/,�[�UV� ��IJ(42 �l,�B��-�3I

t = ū0t̄/D̄, xα = x̄α/D̄, uα = ūα/ū0, T = T̄R/ū2

0, ρ = ρ̄/ρ̄0,

µ = µ̄/µ̄0, p = p̄/ρ̄0ū
2

0; χ = χ̄/χ̄0,
|}iK~

O7P
=

ρ̄0ū0D̄

µ̄
0

, Pr =
µ̄0cp

χ̄0

, γ = cp/cv, E = e + V 2/2, e = cvT.
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R ����G�f'0 ��2%34(4_ZG�E4��24S�,V(-34����0 ��& M62F�TO.����2 & M���E4�PB/� 0 � & MSI
t
H\E42 ���lR�T

xα
H��������-2%34(4E4Mv�)(4(42-��� &F�Ct

34MST
ρ
*
T
*
µ
*
χ
HË@�B/(-34& (4GH34f *)34����@ ��2F�T3-,�2F�%*�E-R%O.�)(4GH34f��Z34��@�B/(4@ 2 (4E4(���& (4GH34fVLP�TO��UT

vα
HËG��)(42 (4GH34f

LP�TO��UT
ū0

H
S)�-2F�-�%34��2 &F�TR�G��)(42 (4GH34f	T
D̄
H nV� 2 � &F�#2 �HO��UT

ρ̄0

�
T̄
HÕ&F��0F�CB/f4&F�TRk@�B/(-34& (4GH34fZ�X34����t

@ ��2F�T3-,�2F��LP�TO��UT
µ̄
�

χ̄0

H
E-R%O.�)(4GH34f��Z34��@�B/(4@ 2 (4E4(���& (4GH34f#LP�TO���@ 2 �1&F��0F�CB/f4& (4_134����@ ��2F�T3-,�2 ��T O7P
�

Pr
H�0 � GPB��k=���_ & (TB/fC��G.�k�y8'2F�-&)�/3.BFR�T

cp

�
cv

H 34��@�B/(4�����)(4GH34�z@ 2 �y@ (4GH34(�R & & (4���Q�-ETB/��& � �
�z@ (4GH34(�R & & (4�q(4+-Ùå�����ZG�(4(-34E4�H34GH34E4��& & (	T

R
H;,�& � E4��2 G.�CB/f4&F�TRmLP�TO.(4EK�TRs@ (4GH34(�R & &F�TR�T

E
H @ (TB t

&F�TRsY�& ��2 L��%R�T
e
H;E4&%,)342 ��& &%R%RNY�& ��2 L��%RmLP�TO��UT

Ṡ = {Sαβ} =
∂uα

∂xβ
+

∂uβ

∂xα

H�34��&%O.(42mG��)(42 (4GH34��_
����IJ(42 �A�-^ � �{"

j ����0 ��GH34E4��L�2F�-& � 0 & MWS#,4GPB/(4E4� _��FBFR#G��)(42 (4GH34�Z&F��34E4��2-��(4_Z@ (4E4��24S%& (4GH34�
ω1

O����Q�-[�34GoR#,4GPB/(Tt
E4�%R�@ 2 ��B/� @F�-& �%R�I

V|ω1 = 0.
| w)~

!J�]@ 2 (4& � ^F�-����(4_s�FBFRmLP�TO��DL�2F�-& � ^ �
ω2

2F�-G�0 �H34& (4_u(4+TB��-GH34�s�FBFRmG��)(42 (4GH34�NO����Q�-�H34GoRN,4GPB/(4E4� �
2F�-E4��& GH34EK�Z&%,�B/[\@ 2 (4�%O.E4(���& (4_D@ (Z& (42 �A�CB/��I

∂V

∂n
|ω2 = 0.

| Ô ~

Ö BFRX34����@ ��2F�T3-,�2 Mq&F��34E4��2-��(4_]GH34��& �)�
ω1

2F�-G�G��A�T342 � EK�-�H34GoR],4GPB/(4E4� �?34��@�B/(4�%O.(TBFR ^ � �{*/�)(-34(42 (4�
G�(4E4@F���Q�-�H31G',4GPB/(4E4� ����&F�#@ 2 (4& � ^F�-����(4_DL�2F�-& � ^ �

ω2
I

∂T

∂n
|ω = 0,

| � ~
L����

ω = ω1 + ω2
"

Ö BFR�@�B/(-34& (4GH34�D&F�#@ 2 (4& � ^F�-����(4_]L�2F�-& � ^ �
ω2

3T�-�%e#�J2F�-G�G��A�T342 � EK�-�H34GoR],4GPB/(4E4� ��2F�-E4��& GH34EK�
&%,�B/[\@ 2 (4�%O.E4(���& (4_]@ (1& (42 �A�CB/��I

∂ρ

∂n
|ω2 = 0.

| ½ ~
!J�N34E4��2-��(4_�@ (4E4��24S%& (4GH34��L�2F�-& � 0 & M��s,4GPB/(4E4�%R��FBFR�@�B/(-34& (4GH34�qE4M�2F�TeZ�-[�34GoR��%Os,�2F�-E4& ��& �%R
& ��2F�TO.2 M�E4& (4GH34���]L�2F�-& � 0 & (4L�(Z,4GPB/(4E4�%RX�FBFR]G��)(42 (4GH34��I

∂ρ

∂t
|ω1 = −ρ K	LNM V̄ .

|WVK~
!J��0F�CB/f4& M��',4GPB/(4E4�%RX�FBFR]G�� GH34����Mq,�2F�-E4& ��& � _u|�aC~P*å|dh4~XI

V = 0, ρ = 1, T = 1.
|WYK~

Z[+.- � 1 :�\4��]6^>D�����5:,_`:a?��3b �����dc
!J�����Te#��(4�>n#�-L���� �������×G�� GH34���l,p& �PB/� & ��_ & MWSp,�2F�-E4& ��& � _{" x � & �.�-2 �%O�,4���
��SQ*l@ (���GH3T�-ETBFR%RvE
,�2F�-E4& ��& � �X& ��2F�TO.2 M�E4& (4GH34�uO.&F��0 ��& �%Rz�FBFRNG��)(42 (4GH34�

V
Gg@ 2 ����M��/,)UV��L�(sn#�-LP�%"�9]�H34(���(4�\2F�-GPt

UV��@�B/��& �%Rs` i%* Ô cQ2F�TOP���PB/� �m��� IJIJ��2 ��& ^ � 2 (4EK�-& � �?@ (V�)(4(42-��� &F�T3T�-�p�X@ (TBF,�0 � �pGPB/���/,�[�UV� �'G�SK�Pt
��M |

V = {u, v, w})
I

�K~�,�2F�-E4& ��& � ��& ��2F�TO.2 M�E4& (4GH34�
(

1 + τ

(

un ∂

∂x
+

∂un

∂x

))

ρn+1/3 = ρn,
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(

1 + τ

(

vn ∂

∂y
+

∂vn

∂y

))

ρn+2/3 = ρn+1/3,
|�aA@K~

(

1 + τ

(

wn ∂

∂z
+

∂wn

∂z

))

ρn+1 = ρn+2/3;

+)~�,�2F�-E4& ��& �%R]G�(.S%2F�-& ��& �%R�� ��@%,�B/f4G.�UI
(

1 + τ

(

un ∂

∂x
+

1

ρn+1

∂

∂x
µ′

∂

∂x

))

V
n+1/3 = −

1

ρn+1

∂

∂x

(

pn +
2

3
µ′ K	LNM Vn

)

+ V
n,

(

1 + τ

(

vn ∂

∂y
+

1

ρn+1

∂

∂y
µ′

∂

∂y

))

V
n+2/3 = −

1

ρn+1

∂

∂y

(

pn +
2

3
µ′ K	LNM Vn

)

+ V
n+1/3,

|�a4aC~

(

1 + τ

(

wn ∂

∂z
+

1

ρn+1

∂

∂z
µ′

∂

∂z

))

V
n+1 = −

1

ρn+1

∂

∂z

(

pn +
2

3
µ′ K	LNM Vn

)

+ V
n+2/3;

E)~�,�2F�-E4& ��& �%R]G�(.S%2F�-& ��& �%R�Y�& ��2 L�� ��I
(

1 + τ

(

un+1
∂

∂x
+

1

ρn+1

∂

∂x
µ′′

∂

∂x

))

en+1/3 = −
1

ρn+1

(

pn+1
∂un+1

∂x
+ Φn+1/3

)

+ en,

(

1 + τ

(

vn+1
∂

∂y
+

1

ρn+1

∂

∂y
µ′′

∂

∂y

))

en+2/3 = −
1

ρn+1

(

pn+1
∂vn+1

∂y
+ Φn+1/3

)

+ en+1/3,
|�aCh4~

(

1 + τ

(

wn+1
∂

∂z
+

1

ρn+1

∂

∂z
µ′′

∂

∂z

))

en+1 = −
1

ρn+1

(

pn+1
∂wn+1

∂z
+ Φn+1/3

)

+ en+2/3,

L����
µ′ = 2µ/

O7P T
µ′′ =

χγO7P
Pr

T

Φn+1 = µ′

([

(

∂un+1

∂x

)2

+

(

∂vn+1

∂y

)2

+

(

∂wn+1

∂z

)2
]

+

(

∂un+1

∂y
+

∂vn+1

∂x

)2

+

+

(

∂un+1

∂z
+

∂wn+1

∂x

)2

+

(

∂vn+1

∂z
+

∂wn+1

∂y

)2

−
2

3

(

∂un+1

∂x
+

∂vn+1

∂y
+

∂wn+1

∂z

)2
)

H ��� G�G�� @F�T34� E4&F�TRDI',�& � ^ �%RN` Ô cd"
Ö �-& & M���G�SK����M�SK(42 (-nV(12 �Hn#�-[�34GoR�GJ@ (4��(-UVf4[>342 �PS)tr��B/�]@%R%34�%34(40 ��0 & MWS�G����CBFR 2 & MWSD@ 2 (Tt

L�(4& (4�]E#O��-E4� G�� ��(4GH34�D(-31@ (42KR)�����1�-@ @ 2 (4�)G�� �A�-^ � �D@ (1@ 2 (4GH342F�-& GH34E4��& & M����)(4(42-��� &F�T3T�-��"
j (4G�@ (TB/f-O�,4����GoRX���H34(���(4�m�%O�2F�-+4(-34Mq` � c��FBFR1@ (4E4MrnV��& �%R1@ (42KR)�����'34(40 & (4GH34�X@ (

τ
"�e�,�& � ^ � �

ρ̃, Ṽ, ẽ
*l@ 2 � +TB/�%eZ�-[�UV� �k� G��)(4��(4��2 �HnV��& � ��Gk0 �H34E4��2%34M��
@ (42KR)���)(4�×34(40 & (4GH34�v@ (sE42 ������& �{*

2F�-G�G�0 �%34M�EK�-[�34GoR�@ (1GPB/���/,�[�UV� ��IJ(42 �l,�B��-�3I

ρ̃ = α1ρ
τ + α2ρ

τ/2 + α3ρ
τ/3 + α4ρ

τ/4,

Ṽ = α1V
τ + α2V

τ/2 + α3V
τ/3 + α4V

τ/4,
ẽ = α1e

τ + α2e
τ/2 + α3e

τ/3 + α4e
τ/4,

|�a�iK~

L����
α1 = −1/6

*
α2 = 4

*
α3 = −27/2

*
α4 = 32/3

T
ρτ/K

*
V

τ/K
*
eτ/K

H�@F�-2F�-���H342 MqLP�TO��%* E-O�R%34M��
&F����2 (4+4& (4�vn#�-L��

τ/K
"
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:u� G�@ (TB/f-O.(4EK�-& � ���z���H34(��Q�g|�aA@K~Jp{|�a�iK~å@ 2 (4E4������& M62F�-G�0 �H34M634��0 ��& �%R1E-R%O.�)(4L�( *4Goeg� �A�-����(4L�( *-34��@�t
B/(4@ 2 (4E4(���& (4L�(?LP�TO���E�,)O.�)(4_�UV�PB/�Z@ 2 � ����& �%34�PB/f4& (J��@ 2 (4^ ��G�G.�-�sLP�TO.(TB��TO.��2 & (4_#2 �HO.� �#���H3T�CB B/(4E "
Ö BFR��%O�,�0 ��& �%RZ���PS)�-& �%O.��(4E�,�@ 2F�-ETB/��& �%R#LP�TO.(4E4M��s@ (-34(4�)(4�yE�2F�-G�0 �H34&%,�[�G�SK���l,J��(4@ (TB/& �%34�PB/f4& (
E4��B/[�0 ��&]G�(4@�B/(4E4(4_]+TB/(4�{* E1�)(-34(42 (4�6��(4L�B��Z+4Mr34f#B/��L��)(g�%O.����& ��&F�Z�)(4& IJ� LH,�2F�-^ �%RDG�(4@�B��%"

j 2F�-G�0 �H3T�CS1� G�GPB/����(4EK�CB/� G�f?��EK�?34� @F�'G�(4@ �PBqI4O.E-,��)(4E4(4��| �)(4& � 0 ��G��)(4��~��ZG�E4��24S�O.E-,��)(4E4(4�V|®34� @F�
G�(4@�B�� x �-EK�CBFR/~P"K!J�J2 � G-"%h?�giJ@ 2 ����GH3T�-ETB/��& M�B/� & � �134(4����LP�TO��JE�GPBF,�0F�-��2 �HO.� �gG�& ��_%342F�CB/f4& M��
LP�TO.(4��*å�)(4L��Q�k�Q�-ETB/��& � �1ED+K�CB B/(4& �Z@ (42KR)����� ½ �T34��" j GPBF,�0F�-�g�)(4& � 0 ��G��)(4L�(�G�(4@�B��]E4�)��& ( *å0%34(
E4&%,)342 ��UV�PB/�knV� 2 � & (4_ Ô @G@V��� �p�k34(TBFUV� & (4_za Ô ���pE#@�B/(4G��)(4GH34�

(X, Z)
B/� & � �k34(4���#GH,)UV��GH3Tt

E4��& & (#(-34��B/(4&%R [�34GoR](-3#IJ2 (4&%3T�#2 �HO��%* �)(-34(42 M�_�&F�CSK(����%34GoR]&F��B/� & � ��(4G��kG�(4@�B��%" !J�-+TB/[��Q�-�H34GoR
(-342 M�E'@ (4L�2F�-& � 0 & (4L�(?GPB/(�R#(-3?IJ2 (4&%3T�?2 �HO��%*T�VE4(-O.& � ���-�H3JE4(-O.E42F�T34& (4��34��0 ��& � �-*4�)(-34(42 (4�rIJ(42 ����t
2%,4�H34GoRNG1(4+42F�T34& (4_zGH34(42 (4& M
UV�PB/�{"�Ø�34(-3�I��-�%3]& ��(���& (4� 2F�T34& (�@ (��/34E4��2Ke#�Q�CB/GoRN&F�k@ 2F�-�%34� �)�-*
�)(4L��Q�zE4(sE42 ���lR62 �HO.� �6& ��2KeZ�-E4��[�UV��_�GH3T�CB/�6GD�TO.(-34(4�Í| G���"A2 � G-"�a4*sr�~V& �%eg&%R%Rv� 2 (4�����s2 �HO��
0 ��2 & �PB��%* 3T�-�]���-��E#2 �HO�@ 2 (4& � ���CB�� � GPB/(42 (����%O��T34��(4G�IJ��2 M'"tC'2 (4���?34(4L�( * E#O.(4& �'E4(-O.E42F�T34& (4L�(
34��0 ��& �%R6G���B/(4E4(4�1����_ GH34E4� �DLP�TO��s&F�y2F�-G�@�B��-Es(4GPB��-+4��EK�-�H3z�vGH342%,��%3-,�2F�m+4(42 (-OP�6nV��2 (.SK(4EK�T34(4GPt
34��+4M�GH342 (X����&%R �H34GoR�3T�-�{*�0%34(gE4��24S%&%R%R�0F�-GH34fX@ (4E4��24S%& (4GH34�y2 �HO��g+4(TB/����L�B��������TR{*Q�1& �%eg&%R%RdH
+4(TB/���'nV��2 (.SK(4EK�T3T�TRu| G���"F2 � G-"�a4*sr?�vu.~P"

8'2 �6� G�@ (TB/f-O.(4EK�-& � �vG�E4��24S�O.E-,��)(4E4(4L�(NG�(4@�B���| 2 � G-"�iK~V@ ��2 ����ETSK(���(4�
Ez2 �HODLP�TO.(4EK�TRvGH342%,-R
+4(TB/���snV� 2 (4���TRq��2F�-E4& (4����2 &F�TR{*�(-342 M�EK�v@ (-34(4���6& �H3C*�@ (4L�2F�-& � 0 & M�_qGPB/(4_q&F�vIJ2 (4&%34�m2 �HO��
(���� &F�-�)(4E4(X34(4& (4�z@ (kE4G���_y34(TBFUV� & �Z@�B��-GH34� & M'*åE4��S%2 �s& �#E4(-O.& � ���-[�3C"�Ø�34(�(-O.&F��0F�-�H3C*�0%34(�@ 2 �
� G�@ (TB/f-O.(4EK�-& � �DG�E4��24S�O.E-,��)(4E4(4L�(gG�(4@�B��1@ 2 (��/,�EK�-����(4GH34fZB��TO.��2 & (4L�(g2 �HO��1GH,)UV��GH34E4��& & (X,�BF,�0%n#�Ct
�H34GoR{"

Ú Û

ß�à)á ÷�w ÷�x�ë.ò àKõ æ áoù ë�æ á ë ö4ð ëzy Ú þ�ð)à ò àKà�î ë ù è�óoè�êHè�é á æ õ æoò àKà
XZ

ö ë7{)æoò î ñ ô ñ)æoêHè4ü Û þ�ð)à ò àKà�î ë ù è�óoè�êHè
é á æ õ æoò àKà

Y Z
ò�è?ñ�è á�áoî ë ï ò àKà

x = 5.8
ç�çsë î {)æoò î ñ�è á ë ö4ð è ÷



VG@ ¿VÒ��?Ò{À����	��
���lÁ'Ò��?ÒFÆ���������
���/¿VÒoÅmÒåÁ����	��������?ÒoÅmÒ����� ��	!���?Ò��?Ò#"%$��	&�')(�
��

Ú Û
ß�à)á ÷bÐ ÷�ã�éCæoñCä4ê�é ô-ù ë.éCë�æ á ë ö4ð ëzy Ú þ�ð)à ò àKàZî ë ù è'óoè�êHè?é á æ õ æoò àKà

XZ
ö ëo{)æoò î ñ ô ñ)æoêHè4ü Û þ�ð)à ò àKàZî ë ù è

óoè�êHè?é á æ õ æoò àKà
Y Z

ò�è�ñ�è á�áoî ë ï ò àKà
x = 5.8

ç�çsë î {)æoò î ñ�è á ë ö4ð è ÷

Ú Û
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